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PEEFACE. 



In this text-book, compiled at the request of the publishers, a 
rigid adherence to Bobert Simson's well-known editions of 
Euclid's Elements has not been observed ; but no change has 
been made on Euclid's sequence of propositions, and com- 
paratively little on bis modes of proof. Here and there useful 
corollaries and converses have been inserted, and a few of 
Simson's additions have been omitted. Intimation of such 
insertions and omissions has been given, when it was deemed 
necessary, in the proper place. Several changes, mostly, how- 
ever, of arrangement, have been made on the definitions. 

By a slight alteration of the lettering or the construction of 
the figure, an attempt has been made throughout, and par- 
ticularly in the Second Book, to draw the attention of the 
reader to the analogy which exists between certain pairs of 
propositions. By Euclid this analogy is well-nigh ignored. 

In the naming of both congruent and similar figures, care 
has been taken to write the letters which denote corresponding 
points in a corresponding order. This is a matter of minor 
importance, but it does not deserve to be neglected, as is too 
often the case. 

The deductions or exercises appended to the various pro- 
positions (* riders,' as they are sometimes termed) have been 
intentionally made easy and, in the First Book, numerous. It 
is hoped that beginners, who have little confidence in their 
own reasoning power, will thereby be encouraged to do more 
than merely learn the text of Euclid. It is hoped also that 
sufiicient provision has been made for all classes of beginners, 
seeing that the questions, deductions, and corollaries to be 
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proved number considerably over fifteen hundred. It should 
be stated that when a deduction is repeated once or oftener, in 
the same words, a different mode of proof is expected in each 
case. 

In the appendices, much curtailed from considerations of 
space, a few of the more useful and interesting theorems of 
elementary geometry have been given. It has not been thought 
expedient to introduce the signs + and — , to indicate opposite 
directions of measurement. The important advantages which 
result from this use of these signs are readily apprehended by 
readers who advance beyond the ' elements,' and it is only of 
the ' elements ' that the present manual treats. 

The historical notes, which are not specially intended for 
beginners, may save time and trouble to any one who wishes 
to investigate more fully certain of the questions which occur 
throughout the work. It would perhaps be well if such notes 
were more frequently to be found in mathematical text-books : 
the names of those who have extended the boundaries, or 
successfully cultivated any part of the domain, of , science 
should not be unknown to those who inherit the results of 
their labour. 

Though the utmost pains have been taken by all concerned 
in the production of this volume to make it accurate and 
workmanlike, a few errors may have escaped notice. Cor- 
rections of these will be gratefully received. 

The editor desires to express his thanks to Mr J. R. Patrman 
for the excellence of the diagrams, and to Mr David Traill, 
M.A., B.Sc., and Mr A. Y. Fraber, M.A., for valuable hints 
while the work was going through the press. 

Edikburoh Academy, 
AprU 1884. 
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EUCLID'S ELEMENTS. 

BOOK I. 




DEFINITIONS. 

1. A point has position, but it has no magnitude 

A point is indicated by a dot with a letter attached, as the 
point P. . P 

The dots employed to represent points are not strictly geometrical 
points, for they have some size, else they could not be seen. But 
in geometry the only thing connected with a point, or its representa- 
tive a dot, which we consider, is its position. 

2. A line has position, and it has length, but neither 
breadth nor thickness. 

Hence the ends of a line are points, 
and the intersection of two lines is a point 

A line is indicated by a stroke with a letter attached, as the 
line a C 

Oftener, however, a letter is placed at each end of the line, as 
the line AB, A B 

The strokes, whether of pen or pencil, employed to represent lines, 
are not strictly geometrical lines, for they have some breadth and 
some thickness. But in geometry the only things connected with a 
line which we consider, are its position and its length. 

3. If two lines are such that they cannot coincide in any 
two points without coinciding altogether, each of them is 
called a straight line. 

Hence two straight lines cannot inclose a space, nor can they 
have any part in common. q 

Thus the two lines ABC and ABD, ^ 
which have the part ^^ in common, 
cannot both be straight lines. ^ ^ p 

Euclid's definition of a straight line ^ 

is *that which lies evenly to the points' within itself.' 
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2 Euclid's elements. [Book L 

4. A carved line, or a curve, is a line of which no part 
is straight ^^ 5_ 

Thus ABG is a curve. 

5. A surface (or superhcies) has position, and it has 
length and breadth, but not thickness. 

Hence the bound- 
aries of a surface, 
and the intersection 
of two surfaces, are 
lines. Thus AB, 
AGB, and DE are 
lines. 

6. A plane surface (or a plane) is such that if any two 
points whatever be taken on it, the straight line joining 
them lies wholly in that surface. 

This definition (which is not Euclid*s, but is due to Heron of 
Alexandria) affords the practical test by which we ascertain whether 
a given surface is a plane or not. We take a piece of wood or iron 
with one of its edges straight, and apply this edge in various 
positions to the surface. If the straight edge fits closely to the 
surface in every position, we conclude that the surface is plane. 

7. When two straight lines are drawn from the same 
point, they are said to contain a plane angla The straight 
lines are called the arms of the angle, and the point is 
called the vertex. 

Thus the straight lines AB^ ^(7 drawn 
from A are said to contain the angle 
BAG ; AB and AG are the arms of the 
angle, and A is the vertex. 

An angle is sometimes denoted by k/^ p 

three letters, but these letters must be 

placed so that the one at the vertex shall always be between the 
other two. Thus the given angle is called BAG or GAB^ never 
ABGy AGB, GBA, BGA, When only one angle is formed at a 
vertex it is often denoted by a single letter, that letter, namely, at 
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Book L] DEFINITIONS. 3 

the vertex. Thus the given angle may be called the angle A. But 
when there are several angles at the 
same vertex, it is necessary, in order to 
avoid ambiguity, to use three letters to 
express the angle intended. Thus, in the 
annexed figure, there are three angles at 
the vertex A, namely, BAG, CAD, BAD. 
Sometimes the arms of an angle have 
several letters attached to them ; in which case the angle may be 
denoted in various way& 




Fig. 1. 



Fig. 2. 






y G 

Thus the angle F (fig. 1) may be called AFC or BFC indifferently ; 
the angle O (fig. 2) may be called AOB or COB; the angle A 
(fig. 3) may be called BAC, FAG, DAE, FAG, GAB, and so on. 

It is important to observe that all these ways of denoting any 
particular angle do not alter the angle ; for example, the angle BAG 
(fig. 3) is not made any larger by calling it the an^e FAG, or the 
angle DAE, In other words, the size of an angle does not depend 
on the length of its arms ; and hence, if the two arms of one angle 
are respectively equal to the two arms of another angle, the angles 
themselves are not necessarily equal 




As a further illustration, the angles A, B, G with unequal arms 
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are all equal ; of the angles 2), Ey F, that with the shortest arms is 
the largest, and that with the longest arms is the smallest 

8. If three straight lines are drawn from the same point, 
three different angles are formed. 
Thus AB, AC, AD, drawn from A, 
form the three angles BAG, CAD, 
BAD. 

The angles BAC, CAD, which 
have a common arm AC, and lie on 
opposite sides of it, are called adjacent angles; and the 
angle BAD, which is equal to angle BAC and angle CAD 
added together, is called the sum of the angles BAC and 
CAD, Since the angle BAD is obtained by adding together 
the two angles BAC and CAD, the angle CAD wiU be 
obtained by subtracting the angle BAC from the angle 
BAD; and similarly the angle BAC wiU. be obtained by 
subtracting the angle CAD from the angle BAD, Hence the 
angle CAD is called the difference of the angles BAD and 
BAC; and the angle BAC is called the difference of the 
angles BAD and CAD. 

9. The bisector of an angle is the straight line that 
divides it into two equal angles. 

Thus (see preceding fig.), if angle BAC is equal to angle CAB, 
A Ob called the bisector of angle BAD. 

The word bisect, in Mathematics, means always, to cut into two 
equal ysata. 

10. When a straight line stands on 

another straight line, and makes the 

adjacent angles equal to each other, each 

of the angles is called a right angle ; and 

the straight line which stands on the other 

is called a perpendicular to it. 

u B D 

Thus, it AB stands on CD in such a manner 

that the adjacent angles ABC, ABD are equal to one another, then 
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Book I] DBFmmONS. S 

these angles are called right angles^ and AB is said to be perpen- 
dicular to CD. 

11. An obtuse angle is one which is greater than a right 
angle. 

Thus ^ is an obtuse an|^ 

A 

12. An acute angle is one which is less than a right 
angle. 

Thus jS is an acute an^e. 






13. When two straight lines intersect each other, the 
opposite angles are called vertically opposite angles. 

Thus AEC and BED are vertically 
opposite angles ; and so are AED and 

Bsa ^^ ^3 

14. Parallel straight lines are such as are in the 
same plane, and being produced E 
ever so far both ways do not \g 
meet. 

C ^^v o 

Thus AB and CD are parallel 

straight lines. p 

If a straight line EF intersect two parallel straight lines AB^ CD, 
the angles AQHy OHD are called alternate angles, and so are 
angles BOH, OHC ; angles AGE, BQE, CHF, DHF are caUed 
exterior angles, and the interior opposite angles corresponding to 
these are CHG, DHO, AOH, BOH. 

15. A figure is that which is inclosed by one or more 
boundaries ; and a plane figure is one bounded by a line 
or lines drawn upon a plane. 

The space contained within the boundary of a plane 
figure is called its surface ; and its surface in reference to 
that of another figure, with which it is compared, is called 
its area. 
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The word fi^re, as here defined, is restricted to closed figures 
Thus ABG, DEFQ, ^ q 

according to the / ^\ 

definition, would 
not be figures. The 
word is, however, 

very frequently ^ ^ ^ ^ 

used in a wider sense to mean any combination of points, lines, or 
surfaces. 

16. A circle is a plane figure contained by one {curved) 
line which is called the circumference, and is such that all 
straight lines drawn from a certain point within the figure 
to the circumference are equal to one another. This point 
is called the centre of the circle. 

Thus ABCDEFO is a circle, if all the straight lines which can 
be drawn from O to the circumference, 
such as OA, OB, OC^ &c., are equal 
to one another; and O is the centre 
of the circle. 

Strictly speaking, a circle is an 
inclosed space or surface, and the cir- 
cumference is the line which incloses 
it. Frequently, however, the word 
circle is employed instead of circumfer- 
ence. 

It is usual to denote a circle by three 
letters placed at points on its circumference. The reason for this 
will appear later on. 

17. A radius (plural, radii) of a circle is a straight line 
drawn from the centre to the circumference. 

Thus OA, OBy OG, &a are radii of the circle AGF, 

18. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

Thus in the preceding figure BF is a diameter of the circle 
AGF. 




D E 
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RECTILIKEAL FIGUBE8L 

19. Rectilineal figures are those which are contained by 
straight lines. 

The straight lines are called sides, and the sum of all the 
sides is called the perimeter of the figure. 

20. Eectilineal figures contained by three sides are called 
triangles. 

21. Eectilineal figures contained by four sides are called 
quadrilaterals. 

22. Eectilineal figures contained by more than four sides 
are called polygons. 

Sometunes the word polygon is used to denote a rectilineal figure 
of any number of sides, the triangle and the quadrilateral being 
included. 

CLASSIFICATION OF TBIANQLBa 

First, according to tJieir sides — 

23. An eqnilateral triangle is one that 
has three equal sides. 

Thus, if AB, BC, C^ are aU equal, the triangle 
ABC is equilateral ^ 

24. An isosceles triangle is one that has two 
equal sides. 

Thus, if AB is equal to AO, the triangle ABO is 
isosceles. ^ 

A 

25. A scalene triangle is one that has 
three unequal sidea 

Thus, if AB, BC, C^ are aU unequal, the 
triangle ABC is soalena 
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8 euoud's elements. 

Second, according to their angles — 

26. A right-ani^ed triangle is one that 
has a right angle. 

Thus, a ABG ia& right angle, the triangle ABG 
is right-angled. 3 



27. An obtuse-ani^ed triangle is one that has an obtuse 
angle. M 






Thus, if ABG is an obtuse angle, the 
triangle ABG is obtuse-angled. 



28. An acute-angled triangle is one that has three acute 
anglea A 



Thus, if angles A, B, G axe each of them 
acute, the triangle ABG is acute-angled. 



29. Any side of a triangle may be called the base. In 
an isosceles triangle, the side which is neither of the equal 
sides is usually called the base. In a right-angled triangle, 
one of the sides which contain the right angle is often called 
the base, and the other the perpendicular ; the side opposite 
the right angle is called the hypotenuse. 

Any of the angular points of a triangle may be called a 
vertex. If one of the sides of a triangle has been called the 
base, the angular point opposite that side is usually called 
the vertex. 

Thus, if BG IB called the base of a triangle ABG, A is the vertex. 

30. If the sides of a triangle be prolonged both ways, 
nine angles are formed in addition to the angles of ^e 
triangle. 
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Thus at the point A there aie the angles CAH, HAF^ FAB; 
at B, the angles ABO, GBD, 
DBO; at G, the angles F 

BCK, KCE, EGA. ^ H 

Of these nine, six only 
are called exterior angles, 
the three which are not 
so called being HAF^ 
QBD, KCE. Angles G 
ABC, EGA, CAB are 
sometimes called the 
interior angles of the triangla 




CLASSIFICATION OF QUADRILATERALS. 

31. A rbombus is a quadrilateral that has all its 
equal. 



Thus, if AB, BG, GDy Dil are all eqnal, 
the quadrilateral ABGD is a rhomhus. 
The rhombus ABGD is sometimes named 
by two letters plaoed at opposite comers, 
as AG or BD. 

Euclid defines a rhombus to be 'a^ 
quadrilateral that has all its sides equal, but its angles not right 
angles.' 

32. A sqnare is a quadrilateral that has all its sides 
equal, and all its angles right angles. 



Thus, if AB, BG, GD, DA are all equal, 
and the angles A, B, (7, D right angles, the 
quadrilateral ABGD is a square. The square 
ABGD is sometimes named by two letters 
placed at opposite comers, as -4 C or BD; 
and it is said to be described on any one of 
its four sides. 
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33. A paxallelogram is a quadrilateral whose opposite 
sides are parallel. 

Thus, if AB is parallel to CD, and AD parallel to £C, the quad- 
rilateral A BCD is a parallelogram. 
The parallelogram A BCD is some- 
times named by two letters placed 
at opposite comers, as -4(7 or BD; / 
and any one of its four sides may be / 
called the base on which it stands. B^ — 

34. A rectangle is a quadrilateral whose opposite sides 
are parallel, and whose angles are right angles. 



r 



M 



7 



O 



Thus, if AB is parallel to OZ), AD 
parallel to BC^ and the angles A,B,C,D 
right angles, the quadrilateral A BCD is 
a rectangle. The rectangle ABCD is 
sometimes named by two letters placed 
at opposite comers, as ^(7 or BD. In 
books on mensuration, BG and AB would be called the length 
and the breadth of the rectangle. The definitions of a square 
and a rectangle are somewhat redundant— that is, more is said 
about a square and a rectangle than is absolutely necessary 
to distinguish them from other quadrilaterals. This will be seen 
later on. 

35. A trapezinm is a quadrilateral that 
parallel. 

Thus, if AD is parallel 
to BCj the quadrilateral 
ABCD is a trapezium. 
The word trapezoid is some- 
times used instead of tra- 
pezium. 

36. A diagonal of a quadri- 
lateral is a straight line joining 
any two opposite comers. 

Thus AC and BD are diagonals 
of the quadrilateral ABCD, 
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POSTULATES. 

Let it "be granted : 

1. That a straight line may be drawn from any one point 
to any other point. 

2. That a terminated straight line may be produced to 
any length either way. 

3. That a ciicle may be described with any centre, and 
at any distance from that centra 

The three postulates may be considered as stating the only 
instruments we are allowed to use in elementary geometry. These 
are the ruUr or straight-edge, for drawing straight lines, and the 
compasses, for describing circles. The ruler is not to be divided at 
its edge (or graduated), so as to enable us to measure off particular 
lengths; and the compasses are to be employed in describing 
circles only when the centre of the circle is at one given point, and 
the circumference must pass through another given point. Neither 
ruler nor compasses can be used to carry distances. 

If two points A and B are given, and we wish to draw a straight 
line from ^ to ^, it is usual to say simply 'join AB.* To produce 
a straight line, means not to make a straight line when there is 
none, but when there is a straight line already, to make it longer. 
The third postulate is sometimes expressed, 'a circle may be 
described with any centre and any radius.' That, however, is not 
to be taken as meaning with, a radius equal to any given straight 
line, but only with a radius equal to any given straight line drawn 
from the centre. 

[The restrictions imposed on the use of the ruler and the com- 
passes, somewhat inconsistently on Euclid's part, are never 
adhered to in practice.] 



AXIOMS. 

1. Things which are equal to the same thing are equal 
to one another. 

2. K equals be added to equals, the sums are equal. 

3. If equals be taken from equals, the remainders are 
equaL 

B 
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4. If equals be added to unequals, the sums are 
unequal, the greater sum being obtained from the greater 
unequal. 

5. If equals be taken from unequals, the remainders are 
unequal, the greater remainder being obtained from the 
greater unequal 

6. Things which are doubles of the same thing are equal 
to one another. 

7. Things which are halves of the same thing are equal 
to one another. 

8. The whole is greater than its part, and equal to the 
sum of all its parts. 

9. Magnitudes which coincide with one another are equal 
to one another. 

10. All right angles are equal to one another. 

11. Two straight lines which intersect one another cannot 
be both parallel to the same straight line. 

An axiom is a self-eyident truth, or it is a statement the truth 
of which is admitted at once and without demonstration. Some 
of Euclid's axioms are general— that is, they apply to magnitudes of 
all kinds, and not to geometrical magnitudes only. The first axiom, 
which says that things which are equal to the same thing are equal 
to one another, applies not only to lines, angles, surfaces, and soHds, 
but also, for example, to numbers, which are arithmetical, and to 
forces, which are physical, magnitudes It will be seen that the 
first eight axioms are general, and that the last three are 
geometrical 

It ought, perhaps, to be noted that some of the axioms are often 
applied, not in the general form in which they are stated, but in 
particular cases that come under the general form. For example, 
under the general form of Axiom 2 would come two particular cases : 
If equals be added to the same thing, the sums are equal ; and If 
the same thing be added to equals, the sums are equal. Again, a 
particular case coming under the general form of Axiom 4 would 
be : If the same thing be added to unequals, the sums are unequal, 
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the greater sum being obtained from the greater nneqnal Axioms 
6 and 7) on the other hand, are only particular caMs of more general 
ones— namely, Things which are doable of equals are equal, and 
Things whidi are halves of equals are equal; and these axioms 
again are only paridonlar cases of still more general ones : Similar 
multiples of equals (or of the same thing) are equal, and Similar 
fractions of equals (or of the same thing) are equal 

Axiom 9 is often called Euclid's definition or test of equality; 
and the method of ascertaining whether two magnitudes are equal 
by seeing whether they coincide — ^that is, by mentally applying the 
one to the other, is called the method of superposition. Two 
magnitudes (for example, two triangles) which coincide are said to 
be congruent; and this word, if it is thought desirable, may be 
used instead of the phrase, ' equal in every respect.* Axiom 10 is, 
strictly speaking, a proposition capable of proof. The proof is not 
given here, as at this stage it would perhaps not be fully appreciated 
by the pupiL After he has read and understood the definitions 
of the third book, he will probably be able to prove it for himself. 
Axiom 11, frequently referred to as Playf air's axiom (though 
Playfair states that it is assumed by others, particularly by Ludlam 
in his RudimeiUa of Mathematics), has been substituted for that 
given by Eudid, which is proved as a corollary to Proposition 29. 



QUESTIONS ON THE DEFINITIONS, POSTULATES, AXIOMS. 

1. How do we indicate a point ? 

2. What is the only thing that a point has? What has it not? 

3. Gould a number of geometrical points placed dose to one another 

form a line ? Why ? 
4 Draw two lines intersecting each other in two points. 

5. Could two straight lines be drawn intersecting each other in 

two points ? 

6. What is Euclid's definition of a ' straight' line ? 

7. Could a number of geometrical lines placed dose to one another 

form a surface ? Why ? 

8. When two points are taken on a plane surface, and a straight 

line is drawn from the one to the other, where will the 
straight line lie ? 

9. If a straight line is drawn on a plane surface and then produced, 

where will the produced part lie ? 
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10. Would it be poBsible to draw a straight line upon a surface that 

was not phine ? If so, give an example. 

1 1. How many arms has an angle ? 

12. What name is given to the point where the arms meet ? 

13. When an angle is denoted by three letters, may the letters be 

arranged in any order? 

14. If not, in how many ways may they be arranged, and what 

precaution must be observed ? 

15. When is it necessary to name an angle 

by three letters ? 

16. How else may an angle be named ? 

17. OA, OB, 00 are three straight lines 

which meet at 0. Name the three 
angles which they form. 

18. Name the angle contained by OA and 

OB; by OB and 00; by OCand OA. 

19. OA, OB, 00, OD are four straight 

lines which meet at 0. Name the 
six angles which they form. 

20. Name the angle contained by OA and 

OB; by OB and 00; by 00 and 
OD; by OA and 00; by OB and 
OD; by 0-4 and OD. 

21. Write down all the ways in which the angle 

A can be named. 

22. If the arms of one angle are respectively 

equal to the arms of another angle, 
what inference can we draw regarding 
the sizes of the angles ? 

23. In the figure to Question 17, if the angles 

A OB and BOG are added together, what 
angle do they form ? 

24. In the same figure, if the angle AOB is taken away from the 

angle A 00, what angle is left ? 

25. In the same figure, if the angle BOO is taken away from the 

angle AOG, what angle is left ? 

26. The following questions refer to the figure to Question 19 : 

(a) Add together the angles AOB and BOO; AOB tkndBOD; 

AOG and COD; BOG asid GOD. 

(b) From the angle AOD subtract successiyely the angles COD, 

AOB, AOG, BOD. 
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(c) From the angle BOD subtract the angles OOD^ BOO, 

(d) To the sum of the angles AOB and BOO add the difference 

of the angles BOD and BOO; and from the sum of AOB 
and BOO subtract the difference of BOD and COD. 
21, Draw, as well as you can, two equal angles with unequal arms. 

28. II n two unequal tt equal n 

29. If two adjacent angles are equal, must they necessarily be right 

angles ? Draw a figure to illustrate your answer. 

30. If two adjacent angles are equal, what name could be given to 

the arm that is conmion to the two angles ? 

31. When an angle is greater than a right angle, what is it called ? 

32. II less It II 

33. II equal to n n 
34k In the accompanying figure, 

name two right angles, two 
acute angles, and one obtuse 
angle. 

35. What are angles AEC, AED 

called with reference to each ^ 
other? angles AEC, BED? ^ 
angles AEC, BEOf angles 
BEG, AEDf angles BEO, 
BED? 

36. Would it be a sufficient defini- 

tion of parallel straight lines 
to say that they never meet though produced indefinitely 
far either way ? Illustrate your answer by reference to the 
edges of a book, or otherwise. 

37. Draw three straight lines, every two of which are parallel. 

38. Draw three straight lines, only two of which are parallel. 

39. Draw three straight lines, no two of which are parallel. 

40. What is the least number of lines that will inclose a space? 

Illustrate your answer by an example. 

41. How many radii of a circle are equal to one diameter? 

42. How do we know that all radii of a circle are equal ? 

43. Prove that all diameters of a circle are equal 

44. Are all lines drawn from the centre of a circle to the circum- 

ference equal to one another ? 

45. What is the distinction between a circle and a circum- 

ference ? 

46. Is the one word ever used for the other ? 
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47. How many letters are generally used to denote a circle ? 

48. Would it be a sufScient definition of a diameter of a circle to 

say that it consists of two radii ? 

49. Prove that the distance of a point inside a circle from the centre 

is less than a radius of the circle. 

50. Prove that the distance of a point outside a circle from the 

centre is greater than a radius of the circle. 

51. What is the least number of straight lines that will inclose a 

space? 

52. What name is given to figures that are contained by straight 

lines? 

53. Gould three straight lines be drawn so that, even if they were 

produced, they would not inclose a space ? 

54. What is the least number of sides that a rectilineal figure can 

have? 

55. ABG is a triangla Name it in five other 

ways. 

56. If AB is equal to AG^ what is triangle ABO 

called? 

57. If AB, BO, (7J are all equal, what is 

triangle ABO called? 

58. If AB, BO, OA axe b31 unequal, what is triangle ABO 

called? 

59. What name is given to the sum of AB, BO, and OA f 

60. Which side of a triangle is called the base ? 

61. Which side of an isosceles triangle is called the base ? 

62. When the hypotenuse of a triangle is mentioned, of what sort 

must the triangle be ? 

63. What names are sometimes given to those sides of a right- 

angled triangle which contain the right angle ? 

64. Would it be a sufficient definition of an acute-angled triangle to 

say that it had neither a right nor an obtuse angle ? 

65. ABO is a triangle. Name by one letter 

the angles respectively opposite to 
the sides AB, BO, OA, 

66. Name by three letters the angles respec- 

tively opposite to the sides AB, BO, 
OA. 

67. Name the sides respectively opposite to the angles A, B,0, 

68. Name by one letter and by three letters the angle contained by 

AB and AO; by AB and BO; by AO and BO. 
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69.- Name all the triangles in the accompanying figure. 

70. Name the additional triangles that 

would be formed if AD were 
joined. 

71. Name by three letters all .the angles 

opposite to BO; to BW; to CR 

72. Name all the sides that are opposite. 

to angle A; to angle D. 

73. Name all the angles in the figore that 

are called exterior angles of the 
triangle BWO; of the triangle ABB; of the triangle OED, 
74 ABCD is a quadrilateral Name it in seven other ways. 

75. If the diagonals AC, BD be 

drawn, and E be their point 
of intersection, how many 
triangles wiU there be in the 
diagram ? Name them. 

76. Name the two angles opposite to the diagonal A0» 

77. II I. II BD. 

78. II through which the diagonal A O passes. 

79. II II II II BD II 

80. Gould a square, with propriety, be called a rhombus? 

81. Could a rhombus be called a square 7 

82. Could a rectangle be called a parallelogram ? 

83. Could a parallelogram be called a rectangle ? 

84. Would it be a suifident definition of a parallelogram to say that 

it is a figure whose opposite sides are parallel ? Why ? 

85. Could a parallelogram or a rectangle be called a trapezium ? 

86. Could a trapezium be called a parallelogram or a rectangle ? 

87. What is a diagonal of a quadrilateral, and how many diagonals 

has a quadrilateral ? 

88. How many sides has a polygon ? 

89. Which postulate allows us to join two points ? 

90. II It produce a straight line ? 

91. II II describe a circle ? 

92. In what sense is the word 'circle ' used in the third postulate ? 

93. What are the only instruments that may be used in elementary 

plane geometry? Under what restrictions are they to be 
used? 

94. What is an axiom ? Give an example of one. 

95. State Euclid's axiom about magnitudes which coincide. 
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96. Would it be correct to say, magnitades which fill the same space, 

instead of magnitudes which coincide ? Illustrate your answer 
by reference to straight lines, and angles. 

97. What is Euclid's axiom about right angles ? 

98. What is the axiom about parallels ? 

99. Would it be correct to say, two straight lines which pass 

through the same point cannot be both parallel to the same 
straight line ? 

100. Gould two straight lines which do not pass through the same 

point be both parallel to a third straight line? 



EXPLANATION OP TERMS. 

Propositions are divided into two classes, theorems and problems. 

A tbeorem is a truth that requires to be proved by means of other 
truths abeady known. The truths already known are either axioms 
or theorems. 

A problem is a construction which is to be made by means of 
certain instruments. The instruments allowed to be used are (see 
the remarks on the postulates) the ruler and the compasses. 

A corollary is a truth which is (more or less) easily inferred from 
a proposition. 

In the statement of a theorem there are two parts, the hypothesia 
and the conclusion. Thus, in the theorem, ' If two sides of a tri- 
angle be equal, the angles opposite to them shall be equal,' the part, 
'if two sides of a triangle be equal,* is the hypothesis, or that which 
is assumed ; the other part, * the angles opposite to them shall be 
. equal,' is the conclusion, or that which is inferred from the hypo- 
thesis. 

>The conyerse of a theorem is derived from the theorem by inter- 
changing the hypothesis and the conclusion. Thus, the converse 
of the theorem mentioned above is, 'If in a triangle the aDgles 
opposite two sides be equal, the sides shall be equal.' 

When the hypothesis of a theorem consists of several hypotheses, 
there may be more than one converse to the theorem. 

In proving propositions, recourse is sometimes had to the following 
method, l^e proposition is supposed not to be true^ and the con- 
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sequences of this sapposition are then examined, till at length a 
result is reached which is impossible or absurd. It is therefore 
inferred that the proposition must be true. Such a method of proof 
is called an Indirect demonstration, or sometimes a reduoUo a4 
absurdam (a reducing to the absurd). 



SYMBOLS AND ABBREVIATIONa 

+, read plu$, is the sign of addition, and signifies that the magni- 
tudes between which it is placed are to be added together. 

- , read minua, is the sign of subtraction, and signifies that the 
magnitude written after it is to be subtracted from the magni- 
tude written before it. 

'^ , read difference^ is sometimes used instead of minus, when it is 
not known which of the two magnitudes before and after it is 
the greater. 

= is the sign of equality, and signifies that the magnitudes between 
which it is placed are equal to each other. It is used here as 
an abbreviation for *is equal to,' *are equal to,' 'be equal to,' 
and ' equal to.' 

X stands for ' perpendicular to,' or 'is perpendicular to.* 

II n * parallel to,' or * is parallel to.' 

Z II 'angle.' 

A tt 'triangle.' 

II™ It 'parallelogram.' 

© II ' circle.' 

O** II 'circumference.* 

It 'therefore.' This symbol turned upside down (•.*), 

which is sometimes used for 'because' or 'since,' I have not 
introduced, partly because some writers use it for ' therefore,' 
and partly because it is easily confounded with the other. 
AB^ stands for 'the square described on AB,^ 
AB • BO stands for ' the rectangle contained by AB and BO,' 
A : B stands for ' the ratio of ^ to BJ 

\A iB) stands for ' the ratio compounded of the ratios of il to ^ 

iBiCS and i? to a' 
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A :B = OtD stands for the proportion Misto^asOistojD.' 
The small letters a, b, Cy m, n, p, &c. stand for numbers. 
App. stands for ' appendix.' 



Ax. 


ti 


'axiom.' 


ConsL 


II 


'construction.' 


Cor, 


II 


'corollary.' 


Dtf. 


II 


'definition.' 


Hyp. 


II 


'hypothesis.' 


Post. 


II 


•postulate.' 


RU 


II 


•right' 



In the references given at the right-hand side of the page (Euclid 
gives no references), the Eoman numerals indicate the number of 
the book, the Arabic numerals the number of the proposition. 
Thus, L 47 means the forty-seventh proposition of the first book. 

In the figures to certain of the theorems, it will be seen that some 
lines are ihickt and some dotted. The thick lines are those which 
are given, the dotted lines are those which are drawn in order to 
prove the theorem. [In a few figures this arrangement has been 
neglected to attain another object.] 

In the figures to certain of the problems, some lines are thick^ 
some thin, and some dotted. The thick lines are those which are 
given, the thin lines are those which are drawn in order to efifect 
the construction, and the dotted lines are those which are necessary 
for the proof that the construction is correct 

In the figures which illustrate definitions, the lines are almost 
invariably thin. 
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PROPOSITION 1. Problbm. 
To describe an equilateral triangle 07i a given straight line. 




Let AB be the given straight line : 
it is required to describe an equilateral triangle on AB. 

"With centre A and radius AB, describe BCD. Post. 3 

With centre B and radius BA, describe © ACE; Post. 3 

and let the two circles intersect at C. 

Join AC, BC. Post. 1 

ABC shall be an equilateral triangle. 

For AB ^AC, being radii of the © BCD; I. Def. 16 

and AB = BCy being radii of the © ACE; I. Def. 16 

.-. AC=-BC. LAx.1 

ABf ACf BC are all equal, 
and ABC is an equilateral triangle. /. Def. 23 

DEDUCTIONS. 

1. If the two circles intersect also at F^ and AF, BF be joined, 

prove that ABF is an equilateral triangle. 

2. Show how to find a point which is equidistant from two given 

points. 

3. Show how to make a rhombus having one of its diagonals equal 

to a given straight line. 

4. Show how to make a rhombus having each of its sides equal to 

a given straight line. 
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5. If AB be produced both ways to meet the two circles again at D 

and Ef prove that the straight liue DE is equal to the sum 
of the three sides of the triangle ABC, 

6. Show how to find a straight line equal to the sum of the three 

sides of any triangle. 
Show how to find a straight line which shall be : 

7. Twice as great as a given straight line. 

8. Thrice n n ii 

9. Four times n n n 

10. Five II H Ii M &o. 



PBOPOSITION 2. Problem. 

From a given point to draw a straight line equal to a given 
straight line. 




Let A be the given point, and BG the given straight line : 
it is required to draw from A a straight line = BC. 

Join AB, Post 1 

and on it describe the equilateral A DBA, L 1 

With centre B and radius BG, describe the GEF; Post, 3 

and produce DB to meet the C OFF in E. Post, 2 
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With centred, and radius DE^ describe the EGH; Post. 3 
and produce DA to meet the Q** EGH in O. Post 2 

AG shaU = Ba 
Because DE = DG, being radii of EGH, L Def. 16 
and DB = DA, being sides of an equi- 

lateral triangle ; /. Def, 23 

.*. remainder BE =■ remainder AG, I. Ax. 3 

But BE = BO, being radii of CEF; I, Def. 16 

AG = BO. I. Ax. 1 

1. If the radius of the large circle be double the radius of the small 

circle, where will the given point be ? 

2. AJB IB A given straight line ; show how to draw from A any 

number of straight lines equal to ^^. 
S. AB IB Sk given straight line ; show how to draw from B any 
number of straight lines equal to ^^. 

4. AB is Sk given straight line ; show how to draw through A any 

number of straight lines double of AB. 

5. AB iask given straight line ; show how to draw through B any 

number of straight lines double of AB. 

6. On a given straight line as base, describe an isosceles triangle 

each of whose sides shall be equal to a given straight line. 
May the second given straight line be of any size ? If not, how 
large or how small may it be ? 

Give the construction and proof of the proposition — 

7. When the equilateral triangle ABB is described on that side of 

AB opposite to the one given in the text. 

8. When the equilateral triangle ABD is described on the same 

side of ^^ as in the text, but when its sides are produced 
through the vertex and not beyond the base. 

9. When the equilateral triangle ABB is described on that side of 

AB opposite to the one given in the text, and when its sides 
are produced through the vertex. 
10. When the given point A is joined to C instead of B. Make 
diagrams for all the cases that can arise by describing the 
equilateral triangle on either side of AG, and producing its 
sides either beyond the base or through the vertex. 
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PEOPOSITIONT 3. Problem. 

From the greater of two given straight lines to cut off a pari 
equal to the less. 



\ 




Let AB and C be the two given straiglit lines, of which 
AB is the greater : 
it is required to cut off from AB apart = (7. 

From -4 draw the straight line AD = G; I, 2 

with centre A and radius ADy describe the DEF^ Post 3 
cutting AB at E, AE shall = G. 

For AE = AD, being radii of DEF. I. Def 16 

But AD = G; Gonst. 

.-. AE = a /. Ax. 1 

1. Give the constniction and the proof of this propositioii, namg 

the point B instead of the point A, 

2. Produce the less of two given straight lines so that it may be 

equal to the greater. 

3. If from AB (fig. 1 and fig. 2) there be cut o^AD and BE, each 

equal to C7, prove AE = BD. 

Fig. 1. Pig. 2. 

AD EB AB DB 



4 Show how to find a straight line equal to the sum of two given 
straight lines. 
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5. Show how to find a straight line equal to the diflferenoe of two 

given straight lines. 

6. Show that if the difference of two straight lines be added to the 

sum of the two straight lines, the result will be doable of the 
greater straight line. 

7. Show that if the difference of two straight lines be taken away 

from the sum of the two straight lines, the result will be 
double of the less straight line. 



PROPOSITION i. Theorem. 

If two sides and the contained angle of one triangle he equal 
to two sides and the contained angle of another triangle, 
the two triangles shall be equal in every respect — that is, 

(1) The third sides shall be equal, 

(2) The remaining angles of the one triangle shall be equal 

to the remaining angles of the other triangle^ 

(3) The areas of the two triangles shall be equal, 

A D 





In Aa ABC, DEF, let AB = DE, AC= DF,lA= lD: 
it is required to prove EC = EF, lB =^ L E, l G ^ L F^ 
A ABC = A DEF. 

If A ABC be applied to A DEF^ 
80 that A fails on D, and so that AB falls on DE ; 
then B will coincide with E, because AB = DE. Hyp, 

And because AB coincides with DE, and lA= lD, Hyp. 

.'. ACwmiallonDF. 
And because AC == DF, Hyp, 

.'. G will coincide with F, 
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A D 





Now, since B coincides with E^ and C with F, 
.-. 5(7 will coincide with EF ; L Def, 3 

.-. BG^EF. I.Ax.^ 

Hence also l B will coincide with l E; 
.'. lB=^ L E; L Ax. 9 

and z. a will coiacide with l F; ,\ lC^ l F ; L Ax, 9 

and A ABC will coincide with A DEF; 
.-. A ABC = A DEF. I. Ax. 9 

In the two A s ABO, DEF, 
I. If -41? = BE, AC = BF, but z A greater than z D, where 

would AG tsJl when ^^(7 is applied to BEF as in the 

proposition ? 
2.11 AB = BE, AG=^ BF, bnt z ii less than z B, where would 

^CfaU? 
S. U AB = BE, iA^lB,hut AG greater than BF, where 

wouldCfaU? 

4. li AB = BE, z -4 = z A hut AG less than D-P, where 

would (7 fall? 

5. Prove the proposition beginning the superposition with the point 

B or the point C instead of the point A, 

6. If the straight line OB bisect the straight line AB perpendicu- 

larly, prove any point in CB equidistant from A and B, 

7. GA and GB are two equal straight lines drawn from the point 

G, and GB is the bisector of z ACB, Prove that any point 
in CB is equidistant from A and B, 

8. The straight line that bisects the vertical angle of an isosceles 

triangle bisects the base and is perpendicular to the base. 

9. ABGB is a quadrilateral, one of whose diagonals is BB, If 

AB = CB, and BB bisects z ABG, prove that AB = GB, 
and that BB bisects also z ABC, 
10. Prove that the diagonals of a square are equal. 
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11. ABCD is a square. E^ F, O, ff toe the middle points of AB, 

BG, CD, DA , and EF, FO, OH, HE are joined. Prove that 
EFOH has all its sides equaL 

12. Prove by superposition that the squares described on two equal 

straight lines are equal 

13. If two quadrilaterals have three consecutive sides and the two 

contained angles in the one respectively equal to three 
consecutive sides and the two contained angles in the other, 
the quadrilaterals shall be equal in every respect. 



PROPOSITION 5. Thborkm. 

The angles at the base of an isosceles triangle are equal; 
and if the equal sides he prodticed, the angles on the 
other side of the base shall also he equal. 

A 




In A ABO, letiLB= AG, and let AB, AC^^ produced to 
D and E: 

it is required to prove L ABC = L ACB and L DBG = 
L EGB. 

In BD take any point F, 
and from AE cut off AG = AF; I. 3 

join BG, GF. Post 1 

{FA = GA Gonst. 

AG^AB Hyp. 

lFAG^ l GAB; 
.'. FG=^ GB, L AFG^ l AGS, l AGF^ l ABG. L 4 
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(2) Because the whole AF = whole AG^ Const. 
and the part AB = part AC; Hyp, 

the remainder BF = iMnainder CQ. L Ax, 3 

( BF ^ Ca Proved in (2) 

(3) In As BFCy CQBA FC = QB Proved in (1) 

( L BFG = L CGB; Proved in (1) 
LBCF=^LCBG,aiiiLFBC=:^ lGCB. 1.4: 

(4) Because whole L ABG = whole l ACF, Proved in (1) 
and the part L CBG = part l BGF; Proved in (3) 

.*. the remainder l ABG = remainder l ACB; /. Ax, 3 
and these are the angles at the base. 
But it was proved in (3) that l FBC = L GGB ; 
and these are the angles on the other side of the base. 

Cor. — If a triangle have all its sides equal, it will also 
have all its angles equal ; or, in other words, if a triangle be 
equilateral, it will be equiangular. 

1. If two angles of a triangle be nnequal, the sides opposite to 

them will also be unequal. 

2. Two isosceles triangles ABG^ DBG stand on the same base BG^ 

and on opposite sides of it ; prove L ABD = z AGD, 

3. Two isosceles triangles ABGy DBG stand on the same base BG^ 

and on the same side of it ; prove z ABD = z ACD, 

4. In the figure to the second deduction, if AD be joined, prove that 

it will bisect the angles at A and D. 
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ff. ABGia an isoscelea triangle haying AB = AO, In AB, AC, two 
points DfE toe taken equally distant from A ; prove that 
the triangles ABE, ACD are equal in all respects, and also 
the triangles DBG, EGB. 

6. Prove that the opposite angles of a rhombus are equal 

7. D aifd E are the middle points of the sides BG and GA of a 

triangle; DO and EG are perpendicular to BG and GAi 
show that the angles OAB and OBA are equaL 

8. Prove the proposition by supposing the A ABG, after leaving a 

trace or impression of itself, to be lifted up, turned over, and 
applied to the trace. 

9. Prove the first part of the proposition by supposing the angle at 

the vertex to be bisected. 



PEOPOSITION 6. Theorem. 

If two angles of a triangle he equal, the sides opposite them 
shall also he equoL 




In A ABG\^i L ABC = L AGB: 
it is required to prove AG =^ AB. 

If -4(7 is not = AB, one of them must be the greater. 
Let AB be the greater ; 

and from it cut off BD = AG, L 3 

and join DG, Post. 1 

{DB ^ AG Const 

BG = GB 
lDBG-- l AGB; Hyp. 
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.-. area of A DBC = area of A ^405/ /. 4 

which is impossible, since A DBG is a part of A ACE, 
Hence -4(7 is not unequal to AB; 
thatis, ilC7= AB. 

Cor. — If a triangle have all its angles equal, it will also 
have all its sides equal ; or, in other words, if a triangle be 
equiangular, it will be equilateral. 

1. If two sides of a triangle be unequal, the angles opposite to them 

will also be unequal. 

2. liABGpe an isosceles triangle, and if the equal angles ABG, 

AGB be bisected by BD^ GD^ which meet at D ; prove that 
DBG is also an isosceles triangle. 

3. In the figure to /. 5, if BG^ GF intersect at J7, prove that 

HBG is an isosceles triangle. 

4. Hence prove that FH = GH^ and that AH bisects L A. 

5. By means of what is proved in the last deduction, give a method 

of bisecting an angle. 

6. Prove the proposition by supposing the A ABG, after leaving a 

trace or impression of itself, to be lifted up, turned over, and 
applied to the trace. 



PEOPOSinON 7. Theorem. 

Two triangles on the same hose and on the same side of it 
cannot have their conterminous sides equal. 




A B A B A 

If it be possible, let the two As ABC, ABD on the 
same base AB, and on the same side of it, have AG =^ AD^ 
and BC = BD. 
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Three cases may occur : 

(1) The vertex of each A may be outside the other A. 

(2) The vertex of one A may be inside the other A. 

(3) The vertex of one A may be on a side of the other A. 
In the first case join CD ; and in the second case join 

CD and produce AC, AD to JE and F. 

Because AC = AD, .-. l JECD = l FDC. L 5 

But i. JECD is greater than l BCD; L Ax. 8 

.-. L JFlOa is greater than L BCD. 
Much more then is L BD C greater than l BCD. 
But because BC = BD, .-. lBDC = lBCD; I. 5 

that is, L BDC is greater than and equal to l BCD, 
v^hich is impossible. 

The third case needs no proof^ because BC is not = BD. 
Hence two triangles on the same base and on the same side 
of it cannot have their conterminous sides equal 

1. On the same base and on the same side of it there can be only 

one eqnilateral triangle. 

2. On the same base and on the same side of it there can he only 

one isosceles triangle having its sides equal to a given straight 
line. 

3. Two circles cannot cut each other at more than one point either 

above or below the straight line joining their centres. 



PEOPOSITION 8. Theorem. 

If three sides of one triangle he respectively equal to three 
sides of another triangle, the two triangles shall be equal 
in every respect; that is, 

(1) The three angles of the one triangle shall he respectively 
equal to the three angles of the other triangle, 

(2) The areas of the two triangles shall he equal. 
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In Ab ABO, DEF.leiAB = DE, AG =:^ DF, EC ^ EF : 
it is required to prove i. A ^ L D, L B ^ lE, lG ^ lF^ 
and A ABG = A DEF, 

n A ABG\i^ appUed to A DEF, 
so that ^ falls on E, and so that ^(7 falls on ^jP; 
then (7 will coincide with F, because BG ^ EF. Hyp. 

Now since BG coincides with EF, 

/. BA and AG must coincide with ED and 2) J! 
For, if they do not, but fall otherwise as EG and GF ; 
then on the same base EF^ and on the same side of it, 
there will be two As DEF^ GEF, having equal pairs 
of contenninous sides, 
which is impossible. /. 7 

.'. BA coincides with ED, and AG with DF. 
Hence l A will coincide with lD, .' , lA= lD; L Ax. 9 
and L B will coincide with lE, .*. lB= l E; LAx,9 
and L (7 will coincide with lF, .*. lG= lF; LAx.9 
and A ABG will coincide with A DEF, 

.'. A ABG = A DEF. LAx. 9 

1. The straight line which joins the vertex of an isosceleB triangle 

to the middle point of the base, is perpendicular to the base^ 
and bisects the vertical angle. 

2. The opposite angles of a rhombus are equal. 

3. Either diagonal of a rhombus bisects the angles through which 

it passes. 

4. ABOD is a quadrilateral having AS = BG and AD =^ DG ; 

prove that the diagonal BD bisects the angles through which 
it passes, and that i A ss l C. 
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6. Two isosceles triangles stand on the same base and on opposite 
sides of it ; prove that the straight line joining their vertices 
bisects both vertical angles. 

6. Two iBoeceles triangles stand on the same base and on the same 

side of it ; prove that the straight line joining their vertices, 
being produced, bisects both vertical angles. 

7. In the figures to the fifth and sixth deductions, prove that the 

straight line joining the vertices, or that straight line 
produced, bisects the common base perpendicularly. 

8. Hence give a construction for bisecting a given straight line. 

9. The diagonals of a rhombus or of a square bisect each other per- 

pendicularly. 

10. If any two circles cut each other, the straight line joining their 

points of intersection is bisected perpendicularly by the 
straight line joining their centres. 

11. Prove the proposition by applying the triangles so that they 

may fall on opposite sides of a common base. Join the two 
vertices, and use L 6 (Philon's method; see Friedlein's 
ProduSf p. 266). 



PEOPOSITION 9. Problem. 
To bisect a given rectilineal atigle, 
M 




Let A OB be the given rectilineal angle i 
it is required to bisect it 

In AC take any point Z), 
and from CB cut off CJS « CD. 



7.3 
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Join DE^ and on DEy on the side remote from (7, 

describe the equilateral A DEF. I. 1 

Join CF. CF shall bisect l AGB. 

IDG = EG Gonst. 

GF^ GF 
DF = EF; I. Def. 23 

.-. lDGF= lEGF; 7.8 

that is, Oi^ bisects l AGB. 

1. Prove that OF bisects angle DFE. 

2. If the equilateral triangle DEF were described on the same side 

of DE as C7 is, what three positions might intake ? 

3. Show that in one of these positions the demonstration remains 

the same as in the text 

4. Would an isosceles triangle DEF described on the base DE 

answer the purpose as well as an equilateral one? If so, 
why? 

5. Prove the proposition and the first deduction, using I. 5 and 

I. 4 instead of L 8. 

6. Divide a given angle into 4 equal parts. 

7. Could the number of equal parts into which an angle may be 

divided be extended beyond 4? If so, enumerate the 
numbers. 

8. Prove from an equilateral triangle that if a right-angled triangle 

have one of the acute angles double of the other, the hypot- 
enuse is double of the side opposite the least angle. 
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PEOPOSITION 10. Problem. 

To bisect a given straight line, 

o 




D 

Let AB be the given straight line : 
it is required to bisect it 

On AB describe an equilateral A ABOy I, 1 

and bisect l ACB by CD, which meets AB at D. L 9 
AB shall be bisected at D. 

C AO^BO I. Def. 23 

In As ACD, BOD, ] CD ^ CD 

{ L ACD = L BCD; Const 

.-. AD = BD; I. 4 

that is, AB is bisected at D, 

1. Would an isoscelea triangle described on AB as base, answer the 

purpose as well as an equilateral one ? If so, why ? 

2. Prove that CD, besides bisecting AB, is perpendicular to AB, 

3. In the figure to I. 1, suppose the two circles to cut at C and 

F; prove that CF bisects AB. 
4 Hence give (without proof) a simple method of bisecting a given 
straight line. 

5. In the figure to the third deduction, prove that AB and GF 

bisect each other perpendicularly. 

6. Enunciate the preceding deduction as a property of a rhombus. 

7. Divide a given straight line into 4 equal parts. 

8. Could the number of equal parts into which a straight line may 

be divided be extended beyond 4? If so, enumerate the 
numbers. 
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9. Find a straight line half as long again as a given straight line. 

10. Find a straight line equal to half the smn of two given straight 

lines. 

11. Find a straight line equal to half the difference of two given 

straight lines. 

12. If, in the figure to the proposition, z ^ is bisected by AF^ 

which meets BC9,\» F, prove BF = BD, and AF= CD. 



PEOPOSrriON ll. Pboblbm. 

To draio a straight line perpendicular to a given straight 
line from a given point in the same, 
F 




n o B " 

Let AB be the given straiglit line, and C the given point 
in it: 
it is required to draw from a perpendicular to AB. 

In AC take any point Z>, 
and from CB cut off CE = CD. I. 3 

On DE describe the equilateral A DEF, I. 1 

and join CF. CF shall be X AB. 

!DC = EC Const. 
CF= CF 

DF^EF; LDef23 

.-. L DCF = L ECF; L 8 

.-. OFis X AB. I.Def 10 

1. Would an isosceles triangle described on DE as base answer the 
purpose as well as an equilateral one t If so, why t 
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2. If the given point were edtoated at either end of the given 

straight line, what additional construction would be necessaiy 
in order to draw a perpendicular ? 

3. At a given point in a given straight line make an angle equal 

to half of a right angle. 
4k At a given point in a given straight line make an angle equal to 
one-fourth of a right angle. 

5. Construct an isosceles right-angled triangle. 

6. Construct a right-angled triangle whose base shall be equal to 

half the hypotenuse. 

7. "Find in a given straight line a point which shall be equally 

distant from two given points. Is this always possible 7 If 
not, when is it not 7 

8. ABG is any triangle; AB is bisected at L, and AO at K. 

From L there is drawn LO perpendicular to AB, and from 
K, KO perpendicular \xi Ad and these perpendiculars meet 
at 0. Prove that 0-4, OB, OG are all equal 

9. Compare the construction and proof of L 9 with those of L 11, 

and show that the latter proposition is a particular case of 
the former. 



PROPOSITION 12. Peoblem. 

To draw a straight line perpendicular to a given straight 
line from a given point withovi it. 
O 




Let AB be the given straight line, and O the given point 
without it : 
it is required to draw from C a peftpendicular to AB. 

Take any point D on the other side of AB; 
with centre G and radius CD, describe the EDF^ cutting 
AB^ or AB produced, at E and F. 
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O 




Bisect jEF at ©; /. 10 

and join CG. 00 sliall be X AB. 

Join GE, OF. 

!EG = FG Const. 

6^a= GO 
OF = OF; I. Def. 16 

.-. L OGE = L OGF; I. 8 

/. 0G\&1. AB. L Def. 10 

1. Is GEF an equilateral triangle ? 

2. Prove that CO bisects I EOF. 

3. Instead of bisecting EF at G and joining GG^ would it answer 

the purpose equally well to bisect L EGF by GG ? 

4. Instead of taking D on the other side of AB^ would it answer 

equally well to take D in AB itself? 

5. Two points are situated on opposite sides of a given straight 

line. Find a point in the straight line such that the straight 
lines joining it to the two given points may make equal 
angles with the given straight line. Is this always possible ? 

6. Use the tenth deduction on L 8 to obtain another method of 

drawing the perpendicular. 



PROPOSITION 13. Theorem. 

The angles which one straight line makes with another on 
one side of it are together eqndl to ttoo right angles. 

Let AB make with OD on one side of it the l s ABO^ 
ABD: 
it is required to prove l ABO + L ABD = 2 rt. ls. 
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B 



B DO 

(1) n lAbc^labd, 

then each of them is a right angle j 

.-. L ABC + L ABD = 2 rt. z. 8. 
(2) If L ABO he not = l ABD, 
from B draw BE ± CD. 
Then LsEBCy EBD are 2 rt. lb. 
But L ABG + L ABD = l EBO + l EBD; 

.-. L ABC + L ABD = 2 rt ^8. 



/. Def. 10 



/. 11 

Const, 
I. Ax. 9 
/. Ax. 1 




Cob. 1. — Hence, if two straight lines cut one another, 
the four angles which they make at the point where they 
cut are equal to four right angles. 

For lAEC-^ lAED^ 2rfc.z.s, 

7.13 
and LBED+ L BEC^iitLB. 

I. 13 
.'. L AEC + L AED + L BED + l BEC ^ irt ls. 

Cob. 2. — All the successive angles made hy any number 
of straight lines meeting at one point are together equal to 
four right angles. 

Let OA, OB, 00, OD, which 
meet at 0, make the successive 
angles AOB, BOO, COD, DOA: 
it is required to jprove these u a 
— i:rt. L8. 

Produce AO to E. 
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Then l AOB + ^ BOG + z. COD + l DOA 

- (iL ilO^ + L BOB) + (z. EOD + ^ 2>0^) 
« 2rfc. ^B + 2rt. ^8. J. 13 

» 4 rt z. s. 

Dbp. — Two angles are called supplementary when their 
sum is two right angles; and either angle is called the 
supplement of the other. 

Thus, in the figure to the proposition, l ABC and l ABD 
are supplementary ; l ABC is the supplement of L ABD, 
and L ABD is the supplement of L ABO, 

Dbf. — Two angles are called complementary when their 
sum is one right angle; and either angle is called the 
complement of the other. 

Thus, in the figure to the proposition, l ABD and 
L ABE are complementary; l ABD is the complement 
of L ABE, and L ABE is the complement of l ABD. 

1. In the figure to Cor. 1, name all the angles which are sapple- 

mentary to i AEC, to L AED, to L BED, to i EEC. 

2. In the figure to Cor. 2, name the angles which are supplemen- 

tary to I AOB, I BOE, L COE, L EOD, i AOD, 
3i In the figure to L 5, name the angles which are snpplementaiy 

to I ABC, I AOB, L DEC, i BOB, i EEC, L COB, 

I AEG, L AGF. 
4 In the accompanying figure, i AGE is 

right. Name the angles which are 

complementary to L AOG, L AOD, 

L EOD, L EGG. 

6. In the same figure, if I AGG^ L EOD, 

prove L AOD = L EGG; and if 
L AOD = L EGG, prove L AOG ^ 
L EOD. ' 
ft. In the figure to the proposition, if zs AEG and ABD be 
bisected, prove that the bisectors are perpendicular to each 
other. 

7. If the ingles at the base of a triangle be equal, the angles on 

the other side of the base must also be equal 
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8. If the base of an isosceleB triangle be prodnced both ways, the 

exterior angles thus formed are equal. 

9. ABC is a triangle, and the sides AB, AC are produced to 2> 

and^. If z DBG- L EGB, prove A il^C isosceles. 
10. ABG is a triangle, and the base BG is produced both ways. 
If the exterior angles thus formed are equal, prove L ABG 
isosceles. 



PEOPOSITION 14. Thborbsm. 

If at a point in a straight line^ two other straight lines on 
opposite sides of it make the adjacent angles together 
equal to two right angles, these two straight lines shall 
he in one and the same straight line. 



O B D 

At the point B in AB, let BG and BD, on opposite sides 
of AB, make t ABC + L ABD = 2 rt L^i 
it is required to prove BD in the sams straight line with BO, 

11 BD be not in the same straight line with BC, produce 
CB to JS; Post. 2 

then BE does not coincide with BD. 
Now since CBE is a straight line, 

LABQ^LABE=^2T!t.LB. 7.13 

But L ABO + L ABD = 2 rt. z. s ; Hyp. 

L ABO + L ABE = L ABO + l ABD. I. Ax. 1 
Take away from these equals l ABO, which is common ; 

L ABE = L ABD, I. Ax. 3 

which is impossible ; 
.'. BE must coincide with BD; 
that is, BD is in the same straight line with BO. 



Digitized by 



Google 



42 EUOLm's ELEMENTS. [Bo6k I. 

1. ABGD^EFOH are two BqusaeB. If they be placed so that/" fallB 

on Gt and FE along Ci>, show that FO will either fall along 
CBt or be in the same straight line with it. 

2. If in the straight line AB, a point E be taken and two straight 

lines EC, ED be drawn on opposite sides of AB, making 
I AEG = I BED, prove that EG and ED are in the same 
straight line. 

3. If fonr straight lines, AE^ GE^ BE, DE, meet at a point E, so 

that I AEG= L BED and L AED = L BEG, then AE and 
EB are in the same straight Hne, and also GE and ED, 

4. P is any point, and AOB a right angle ; PM is drawn perpen- 

dicular to OA and produced to Q, so that QM = MP; PN 
is drawn perpendicular to OB and produced to i?, so that 
RN = NP, Prove that Q, 0, i? lie in the same straight 
line. 

5. If in the ennnoiation of the proposition the words 'on opposite 

sides of it' be omitted, is the proposition neoessarily true? 
Draw a figure to illustrate your answer. 



PEOPOSITION 15. Theorem. 

If two straight lines cut one another^ the vertically opposite 
angles shaill he egudU 




Let AB and CD cut one another ^i E: 
it is required to prove l AEG = L BED^ and L BEG = 
L AED. 

Because CE stands on AB, 

L AEG + lBEC:=' 2 It LB. 7.13 

Because BE stands upon CD, 

L BEC+ LBED^2Tt lb; 7.13 

L AEC+ L BEC^ L BEC-^ L BED, I,Ax.l 



Digitized by 



Google 



Book L] PROPOSITIONS 15, 16. 43 

Take away from these equals l BEG, which is common ; 

L AEQ = L BED. L Ax, 3 

Hence also, l BEC = L AED. 

1. Prove L AEG = i BED, making i AED the common angle. 

2. „ L BEG = I AED, ,. L AEG „ h 

3. 11 I BEG = L AED, n l BED » » 

4. If z AED is bisected by FE, and FE is produced to O^ prove 

that EO bisects z BEG. 
6. If Z -4^D is bisected by FE, and z 5^(7 bisected by (?^, prove 
FE and G'j^ in the same straight line. 

6. If in a straight line AB, a point E be taken, and two straight 

lines, EG, ED, be drawn on opposite sides of AB, making 
Z AEG = Z BED, prove that EG and ED are in the same 
straight line. 

7. ABG ia a triangle, BD, GE straight lines drawn making eqnal 

angles with BG, and meeting the opposite sides in D and E 
and each other in F; prove that if z AFE^ z AFD, the 
triangle is isosceles. 



PROPOSITION 16. Theorem. 

If one side of a triangle he produced, the exterior angle shall 
he greater than eitli&r of the interior opposite angles. 




C\ 



Let ABC he a triangle, and let BO he produced to D: 
it is required to prove L ACDgreaier than l BAO, and also 
greater than l ABG. 

BisectiiaatjE?; /. 10 
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join BE, and produce it to F^ maMng EF = BE; L 3 

and join CF. 

!AE = GE Const. 

EB = EF Const. 

L AEB = L CEF; L 15 

L EAB = lEGF. L 4: 

But L ACD is greater than l ECF; I. Ax. 8 

.•. L ACD is greater than l EAB, 
Hence, if -4(7 be produced to G, 
L BOG is greater than l ABC. 
But L ACD = L BCG; L 15 

.*. L ACD is greater than l ABC. 

L A less than AEF, BEC, ACD, BCO. 
FGD, FGO, BEG, AEF. 
AEF, BEG, ACD, BCO. 
ACD, BGO, AEB, GEF. 
, AEB, GEF, 
, AGD, BCO. 
AEB, GEF. 
I AEF, BEG. 

9. Draw three figures to show that an exterior angle of a triangle 
may be greater than, equal to, or less than the interior 
adjacent angle. 

10. From a point outside a given straight line, there can be drawn 

to the straight line only one perpendicular. 

11. ABG is a triangle whose vertical L A\a bisected by a straight 

Ime which meets BG at D ; prove L ADG greater than 
I DAG, and l ADB greater than I BAD, 



1. 


Prove 


I A\ 


2. 


II 


I F 


a 


II 


L ABE 


4. 


II 


L GBE 


6. 


II 


L AGB 


6. 


II 


L BEG 


7. 


II 


L BGE 


a 


II 


L EGF 
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12. In the figure to the proposition, if AF be joined, prove : (1) ^^ 

= BG, (2) Area of A ABC = area of A BGF. (3) Area of 
A ABF = area of A ACF, 

13. Hence construct on the same base a series of triangles of ieqnal 

area, whose vertices are equidistant. 

14. To a given straight line there cannot be drawn more than two 

equal straight lines from a given point without it. 

15. Any two exterior angles of a triangle are together greater than 

two right angles. 



PROPOSITION' 17. Theorem. 

Jlie mm of any two angles of a triangle is less than two 
right angles. 

A 



^ c" ^ 

Let ABC be a triangle : 
it is required to prove the sum of any two of its angles less 
than 2 rt. ls. 

Produce BO to D. 

Then l ABC is less than l ACD. L 16 

.-. L ABC + L ACB is less than l ACD + l AGB. 

But LACD-^LAGB=2vt.LB', 7.13 

.'. L ABC + L ACB is less than 2 rt. z. a 

Now L ABC and l ACBaxQ any two angles of the triangle ; 
.'. the sum of any two angles of a triangle is less than 

2 rt. LB. 

1. Prove that in any triangle there cannot be two right angles, or 
two obtuse angles, or one right and one obtuse angle. 
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2. Prove that in any triangle there must be at least two acute 

angles. 

3. From a point outside a straight line only one perpendicular can 

be drawn to the straight line. 

4. Prove the proposition by joining the vertex to a point inside the 

base. 

5. The angles at the base of an isosceles triangle are both acute. 

6. All the angles of an equilateral triangle are acute. 

7. If two angles of a triangle be unequal, the smaller of the two 

must be acute. 

8. The three interior angles of a triangle are together less than 

three right angles. 

9. The three exterior angles of a triangle made by producing the 

sides in succession, ate together greater than three right 
angles. 
Prove by indirect demonstrations the following theorems : 

10. The perpendicular from the right angle of a right-angled triangle 

on the hypotenuse falls inside the triangle. 

11. The perpendicular from the obtuse angle of an obtuse-angled 

triangle on the opposite side falls inside the triangle. 

12. The perpendicular from any of the angles of an acute-angled 

triangle on the opposite side falls inside the triangle. 

13. The perpendicular from any of the acute angles of an obtuse- 

angled triangle on the opposite side falls outside the triangle. 



PEOPOSITIO]^ 18. Theorem. 

The greater side of a triangle has the greater angle opposite 
to it A 




Let ABC be a triangle, having AO greater than AB : 
it is required to prove L ABC greater than l C. 

From AC cut off AD = AB, L 3 

and join BD. 
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Because l ADB is an exterior angle of A BCD^ 
,'. L ADB is greater than L C. /. 16 

But L ADB = L ABD, since AB = AD; L 5 

.*. L ABD is greater than l G. 

Much more, then, is L ABC greater than l G. 

1. If two angles of a triangle be eqnal, the sides opposite them 

must also be equaL 

2. A scalene triangle has all its angles unequal. 

3. If one side of a triangle be less than another side, the angle 

opposite to it must be acute. 

4. A BCD is a quadrilateral whose longest side is ^i>, and whose 

shortest is BG, Prove i ABG greater than i ADG, and 
L BCD greater than /. BAD. 
6. Prove the proposition by producing AB to i>, so that AD shall 

be equal to AG^ and joining DG. 
6. Prove the proposition from the following construction : Bisect 

z ^ by AD, which meets BG at D; from AG cut oflf 

AE = AB, and join DE, 



PEOPOSITION 19. Theorem. 

The greater angle of a triangle has the greater side opposite 
to it. ^ 




Let ABG he a triangle having l B greater than l C: 
it is required to prove AG greater than AB, 

If -4(7 be not greater than AB, 
then AG must be = AB, or less than AB, 
If AG = AB, then l B = l C, /. 5 

But it is not ; 
.*. -4(7 is not = AB, 
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If ii (7 be less than ^^, then L ^ must be less than L C, 1. 18 
Fut it is not ; 

.'. AQ is not less than AB, 
Hence AG must be greater than AB, 

Cor. — ^The perpendicular is the shortest straight line that 
can be drawn from a given point to a given straight line; 
and of others, that which is nearer to the perpendicular is 
less than the more remote. 




F D EG 

From the given point, -4, let there be drawn to the given 
straight line, BQ^ (1) the perpendicular AD^ (2) AE and 
AF equally distant from the perpendicular, that is, so that 
BE = DF, (3) AQ more remote than AE or AF : 

it 18 required to prove AD the least of these straight lines, 
and AG greater than AE or AF. 

!AD=:AD 

DE = DF Hyp. 
L ADE = L ADF; L Ax, 10 

.-. AE = AF. L 4 

Because L ADE is right, .', i. AED is acute ; /. 17 

.-. AE is greater than AD, /. 19 
Hence also AF is greater than AD. 

Because l AEG is greater than l ADE, /. 16 
.•. L AEG is obtuse ; 

.-. z. ilG^-fiJ is acute; 7.17 

.'. AG is greater than AE. I. 19 
Hence also AG is greater than AF, and than AD, 
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1. The hypotenuse of a right-angled triangle is greater than either 

of the other Bide& 

2. A diagonal of a square or of a rectangle is greater than any one 

of the sides. 

3. In an obtnse-angled triangle the side opposite to the obtuse 

angle is greater than either of the other sides. 

4. From A, one of the angular points of a square ABCD, a straight 

line is drawn to intersect BC and meet DC produced at E; 
prove that AE is greater than a diagonal of the square. 
6. From a point outside not more than two equal straight lines can 
be drawn to a given straight line. 

6. The circtunference of a circle cannot cut a straight line in more 

than two points. 

7. ABC is a triangle whose vertical angle A is bisected by a 

straight line which meets BC at D; prove that AB is greater 
than BD, and AC greater than CD. 



PROPOSITION 20. Theorem. 

The mm of any two sides of a triangle is greater than the 
third side. 



Let ABC be a triangle : 
it is required to prove that the sum of any two of its sides is 
greater tJian the third side. 

Produce BA to D, making AD =^ AG, /. 3 

and join CD. 

Then l AGD ^ l D, since AD = AG. L 5 

But L BCD is greater than l AGD; 
.". L BCD is greater than l D ; 
.-. BD is greater than BG. /. 19 
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Bni BD =^ BA + AC; 
.-. BA -\- Ada greater than BC. 

Now BA and -4(7 are any two sides ; 
.'. the sum of any two sides of a triangle is greater than 
the third side. 

Cor. — The difference of any two sides of a triangle is less 
than the third side. 

For BA + Ada greater than BG. L 20 

Taking AG from each of these imequals, 
there remains BA greater than BG - AG; L Ax. 5 

that is, the third side is greater than the difference between 
the other two. 

1. Prove the proposition by producing CA instead of BA, 

2. II II drawing a perpendicular from the 

vertex to the base. 

3. It 11 bisecting the vertical angla 

4. In the first figure to I. 7, the sum of AD and BG is greater than 

the sum oi AC and BD, 

5. A diameter of a circle is greater than any other straight line in 

the circle which is not a diameter. 

6. Any side of a quadrilateral is less than the sum of the other 

three sides. 

7. Any side of a polygon is less than the sum of the other sides. 

8. The sum of the distances of any point from the three angles of 

a triangle is greater than the semi-perimeter of the triangle. 
Discuss the three cases when the point is inside the triangle, 
when it is outside, and when it is on a side. 

9. The semi-perimeter of a triangle is greater than any one side, 

and less than any two sides. 
10. The sum of the two diagonals of any quadrilateral is greater 
than the sum of any pair of opposite sides. 
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11. The perimeter of a quadrilateral is greater than the sum and 

less than twice the sum of the two diagonals. 

12. The sum of the diagonals of a quadrilateral is less than the sum 

of the four straight lines which can be drawn to the four 
angles from any other point except the intersection of tiie 
diagonals. 

13. The sum of any two sides of a triangle is greater than twice the 

median * drawn to the third side, and the excess of this sum 
over the third side is less than twice the median. 

14. The perimeter of a triangle is greater, and the semi-perimeter is 

less^ than the sum of the three medians. 



PROPOSITION 21. Theorem. 

If from the ends of any side of a triangle there he drawn two 
straight lines to a point toithin the triangle, these 
straight lines shall he together less than the other two 
sides of the triangle, hut shall contain a greater angle, 

A 




Let ABC be a triangle, and from B and C, the ends of 
BC, let BD, CD be drawn to any point D within the 
triangle : 

it is required to prove (1) that BD + CD is less than 
AB + AC; (2) that l BDC is greater than l A, 

* Dep. — A medicm line, or a median, \s a straight line drawn from any 
vertex of a triangle to the niiddle point of the opposite side. 
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A 




Produce BD to meet AC 2^i E. 

(1) Because BA + AE is greater than BE; L 20 
add to each of these unequals EG ; 

.-. BA + AG is greater than BE + EG. L Ax. 4 

Again, GE ■¥ ED ia greater than GD; L 20 

add to each of these unequals DB ; 

.-. GE ■¥ EBia greater than GD + DB. I. Ax. 4 

Much more, then, is BA + AG greater than GD + DB. 

(2) Because GED is a triangle, 

.-. L BDG is greater than l DEG; I. 16 

and because BAE is a triangle, 

/. L DEG is greater than ^ A; I. 16 

much more, then, is l BDG greater than l A. 

1. Prove the first part of the proposition by producing CD instead 

oi£D. 

2. Prove the second part of the proposition by joining AD and 

producing it. 

3. In the second figure to I. 7, prove that the perimeter of the 

triangle ACS is greater than that of ABB, 

4. Prove the same thing with respect to the third figure to I. 7. 

5. If a point be taken inside a triangle and joined to the three 

vertices, the sum of the three straight lines so drawn shall be 
less than the perimeter of the triangle. 

6. If a triangle and a quadrilateral stand on the same base, and on 

the same side of it, and the one figure fall within the other, 
that which has the greater surface shall have the greater 
perimeter. 
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PROPOSITION 22. Problem. 

To make a triangle the sides of which shall he equal to three 
given straight lines, but any two of these must he greater 
than the third, 

A 

B 




Let Ay B, (7 be the three given straight lines, any two of 
which are greater than the third : 

it is required to make a triangle the sides of which shall he 
respectively equal to A, B, C. 

Take a straight line DE terminated at D, but unlimited 
towards^; 

a^d from it cut off DF = A, FG =^ B, GH = (7. /. 3 

With centre i^and radius FD, describe the DKL; 
with centre G and radius GH, describe the © HKL, 
cutting the other circle at K; 
join KFy KG. KFG is the triangle required. 

Because FK = FD, being radii of DKL, I. Def 16 
FK = A, 
Because GK = GH, being radii of UKL, I, Def 16 

GK = a 

And FG was made = B; 
.*. A KFG has its sides respectively equal to A, B, C, 

1. Could any other triangle be constructed on the base FO fulfilling 
the given conditions ? 
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2. U Ay B, (7 be all equal, which preceding propoeition shall we 

be enabled to solve ? 

3. Draw a figure showing what will happen when two of the given 

straight lines are together equal to the third. 
4 Draw a figure showing what will happen when two of the given 
straight lines are together less than the third. 

5. Since a quadrilateral can be divided into two triangles by 

drawing a diagonal, show how to make a quadrilateral whose 
sides shall be equal to those of a given quadrilateral 

6. Since any rectilineal figure may be decomposed into triangles, 

show how to make a rectilineal figure whose sides shall be 
equal to those of a given rectilineal figure. 



PEOPOSITION 23. Problem. 

At a given point in a given straight line, to make an angle 

equal to a given angle. a 







B 

Let AB be the given straight line, A the given point in 
it, and L C the given angle : 
it is required to make at A an angle =^ lO. 

In CD, CE, take any points D, E, and join DE. 
Make A AFG such that AF= CD, FG = DE, GA = EC. L 22 

A is the required angle. 

iAF^CD Const. 

In As AFG, CDE,\aG = CE Const. 

[FG=DE; Const. 

r. lA^ lU 7.8 
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1. At a given point in a given straight line, to make an angle equal 

to the supplement of a given angle. 

2. At a given point in a given straight line, to make an angle equal 

to the complement of a given angle. 

3. If one angle of a triangle is equal to the sum of the other two, 

the triangle can be divided into two isosceles triangles. 

4. The straight line 0(7 bisects the angle A OB; prove that if OD 

be any other straight line through O without the angle A OB, 
the sum of the angles DOA and DOB is double of the angle 
DOG. 

5. The straight line 0(7 bisects the angle AOB; prove that if OD 

be any other straight line through "within the angle AOB, 
the difference of the angles DO A and DOB is double of the 
angle DOG, 
Construct an isosceles triangle, having given : 

6. The vertical angle and one of the equal side& 

7. The base and one of the angles at the base. 
Construct a right-angled triangle, having given : 

8. The base and the perpendicular. 

9. The base and the acute angle at the base. 
Construct a triangle, having given : 

10. The base and the angles at the base. 

11. Two sides and the included angle. 

12. The base, an angle at the base, and the sum of the other two 

sides. 

13. The base, an angle at the base, and the difference of the other 

two sides. 



PROPOSITION 24. Theorem. 

If two triangles have two sides of the one respectively equal 
to two sides of the other, but the contained angles 
unequal, the base of the triangle which has the greater 
contained angle shall be greater than t?ie base of the 
other,* 

*The proof given in the text is different from Euclid's, which is 
defective. 
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AC^ DG 
BAC^ L EDG; 



Let ABC, DEF be two triangles, having 
AG = DF, but L BACgreaiei than z. EDF: 
it is required to prove BC greater than EF, 

At D make l EDG = l BAG; 
cut off DG = AC or DF, 
and join EG. 

Bisect L FDG by DH, meeting EG at H; 
and, if F does not lie on EG, join JLI?. 

.\BC=EG. 

C FD= GD 
In As FDH, GDH, \ DH ^ DH 

i L FDH = L GDH; 
.\FH= GH. 

Hence EH -¥ FH = EH + GH ^ EG. 
But EH + J'JT is greater than EF ; 
.•. ^(? is greater than EF ; 
,\ BC is greater than EF, 

1. ABO is a circle whose centre is 0. If 

z -40J? is greater than z 50(7, prove 
that -45 is greater than BC. 

2. In the same figure, prove that AOb greater 

than AB or BG. 

3. A BCD is a quadrilateral, having AB = CD, 

but z BCD greater than z ABC; prove that 
than^a 



/. 23 
7.3 

J. 9 

Const. 

Const. 

I. 4 

Const. 

Const. 

1.4: 

1.20 




BD is greater 
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4. ABC is an isosceles triaDgle, having AB ^ AC, AD drawn to 

the base BG does not bisect l A ; prove that i) is at unequal 
distances from B and G. 

5. Prove the proposition with the same construction as in the text, 

but let L DEG fall on the other side of DE, 



PROPOSITION 25. Theorem. 

If two triangles have two sides of the one respectively equal 
to two sides of the other, hut their hoses unequal, the 
angle contained hy the two sides of the triangle which 
has the greater hase shall he greater than the angle 
contained hy the two sides of the other, 

A D 




IF 

Let ABO, DEF be two triangles, having AB = DE, 
AC =: DF, but base BC greater than base EF: 
it is required to prove L A grecder than l D. 

If Z- il be not greater than l D, it must be either equal 
to L D,ov less than l D. 

But L Aia not = lD, for then base BC would be 
= base EF, L 4 

which it is not Hyp, 

And L A\B not less than L D, for then base BG 
would be less than base EF, I. 24 

which it is not. Hyp, 

,', L A must be greater than L D, 

I. In the figure to the first deduction on I. 24, if ^ J? is greater 
than BG, prove that l AOB is greater than i BOG, 
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2. A BCD is a quadrilateral, having AB = CD, but the diagonal 

BD greater than the diagonal AC; prove that n^ DCB is 
greater than z ABC 

3. A BCD is a quadrilateral, having AB= CD, but z BCD greater 

than I ABC; prove that z jD-4 5 is greater than z ADC. 
4 ABCD is a quadrilateral, having AB = (7Z>, but z i>-4-5 greater 
than z ADC; prove that z -5C7jD is greater than z ^5(7. 

5. ABC is a triangle, having AB less than ^(7. Dia the middle 

point of BCi and ^2> is joined ; prove that z ^Z)^ is acute. 

6. ABC is an isosceles triangle, having AB =sAC. D is any point 

such that BD is greater than DC; prove that AD does not 
bisect z -4. 

7. ABC is a triangle, having AB less than il(7, and AD is the 

median drawn from A ; prove that G, any point in .4Z>» is 
nearer to B than to (7. 



PEOPOSITION 26. Theorem. 

7/ ^t^o angles and a aide in one triaiigU he respectively equal 
to two angles and the corresponding side in another 
triangle, the two triangles shall he equal in every respect; 
that is, 

(1) The rcTnaining sides of the one triangle shall he equal to 
the remaining sides of the other, 

(2) The third angles shall he equal, 

(3) The areas of the two triangles shall he equal. 

Case 1. 




^0 

In As ABC, DEF let L ABO = L DEF, l ACS 
= L DFE, and BG = EF: 
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it is required to prove AB = DE^ AO = DF^ L A ^ L D^ 
A ABC = A DEF. 

If AB be not = DE, one of them must be the greater. 

Let AB be the greater, and make BG « DE; L 3 
and join GO. 

( GB^ DE Const. 

In As GBC, DEF, } BC ^ EF Hyp. 

( L B^ lE; Hyp. 

.-. L GGB = L DFE. I. 4. 

But z. ilCB = z. DFE; Hyp. 

••, L GOB = L ACB, which is impossible. 

Hence AB is not unequal to DE, that is, AB = DE. 

!AB = DE Proved 

BC = EF Hyp. 

L B = L E; Hyp. 

.-. AO=-DF, L A=^L D,A ABO = A Z)^i?: /. 4 

Case 2. 




H 

In As ABO, DEF let L B ^ L E, l C = ^ i^, and 
AB = 2)^.- 

tY is required to prove BO = EF, AO = DF, L BAG 
= L EDF, A ABO = A D^i^. 

If BO be not = ^^, one of them must be the greater. 
Let BO be the greater, and make BH = EF; I, 3 

and join AH, 

E 
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iAB = DE Hyp. 

BH= EF Oansi. 

L B^ L E; Hyp. 

.-. L AHB = L DFE. L 4 

But L AGB = L DFE; Hyp. 

.'. L AHB = L AGB, which is impossible. /. 16 

Hence BC is not unequal to EF, that is, BO = EF. 

I AB^DE Hyp. 

Now in As ABC, DEF, \ BC ^ EF Proved 

( L B ^ L E; Hyp. 

.\AC--DF,lBAC=-lEDF,AABC^ADEF. 7.4 

1. Prove the first case of the proposition by saperpositioii. 

2. The straight line that bisects the vertical angle of an isosceles 

triangle bisects the base, and is perpendicular to the 
base. 
3L The straight line drawn from the vertical angle of an isosceles 
triangle perpendicular to the base, bisects the base and the 
vertical angle. 

4. Any point in the bisector of an angle is equidistant from the 

arms of the angle. 

5. In a given straight line, find a point snch that the per- 

pendiculars drawn from it to two other straight lines may be 
equal 

6. Through a given point, draw a straight line which shall be 

equidistant from two other given points. 

7. Through a given point, draw a straight line which shall form 

with two given intersecting straight lines an isosceles 
triangle. 
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PROPOSITION A. Theorem. 

If two sides of (me triangle he respectively equal to two sides 
of another triangle^ and if the angles opposite to one 
pair of equal sides he equals the angles opposite the 
other pair of equal sides shall either he equal or sup- 
plementary. 
In As ABO, DEF let AB = DE, AG = DF, lB ^ 
L E: 

it is required to prove either l ^ L F^or L G •\- L F 
= 2rt, Ls. 

L Ais either = l D, or not 
Case 1.— When l A = l D. 

A D 





Cl A =: L D 
In As ABG, DEF, ] l B = l E Hyp, 

( AB = DE; Hyp. 

. •. As ABG, DEF are equal in all respects, and 
lG ^ lF. /. 26 

Case 2. — ^When /. -4 is not = l D. 

A D 





B O B F 

At D make l EDG = L BAG; 



I. 23 
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A D 




B E F G 

and let EF^ produced if necessary, meet DG at Q, 

!lBAO = L EDG Const, 

L ABC = L DEG Hyp. 

AB = DE; Hyp. 

.'. AC:^ DG.BJid L C= L G. I. 26 

Now AC ^ DF; Hyp. 

DF = DG; 

.-. L DFG = L DGF. I. 5 

But L Di?'^ is supplementary to L DFG; L 13 
.". L DFE is supplementary to L DGF^ 
and consequently to l C. 

Note. — It often happens that we wish to prove two triangles 
equal in all respects when we know only that two sides in the one 
are respectively equal to two sides in the other, and that the angles 
opposite one pair of equal sides are equaL In such a case, since the 
angles opposite the other pair of equal sides may either be equal or 
supplementary, we must endeavour to prove that they cannot be 
supplementary. To do this, it will be sufficient to know 
either (1) that this pair are both acute angles, 
or (2) that they are both obtuse angles, 

or (3) that one of them is a right angle, since the other must 
then be a right angle whether it be equal or supplementary to it 

We can tell that this pair of angles must be both acute in certain 
cases. 

(a) When the pair of angles given equal are both right angles. 

(6) II II fi It obtuse II 

(c) II II equal sides opposite the given angles are 

greater than the other pair of equal sides. 

Hence the following important Corollary : 
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If tlie hypotenuse and a side of one right-angled triangle be 
respectively eqUal to the hypotenuse and a side of another right- 
angled triangle, the triangles shall be equal in all respects. 



PROPOSITION 27. Theorem. 

Ff a straight line cutting two other straight lines make the 
alternate angles equal to one another, the two straight 
lines sJuUl be parallel. 




:::r=-K 



Let EF, which cuts the two straight lines AB, CD, make 
L AGE = the alternate l GHD: 
it is required to prove AB \\ GD, 

If AB is not II GD, AB and GD being produced will 
meet either towards A and C, or towards B and Z>. 
Let them be produced, and meet towards B and D at K. 
Then KGH is a triangle ; 

.*. exterior l AGH is greater than the interior 
opposite L GHD, /. 16 

But L AGH = L GHD; Hyp. 

which is impossible. 

.'. AB and CD, when produced, do not meet towards 
^andi>. 

Hence also, AB and CD, when produced, do not meet 
towards A and G ; 

.-. AB\b\\ CD. LDef. 14 
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In the figure to L 16 : 

1. Prove AB \\ CF. 

2. Join AF, and prove AF || BC. 
In the figure to I. 28 : 

a If z AOE = I DBF, prove AB \\ CD. 

4. If z BOF = z CHF, prove AB || 02). 

5. n z AOF+ L CHF=^2rt z s, prove -4-S || (72). 

6. M z BOF + L DHF=^ 2 rt z s, prove AB \\ CD, 

7. The opposite sides of a square are parallel. 

8. The opposite sides of a rhombus are parallel 

9. The quadrilateral whose diagonals bisect each other is a U™. 



PROPOSITION 28. Theorem. 

If a straight line cutting two other straight lines make (1) an 
exterior angle equal to the interior opposite angle on the 
same side of the cutting line, or (2) the two interior 
angles on the same side of the cutting line together 
equal to two right angles^ the two straight lines shall he 
parallel. 




Case 1. 

Let EF, which cuts the two straight lines AB^ CD, make 
the exterior z. EGB = the interior opposite z. GHD : 
it is required to prove AB \\ CD. 

Because L EGB = z. GHDy Hyp. 
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and L EGB = L AOH, being vertically opposite; /. 15 

.-. lAOR^l GHD; 
and they are alternate angles ; 

.-. 4^ is II CD. 7.27 

Casb 2. 
Let EFj which cuts the two straight lines AB^ CD^ make 
L BGH + L GHD = 2 rt. as: 
it is required to prove AB \\ CD. 

Because l BGH + l GHD = 2 rt. z. s, Hyp. 

and LAGH+LBGH^2ji.LB\ 7.13 

.-. L AGH + L BGH = L BGH + l GHD. 
From these equals take L BGH, which is common; 

.-. L AGH = L GHD; L Ax. 3 

and they are alternate angles ; 

.-. AB is II CD. L 27 

Cor. — Straight lines which are perpendicular to the same 
straight line are parallel 

1. If I BQE + I DHF = 2 rt. z s, prove AB \\ CD, 
2.U I AQE ^,L CHF = 2 rt. z s, prove AB \\ CD. 
Z.UiAGE=l DHF, prove AB || CD. 

4. K z BOE = z CHF, prove AB \\ CD. 

5. The opposite sides of a square are paralleL 

6. ABCD is a quadrilateral having z A and z ^ supplementary, 

as well OB I B and z C; prove that it is a \\^. 



PROPOSITIO]^ 29. Theorem. 

If a straight line cut two parallel straight lines, it shall 
make (!) the alternate angles equal to one another; 
(2) any exterior angle equal to the interior opposite 
angle on the same side of the cutting line ; (3) the two 
interior angles on the same side of the cutting line equal 
to two right angles. 
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Let EF cut the two parallel straight lines AB^ CD: 
it is required to prove : 

(1) L AGH = alternate l OHD; 

(2) exterior L EGB = interior opposite L OHD; 

(3) L BGH+ L GHD ^2rt. ls. 

(1) n L AGH be not = L GHD, make L KGH = 
L GHD, L 23 
and produce KG to L. 

Because L KGH = alternate L GHD^ Const. 

.-. KL II CD. I. 27 

But, ^5 is also II CD ; Hyp. 

.'. -4-B and KL, which cut one another at G, are both || CD, 

which is impossible. /. Ax. 11 

/. z. -AG^-ffisnot unequal to L GHD; 

.'. L AGH = L GHD. 

(2) Because L AGH ^ L GHD, Proved 
and L AGH = l EGB, being vertically opposite ; /. 15 

.-. L EGB = L GHD. 

(3) Because L AGH -=^ L GHD; Proved 
to each of these equals add L BGH ; 

.-. L AGH + L BGH = L BGH + £ G^HD. L Ax. 2 
But /- AGH + /- 5(?^ = 2 rt. ^ s; /. 13 

.-. L BGH+ L GHD = 2 rt. ^s. 
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Cob. — If a Btraight line meet two others, and make with 
them the two interior angles on one side of it together less 
than two right angles, these two other straight lines will, 
if produced, meet on that side. 

Let KL and CD meet J^i^'and make L KQH + L CEO 
less than 2 rt. /. s : 

it is required to prove that KO and CHwillf if produced^ 
meet towards K and C. 

If not, KL and CD must either be parallel, or meet 
towards L and D, 

(1) KL and CD are not parallel ; 

for then L KQH + l CHG would be = 2 rt. £a /. 29 

(2) KL and CD do not meet towards L and D ; 

for then l s LQR^ DHQ would form angles of a triangle, 
and would .'.be together less than 2 rt. z. s. /. 17 

Now since the four l s KOH, CHO, LGH, DHG are 
together = 4 rt. z. s, /. 13 

and the first two are less than 2 rt. ii s ; Hyp, 

.'. the last two must be greater than 2 rt /. a 
Hence KL and CD must meet towards K and C 
[This Cor. is the converse of L 17.] 

1. In the diagram to 1. 28, if -4i5 is II OD, prove z AGE- L DHF, 

and L BQE + z DHF = 2 rt. z s. 

2. If a straight line be perpendicular to one of two parallels, it is 

also perpendicular to the other. 

3. A straight line drawn parallel to the base of an isosceles triangle, 

and meeting the sides or the sides produced, forms with them 
another isosceles triangle. 

4. If the arms of one angle be respectively parallel to the arms of 

another angle, the angles are either equal or supplementary. 
Distinguish the cases. 

5. Is it always true that if two angles be equal, and an arm of the 

one is parallel to an arm of the other, the other arms must be 
parallel 1 
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6. If any straight line joining two parallels be bisected, any other 

straight line drawn through the point of bisection and 
terminated by the parallels will be bisected at that point. 

7. The two straight lines in the last deduction will intercept equal 

portions of the parallels. 

8. If through the vertex of an isosceles triangle a parallel be drawn 

to the base, it will bisect the exterior vertical angle. 

9. If the bisector of the exterior vertical angle of a triangle be 

parallel to the base, the triangle is isosceles. 

10. The diagonals of a \\^ bisect each other. 

11. Prove that by the following construction z ACB is bisected : In 

A C take any point D ; draw DE ± AC, and meeting CB at K 
'From JE dr&w EF ± DB &nd=^ JEC ; joinCF. 



PEOPOSITION 30. Theorem. 

Straight lines which are parallel to the same straight line 
are parallel to one another. 



A B 

C D 



Let AB and CD be each of them || EF: 
it is required to prove AB \\ CD, 

If AB and CD be not parallel, they will meet if pro- 
duced; and then two straight lines which intersect each 
other will both be || the same straight line, which is im- 
possible. J. Ax, 11 
.-. AB is II CD. 

1. Two 11™^ are situated either on the same side or on different sides 

of a common base. Prove that the sides of the ||°" which are 
opposite the conmion base are i| each other. 

2. Prove the proposition in Euclid's manner by drawing a straight 

line QHK to cut AB, CD, and EF, and applying L 29, 27. 
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PEOPOSITION 31. Problem. 

Through a given point to draw a straight line parallel to a 
given straight line. 



-0 



D 

Let A be the given point, and BG the given straight line : 
it 18 required to draw through A a straight line || BC» 

In BC take any point Z>, and join AD ; 
at A make l DAE = l ADC; L 23 

and produce EA to F. EF shall be || BC. 

Because the alternate L s EAD^ ADC are equal, 
.\EF\&\\BC. 7.27 

1. Give another construction for the proposition by means of I, 12, 

11, and a proof by means of I. 28. 

2. Through a given point draw a straight Hne making with a given 

straight line an angle equal to a given angle. 

3. Through a given point draw a straight line which shall form 

with two given intersecting straight lines an isosceles tri- 
angle. 

4. Through a given point draw a straight line such that the part 

of it intercepted between two parallels may be equal to a 
given straight line. May there be more than one solution to 
this problem ? Is the problem ever impossible ? 



PEOPOSITION 32. Theorem. 

If a side of a triangle he produced^ the exterior angle is 
equal to the sum of the two interior opposite angles, 
and the sum of the three interior angles is equal to two 
right angles. 
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Let ABG be a triangle having BO produced to D: 
it is required to prove (1) l ACD = l A •¥ l B ; 

{2) L A-{' lB-^- L ACB = 2 It. ^ 8. 

Through C draw CE \\ AB. L 31 

(1) Because AG meets the parallels ABy CEy 

.'. L A=^ alternate l ACE. I. 29 

Because BD meets the parallels ABy OE, 

••. interior L B =^ exterior l EGD ; L 29 

r. L A-^- L B=^ L AGE + l EGDy 
= L AGD. 

(2) Because l A -\- l B ^ l AGD; Proved 
adding l A GB to each of these equals, 

.\ L A + L B + L AGB = L AGD + L AGBy 

= 2rt. /-a /. 13 

Cor. 1. — ^If two triangles have two angles of the one 
respectively equal to two angles of the other, they are 
mutually equiangular. 

For the third angles differ from 2 rt. /. s by equal amounts ; 
/. the third angles are equaL 

CoR. 2. — ^The interior anglesofaquadri- 
lateral are equal to four right angles. 

For the quadrilateral ABGD may be 
divided into two triangles by joining A G; 
and the six angles of the two As ABGy ^^ 
AGD = 4ri^ I.S. /.32 
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But the six angles of the two triangles =» the interior angles 
of the quadrilateral ; 
.'. the interior angles of the quadrilateral = 4 rt. Z.S. 

Cor. 3. — ^A five-sided figure may 
be divided into three (that is, 5 — 2) 
triangles by drawing straight^ lines 
from one of its angular points. 
Similarly, a six-sided figure may be 
divided into four (that is, 6-2) 
triangles ; and generally a figure of n 
sides may be divided into {n - 2) triangles. 

Hence, by a proof like that for the quadrilateral, 
the interior z. s of a five-sided figure = 6 rt. z. s ; 

„ V six-sided » = 8 rt, /- s ; and 

„ » figure with n sides = (2n - 4) rt. /. s. 

1. If an isosceles triangle be right-angled, each of the base angles 

is half a right angle. 

2. If two isosceles triangles have their vertical angles equal, they 

are mutually equiangular. 

3. If one angle of a triangle be equal to the sum of the other two, 

it must be right. 

4. If one angle of a triangle be greater than the sum of the other 

two, it must be obtuse. 

5. If one angle of a triangle be less than the sum of the other two, 

it must be acute. 

6. Divide a right-angled triangle? into two isosceles triangles. 

7. Hence show that the middle point of the hypotenuse of a right- 

angled triangle is equidistant from the three vertices. 

8. Hence also, devise a method of drawing a perpendicular to a 

given straight line from the end of it without producing the 
straight hue. 

9. Each angle of an equilateral triangle is two-thirds of a right angle. 
10. Hence show how to trisect * a right angle. 

♦ It is sometimes stated that the problem to trisect any angle is beyond 
the power of Geometry. This is not the case. The problem is beyond 
the power of Elementary Geometry, which allows the use of only the 
ruler and the compasses. 
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11. Prove the second part of the proposition by drawing through A 

a straight line DAE || BO. (The Pythagorean proof.) 

12. If any of the angles of an isosceles triangle be two-thirds of a 

right angle, the triangle must be equilateral. 

13. Each of the base angles of an isosceles triangle equals half the 

exterior vertical angle. 
14 If the exterior vertical angle of an isosceles triangle be bisected, 
the bisector is || the base. 

15. Show that the space round a point can be filled up with six 

equilateral triangles, or four squares, or three regular hexagons. 

16. Can a right angle be divided into any other number of equal 

parts than two or three ? 

17. In a right-angled triangle, if a perpendicular be drawn from the 

right angle to the hypotenuse, the triangles on each side of 
it are equiangular to the whole triangle and to one another. 

18. Prove the seventh deduction indirectly ; and also directly by 

producing the median to the hypotenuse its own length. 

19. If the arms of one angle be respectively perpendicular to the 

arms of another, the angles are either equal or supplementary. 

20. Prove Cor. 3 by taking a point inside the figure and joining it 

to the angular points. 



PEOPOSITION 33. Theorem. 

The straight lines which Join the ends of two equal and 
'parallel straight lines towards the same parts, are 
themselves equal and parallel. 



C D 

Let AB and CD be equal and parallel : 
ii is required to prove AG and BD equal and parallel. 

Join BQ. 

Because BC meets the parallels AB, CD, 
.-. L ABC = alternate L DCB. I. 29 
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( AB^ Da Hyp. 
In As ABOy DCBA BO = CB 

( L ABC = L DOB; Proved 
.'. AC = DB, L ACB = L DBG. I. 4 
Because CB meets AC and BD, and makes the alter- 
nate L s ACBy DBC equal ; Proved 
.\AC\&\\BD. J. 27 

1. State a converse of this proposition. 

2. If a quadrilateral have one pair of opposite sides equal and 

parallel, it is a H™. 

3. What statements may be made about the straight lines which 

join the ends of two equal and parallel straight lines towards 
opposite parts ? 



PEOPOSITION 34. Theorem. 

A parallelogram has its apposite sides and angles equals and 
is bisected by either diagonal. 



Let AGDB be a ||"» of which BG is a diagonal : 
it is required to prove that the opposite sides and angles of 
AGDB are equals and that A ABC = A DGB. 

Because BO meets the parallels AB^ GD^ 
.'. L ABC = alternate l DGB; I. 29 

and because BG meets the parallels AG^ BD, 
.'. L AGB = alternate l DBG. L 29 

1L ABC = L. DGB Proved 

L AGB = L DBG Proved 

BG = CB; 
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D 

.-. AB = D(7, .4(7 = DB, l BAO = £ CDB, 
A ABG = A DCB. I. 26 

Again because l ABC was proved = l DCB, I, 29 

and L DBCwas proved = z. ACB; L 29 

,-. the whole L ABD = the whole l DC A, 

Cob. — Ji the arms of one angle be respectively parallel to 
the axms of another^ the angles are either (1) equal or (2) 
supplementary. 

For (1) L BAChQ& been proved = l CDB ; 
and (2) if BA be produced to E, 

L EACy which is supplementary to L BAG, /. 13 

must be supplementary to l CDB. 

1. If two sides of a ||™ which are not opposite to each other be 

equal, all the sides are equal. 

2. If two angles of a |i™ which are not opposite to each other be 

equal, all the angles are right. 

3. If one angle of a \r be right, all the angles are right 

4. If two 11™* have one angle of the one s one angle of the other, 

the |l"» are mutually equiangular. 

5. If a quadrilateral have its opposite sides equal, it is a |p>\ 

6. If a quadrilateral have its opposite angles equal, it is a I|™. 

7. If the diagonals (rf a |1"^ be equal to each other, the |p*» is a 

rectangle. 

8. If the diagonals of a It™ bisect the angles through which they 

pass, the ||°> is a rhombus. 

9. If the diagonals of a I|« cut each other perpendicularly, the ||"» is 

a rhombus. 

10. If the diagonals of a II™ be equal and cut each other perpen- 

dicularly, the II™ is a square. 

11. Show how to bisect a straight line by means of a pair of parallel 

rulers. 
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12. Every straiglit line drawn throagli the intersection of the 

diagonals of a ||™, and terminated by a pair of opposite sides, is 
bisected, and bisects the |i™. 

13. Bisect a given R*"^ by a straight lin6 drawn through a given point 

either within or without the ||™. 

14. The straight line joining the middle points of any two sides of a 

triangle is || the third side and = half of it 

15. If the middle points of the three sides of a triangle be joined 

with each other, the four triangles thence resulting are equal. 
16L Construct a triangle, having given the middle points of its three 
sides. 



PEOPOSITION 35. Theorem. 

Pardllelograms on the same base and between the same 
parallels are equal in area, 

APE F A B D F 




o 



Let ABCDy EBCF be |r on the same base BC, aad 
between the same parallels AF^ BG: 
it is required to prove {f" ABCD = |f" EBCF. 

Because AF meets the parallels AB^ DO, 
.". interior l A = exterior l FDG ; L 29 

and because AF meets the parallels EB, FG^ 
.*. exterior l AEB = interior l F. L 29 

iL EAB = L FDG Proved 

L AEB = L DFG Proved 

AB = DG; I. 34 

.-. A ABE = A DGF. L 26 

Hence quadrilateral ABGF - A ABE 
.= quadrilateral ABGF - A DGF; 
II" EBGF = ir ABGD. 
p 
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Note. — This proposition affords a means of measuring the area of 
a 11°^ ; thence (by L 34 or 41) the area of a triangle ; and thence (by 
I. 37} Cor.) the area of any rectilineal figure. For the area of any 
11"^ = the area of a rectangle on the same base and between the same 
parallels ; and it is, or ought to be, explained in books on Mensura- 
tion, that the area of a rectangle is found by taking the product of 
its length and breadth. This phrase 'taking the product of its 
length and breadth,* means that the numbers, whether integral or 
not, which express the length and breadth in terms of the same 
linear unit, are to be multiplied together. Hence the method of 
finding the area of a ||°^ is to take the product of its base and 
altitude, the altitude being defined to be the perpendicular drawn 
to its base from any point in the side opposite. 

1. Prove the proposition for the case when the points D and E 

coincide. 

2. Equal ||°" on the same base and on the same side of it are 

between the same parallels. 

3. If through the vertices of a triangle straight lines be drawn || the 

opposite sides, and produced till they meet, the resulting 
figure will contain three equal I|™". 

4. On the same base and between the same parallels as a given ||™, 

construct a rhombus = the ||"*. 

5. Prove the equality of A s ABE and DCF in the proposition by 

1. 4 (as EucHd does), or by I. 8, instead of by I 26. 



PROPOSITION 36. Theorem. 

Parallelograms on equal bases and between the same parallels 
are equal in area. 

A 2. 



\wi 



OF G 

Let ABCD, EFGH be |r* on equal bases BO, FO, and 
between the same parallels, AH, BO : 
it is required to prove |p ABCD = |r EFGH. 
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Join BE, CH. 

Because BG = FG, and i^G^ = EH, Hyp., I. 34 

.-. BC = ^iJ. 
And because BG is || jE^ZT, 

.-. EB is II ^a; I. 33 

.-. uEfiCifisar. 7. De/. 33 

Now IP ^^OD = ir EBGH, being on the same base 
BG, and between the same parallels BG, AH; I. 35 

and ||"» ^i^G^ZT = f EBGH, being on the same base 
EH, and between the same parallels EH, BG; L 35 

.-. \\^ABGD = pEFGH 

1. Prove the proposition by joining AF, DQ in&tead of BE, CH. 

2. Divide a given ||™ into two equal ||™". 

3. In how many ways may this be done ? 

4; Of two 11"" which are between the same parallels, that is the 
greater which stands on the greater base. 

5. State and prove a converse of the last deduction. 

6. Equal ||°» situated between the same parallels have equal bases. 



PEOPOSITION 37. Theorem. 

Tiiangles on the same base and between the same parallels 
are equal in area, 

E. .. .A D F 



S O 

Let ABG, DBG be triangles on the same base BG, and 
between the same parallels AD, BG: 
it is required to prove A ABG = A DBG. 
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Through B draw BE || ACy and through C draw CF 
\\BD; /. 31 

and let them meet AD produced at E and F. 

Then EBCAy DBCF are \r '> ^- ^«/- 33 

and 11°^ ^^(Ll = |p DBCF, being on the same base ^(7, 
and between the same parallels BC^ EF. L 35 

But A ABC = half of |r EBCA, L 34 

and A DBG = half of |r DBCF; I. 34 

.-. A ABC = A D^C. 

CoR. — Hence any rectilineal figure may be converted into 
an equivalent triangle. 




Let ABCDE be any rectilineal figure : 
it 18 required to convert it into an equivalent triangle. 

Join AC, AD; 
through B draw BF \\ AC, through E draw EG \\ AD, L 31 
and let them meet CD produced at F and €r. 
Join AF, AG. AFG is the required triangle. 
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YoT A AFO^ AABO,mdAAGD^AAED; I. 37 
.-. A AFC + A ACD + A AGD = A ABC + AACD 
+ A AED. 
.-. A AFG =» figure ABODE. 

1. ABC is any triangle ; DE is drawn || the base BC^ and meets 

AB, AG at D and E; BE and CD are joined. Prove 
A 2)-B(7 = A j&5(7, A BDE = A C£7i>,and a ABE = A -4<7i>. 

2. ABCD is a quadrilateral having ^^ || <7Z> ; its diagonals AC, 

BD meet at 0. Prove ^ AOB =^ h BOC. 

3. In what case would no construction be necessary for the proof 

of this proposition ? 

4. Convert a quadrilateral into an equivalent triangle. 

5. ABC is any triangle, D a point in AB ; find a point ^ in BC 

produced such that A DBE = A ABC 



PROPOSITION 38. Theorem. 

Triangles on equal bases and between the same parallels are 
equal in area. 

B E F 

Let ABCy DEF be triangles on equal bases BC, EF, and 
between the same parallels AD, BF: 
it is required to prove A ABC = A DEF. 

Through B draw BG \\ AC, and through F draw 
FH\\DE; 7.31 

and let them meet AD produced at G and H. 

Then GBCA, DEFH are |r j 
arid ir GBCA = |r DEFH, being on equal bases BC, EF, 
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G, ^ » ,H 

B E F 

and between the same parallels BF, GH. I. 36 

But A ABC = half of ||"^ GBCA, L 34 

and A DEF = half of ||"» DFFH; L 34 
.-. A ABO « A DFF. 

Cor. — ^The straight line joining any vertex of a triangle 
to the middle point of the opposite side bisects the triangle. 
Hence the theorem : If two triangles have two sides 
of the one respectively equal to two sides of the other and 
the contained angles supplementary, the triangles are equal 
in area. 

1. Of two triangles which are between the same parallels, that is 

the greater which stands on the greater base. 

2. State and prove a converse of the last deduction. 

3. Two triangles are between the same parallels, and the base of 

the first is double the base of the second; prove the first 
triangle double the second. 
4 The four triangles into which the diagonals divide a ||™ are equal. 

5. If one diagonal of a quadrilateral bisects the other diagonal, it 

also bisects the quadrilateraL 

6. ABCD is a 11"^ ; E is any point in AD or AD produced, and F 

any point in BO or BG produced ; AF^ DF^ BE, CE are 
joined. Prove A AFD = A BEG. 

7. ABG is any triangle ; L and K are the middle points of AB 

and AG ; BK and CL are drawn intersecting at O, and AO 
is joined. Prove A BOG = A AOO = A AOB. 

8. ABCD is a ||"» ; P is any point in the diagonal BD or BD pro- 

duced, and PA, PG are joined. Prove A FAB = A FOB, 
and A PAD = A PGD, 

9. Bisect a triangle by a straight line drawn from a given point in 

one of the sidea 
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PEOPOSITION 39. Thborbm. 

Equal triangles on the same side of the same hose are between 
the same parallels, 

Aw g !5yD 



Let As ABOy DBO on the same side of the same base 
BO be equal, and let AD be joined : 
it is required to prove AD \\ BO. 

n^Z)isnot||^0; throughildrawil^ll^C; /. 31 

meeting BD, or BD produced, at Ey and join EO. 

Then A ABO = A EBG. I. 37 

But A ABO = A DBO; Hyp. 

A EBO = A DBO; 
which is impossible, since the one is a part of the other. 
.-. AD is II BO. 

1. The straight line joining the middle points of two sides of a 

triangle is || the third side, and = half of it. 

2. Hence prove that the straight hne joining the middle point of 

the hypotenuse of a right-angled triangle to the opposite 
vertex = half the hypotenuse. 

3. The middle points of the sides of any quadrilateral are the 

vertices of a ||™, whose perimeter = the sum of the diagonals 
of the quadrilateraL When wiU this \\^ be a rectangle, a 
rhombus, a square ? 

4. If two equal triangles be on the same base, but on opposite sides 

of it, the straight line which joins their vertices will be 
bisected by the base. 

5. Use the first deduction to solve I. 31. 

6. In the figure to I. 16, prove AF \\ BG. 

7. If a quadrilateral be bisected by each of its diagonals, it is a ||™. 

8. Divide a given triangle into four triangles which shall be equal 

in every respect. 
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PEOPOSITION 40. Theorem. 
Equal triangles on the same side of equal bases which are in 
the same straight line are between the same parallels. 



B B F 

Let As ABG, DEF, on the same side of the equal bases 
BCy EFy which are in the same straight line BF, be equal, 
and let AD be joined : 
it is required to prove AD || BF, 

n AD is not II BF, through A draw AG \\ BF, I. 31 
meeting DE, or DE produced, at (r, and join GF. 

Then A ABG = A GEF. J. 38 

But A ABG = A DEF; Hyp. 

A GEF = A DEF; 
which is impossible, since the one is a part of the other. 
.-. AD is II BF. 

1. Prove the proposition by joining AE and AF. 

2. Prove the proposition by joining DB and DG. 

3. Any number of equal triangles stand on the same side of equal 

bases. If their bases be in one straight line, their vertices 
will also be in one straight line. 
4 Equal triangles situated between the same parallels have equal 
bases. 

5. Trapeziums on the same base and between the same parallels 

are equal if the sides opposite the common base are equal. 

6. The median from the vertex to the base of a triangle bisects 

every parallel to the base. 

7. Hence devise a method of bisecting a given straight line. 
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PEOPOSrnON 41. theorem. 

If a 'parallelogram and a triangle he ujpon the same base and 
hetioeen the same parallels, the parallelogram shall he 
double of the triangle. 




B O 

Let the p ABOD and the A EBG be on the same base 
BCj and between the same parallels AE, BO: 
it is required to prom ||" ABCD = tvnce A EBO. 
Join AQ. 

Then A ABC = AEBO. L 37 

But II"* ABCD = twice A ABC; I. 34 

.-. r ^^OD = twice A EBC. 

1. Prove the proposition by drawing through C a parallel to BE, 

2. If a 11°^ and a triangle be on equal bases and between the same 

parallels, the ir shall be double of the triangle. 

3. A 11™ and a triangle are equal if they are between the same 

parallels, and the base of the triangle is double that of the |1"*. 

4. State and prove a converse of the last deduction. 

5. If from any point within a ||™ straight lines be drawn to the 

ends of two opposite sides, the sum of the triangles on these 
sides shall be equal to half the |p». Is the theorem true when 
the point is taken outside ? Examine all the cases. 

6. ABCD is any quadrilateral, AG and BD its diagonals. A H*^ 

EFOH is formed by drawing through A, By G^ D parallels to 
AG and BD. Prove ABGD = half of EFGH, 

7. Hence, show that the area of a quadrilateral = the area of a 

triangle which has two of its sides equal to the diagonals of 
the quadrilateral, and the included angle equal to either of 
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the angles at which the diagonals intersect; and that two 
quadrilaterals are equal if their diagonals are equal, and 
also the angles at the intersection of the diagonals. 



PEOPOSITION 42. Problem. 

To describe a parallelogram that shall he equal to a given 
triangle^ and have one of its angles equal to a given angle. 
A Fa 




BEG 

Let ABC be the given triangle, and D the given angle : 
it is required to describe a ||™ equal to A ABO, and having 
one of its angles equal to L D, 

Bisect jBa at j&y J. 10 

and at E make l CEF ^ l D. I. 23 

Through A draw AG \\ BO; through (7 draw CG \\ EF. I. 31 
FEGG is the ||"^ required. 
Join AE, 

The figure FEGG is a ||"» ; /. Def 33 

and ir FEGG = twice A AEG. L 41 

But since A ABE = A AEG, I. 38 

A ABG = twice A AEG; 
ir FEGG = A ABG, 
and L GEFwas made ^ l D. 

1. Describe a rectangle equal to a given triangle. 

2. Describe a triangle that shall be equal to a given |p^, and have 

one of its angles equal to a given angla 

3. On the same base as a ||*° construct a right-angled triangle 

= the ir. 
4 Construct a rhombus = a given triangle. 
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PEOPOSITION 43. Theorem. 

ThjQ compleifnents of the parallelograms whidi are dbovi a 
diagonal of any jparallelogram are equoL 




Let ABCD be a H"", and AO one of its diagonals ; 
let EHy OF be ||™ about AO, that is, through which AO 
passes, and BKy KD the other ||"" which fill up the figure 
ABODy and are therefore called the complements : 
it is required to prove complement BK = complement KD. 

Because EH is a ||™ and AK its diagonal, 

A AEK = A AHK. L 34 

Similarly A KOO = A KFO; I. 34 

.-. AAEK+AKGO = A AHK + A KFO. 
But the whole A ABO = whole A ADO; L 34 

.*. the remainder, complement BK = the remainder, com- 
plement KD. 

1. Name the eight ||™» into which ABCD is divided by EF and 

OH^ and prove that they are all equiangular to ||"^ ABCD. 

2. Prove |r -4(? = ir ED, and |r BF = ir i>^. 

3. If a point JC^ be taken inside a ||°* ABCD, and through it 

parallels be drawn to AB and BC, and if H™ -BJT = ir ^A 
the diagonal A C passes through JT. (Converse of I. 43.) 

4 Each of the H"" about a diagonal of a rhombus is itself a rhombus. 

6. Each of the I|™» about a diagonal of a square is itself a square. 

6. Each of the ||™* about a square'sdiagonal produced is itself a square . 

7. When are the complements of the ||™» about a diagonal of any 

II™ equal in every respect ? 
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PEOPOSITION 44. Problem. 
On a given straight line to describe a parallelogram which 
shall be equal to a given triangle, and h-ave one of its 
angles eqiial to a given angle, 

F E K 




Let AB be the given straight line, C the given triangle, 
and D the given angle : 

it is required to describe on AB a ||" = A (7, and having an 
angle = l D. 

Describe the ||"» BEFG = A C, and having l EBO = 
L D; and let it be so placed that BE may be in the same 
straight line with AB, I, 42 

Through A draw AH \\ BQ or EF, I. 31 

and let it meet FO produced at H; 
join HB, 

Because HF meets the parallels AH, EF, 
••. L AHF+ L HFE = 2rt, L&', 7.29 

.'. z. ^ffl^+ z. ffl^^islessthan 2 rt. Z.8; 
.-. HB, FEy if produced, wiU meet towards B, E. L 29, Cor. 
Let them be produced and meet at K; 
through K draw KL || EA or FH, I. 31 

and produce HA, GB to L and M. 

ABML is the ||"* required. 

For FHLK is a ||", of which HK is a diagonal, 
and AG, ME are ||"" about HK; 
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complement BL = complement BF^ /. 43 

= A a 

And z. ABM = ^ j:^(?, /. 15 

= ^ />. 

1. On a given straight line describe a rectangle equal to a given 

triangle. 

2. On a given straight line describe a triangle eqnal to a given ||°*, 

and having one of its angles equal to a given angle. 
8. On a given straight line describe an isosceles triangle equal to a 

given ir. 
4 Cut off from a triangle, by a straight line drawn from one of 

the vertices, a given area. 



PKOPOSITION" 45. Problem. 

To describe a parallelogram equal to any given rectilineal 
figure, and hainng an angle equal to a given angle, 
o 




K H M 

Let ABCD be the given rectilineal figure, E the given 
angle : 
it is required to describe a \\^ = ABCD, and having an angle 

= lE, 

Join BD, and describe the ||" FH := A ABD, and 
having L K = L E; /. 42 

on GH describe the H"' GM = A BCD, and havmg 
L GHM ^ L E, L 44 

FKML is the H"" required. 
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F G L 




K H M 

Because L K = l GHMy since each = L Ei 
to each of these equals add L GHK; 

L K+ L GHK = L GHM + L GHK. 
But L K^- L GHK=2t^. L^] J. 29 

.-. L GHM+ L GHK= 2rt. 2Ls; 
/. KH and HM are in the same straight line. J. 14 

Again, because FG and GL drawn from G are both || KM; 
.• . FG and GL must be in the same straight line. /. Ax, 1 1 

Now because KF and ML are both || HG^ 
.-. KFibWML; L 30 

andZ'Jf is||ZL; 
.^ i^Z-JfL is a 11"^. 
But ir i^^ilfi^ = IP FH + ir 6?i»f, 

= A ABD + A BCD, Const 

= figure -4^aZ); 
and L K = L E. Const, 

1. Could two 11^ have a cotamon side and together not form one 

11°^ ? Illustrate by a figure. 

2. Describe a rectangle equal to a given rectilineal figure. 

3. On a given straight line describe a rectangle equal to a given 

rectilineal figure. 

4. Given one side and the area of a rectangle ; find the other side. 

5. Describe a ||"* equal to a given rectilineal figure, and having an 

angle equal to a given angle, using L 37» Cor. 

6. Describe a H™ equal to the sum of two given rectilineal figures. 

' 7. Describe a ||™ equal to the difference of two given rectilineal 
figures. 
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PEOPOSITION 46. Problbm. 

On a given straight line to describe a square* 
O. iD 



Let AB be the given straight line : 
it is required to describe a square on AB. 

From A draw AG ± ^-B and = AB; L 11, 3 

through a draw OD 11-45, /. 31 

and through B draw BD \\ AC. I. 31 

ABDG is the square required. 

For ABDG is a |p ; /. Def. 33 



••. AB ^ GD^jAAG^ BD. 
But AB ^ AG; 

.\ the four sides AB, BD, DC, (74 are all equal 
Because AG meets the parallels AB, GD, 

.*. LA + LG=2T\i,LS. 

But iL ^ is right ; 

••. ii Cis also right. 
Uow L A = L D and l C =^ l B ; 

.'. the four lq A, B, 2>, (7 are right; 

.•• ABDG is a square. 



7.34 

Gonst, 



7.29 



7.34 



7. Def. 32 



1. What is redundant in Euclid's definition of a square ? 

2. If two squares be equal, the sides on which they are described 

are equaL 
a ABDG is constructed thus: At A and B draw AC and BD 

i. AB and = AB, and join CD, ABDG is a square. 
4. ABDG is constructed thus : At A draw AG ± AB and = AB; 

with B and O as centres, and a radius = AB or AC, describe 
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two circles intersecting at D; and join BD^ DO. ABDO is 
a square. 
6. Describe a square having given a diagonal 



PEOPOSITION 47. Theorem. 
Tlie square described on the hypotenuse of a right-angled 
triangle is equal to the squares described on the other 
two sides* 



F< 




>K 



Let ABG be a right-angled triangle, having the right 
angle BAG: 

it is required to prove that the square described on BO = 
square on BA + square on AG, 

On AB, BG, GA describe the squares OB, BJE, 
OH; 

through A draw AL \\ BD or GE; 
and join AD, OF. 

Because l BAG + l BAG = 2 rt. ^s, 
.*. OA and AG form one straight line. 
Similarly, HA and AB form one straight line. 

* This theorem is usually attributed to Pythagoras (680 — 510 B.C.)* 



J. 46 
7.31 



J. 14 
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Now L DBG = L FBAy each being right. 
Add to each l ABC; 
.\ L ABD = L FBO. 

!AB = FB I. Def. 32 

BD = BG L Def. 32 

L ABD^ L FBG; Proved 

.-. A ABD = A FBG. I. 4 

But II" BL = twice A il^i), being on the same 
base BDy and between the same ||* BD^ AL ; J. 41 

and square BQ = twice A FBG^ being on the same 
base BF, and between the same ||* BF, GQ; I. 41 

/. II" BL = square BG. 

Similarly, if AE^ BK be joined, it may be proved 
that II" GL = square GH; 
.-. II" BL + II" OL = square BG + square GH, 
that is, square on BG = square on BA + square on AG. 
[It is usual to write this result BC^ = BA^ + -4(7' ; but see p. 113.] 
Cor. — ^The difference between the square on the hypoten- 
use of a right-angled triangle and the square on either of the 
sides is equal to the square on the other side. 

For since BG^ = BA^ + AG\ 
.'. BG^-BA^ = AG^, 
and BG^ - AG^ = BA\ 

Note. — ^This proposition is an exceedingly important one, and 
numerous demonstrations of it bare been given by mathematicians, 
some of them such as easily to afford ocular proof of the equality 
asserted in the enunciation. With respect to Euclid's method of 
proof (which is not* that of the discoverer), it may be remarked 
that he has chosen that position of the squares when they are all 
exterior to the triangle. The pupil is advised to make the seven 
other modifications of the figure which result from placing the 
squares in different positions with respect to the sides of the 
triangle, and to adapt EucHd's proof thereto. It will be found that 
AO and ^(7, as well as AH and AB, will always be in the same 



♦ See Friedlein's ProcUu, p. 42a 
G 
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Blaraight line, only, instead of being drawn in opposite directions from 
^ as in the text, they will sometimes be drawn in the same direction ; 
that L s ABD and FBG will sometimes be supplementary instead 
of equal ; and that then the equality of A s ABD and FBG will 
follow, not from L 4, but from I. 38, Cor. 
All the different varieties of figure are obtained thus : 
Call X the square on the hypotenuse, Y and Z the squares on the 
other sides. Describe 

(1) X outwardly, F outwardly, ^ outwardly. 



(2) .. 


II 


II II inwardly. 


(3) .. 


II inwardly n outwardly. 


(4) ,. 


II II II inwardly. 


(6) II inwardly, u outwardly, n outwardly. 


(6) ,. 


It II II inwardly. 


(7) .. 


II inwardly, n outwardly. 


(8) 1, II 


II II II inwardly. 


The following methods of exhibiting how two squares may be 


dissected and put together so as to form a third square, are probably 


the simplest and neatest ocular proofs yet given of this celebrated 


proposition : 






FIRST METHOD. 




K 




/f 

/ 
/ 




B 


H 


/ 
« / 


"*"-* 













A B D 

ABOHf BCEFbxb two squares placed side by side, and so that 
AB and BO form one straight line. Cut off OD « AB, and join 
ED, DH. 

(1) If, round ^ as a pivot, A ECD is rotated like the hands of a 
watch through a right angle, it will occupy the position EFK, I^ 
roimd H aatk pivot, A HAD is rotated in a manner opposite to the 
hands of a watch through a right angle, it will occupy the position 
HOK. The two squares ABGH and BCEF will then be trans- 
formed into the square DEKH. 
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(2) If A ECD be slid along the plane in such a way that EC 
always remains verfcical, and D moves along the line X>JJ, it will 
come to occupy the position KOH, K A HAD be slid along the 
plane in such a way that HA always remains vertical, and D moves 
along the line DE^ it will come to occupy the position KFE, The 
two squares A BOH and BCEFwill then be transformed into the 
square DEKH. 

[This method is substantially that given by Schooten in his 
Exercitationea MathematiccB (1657)» p. 111. The first or rotational 
way of getting As ECD, HAD into their places is given by J. C. 
Sturm in his Mathesis Enucleata (1689), p. 31 ; the second or trans- 
lational way is mentioned by De Morgan in the Qtiarterly Journal 
of McUhemcUice, vol i p. 23d] 

SECOND METHOD. 

E 



K 0/ a \ 6- i* / 




ABC is a right-angled triangle. BCED is the square on the 
hypotenuse, ACKH and ABFG are the squares on the other sides. 

Find the centre of the square ABFG, which may be done by 
drawing the two diagonals (not shown in the figure), and through it 
draw two straight lines, one of which is || BC, and the other ± BG. 
The square ABFG is then divided into four quadrilaterals equal in 
every respect. Through the middle points of the sides of the square 
BCED draw parallels to AB and ^(7 as in the figure. Then the 
parts 1, 2, 3, 4, 5 will be foimd to coincide exactly with 1', 2', 3', 
4', 5'. 

[This method is due to Henry PerigaJ, F.ILA.S., and was dis- 
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covered about 1890. See The Messenger of Mathematk8f new series, 
voL il pp. 103-106.] 
1. Show how to find a square = the sum of two givei^ squares. 



2. 
3. 
4. 
6. 
6. 



three 



It = the difference of two h 

II double of a given square. 

II half II 

II triple II 

7. The square described on a diagonal of a given square is twice 

the given square. 

8. Hence prove that the square on a straight line is four times the 

square on half the line. 

9. The squares described on the two diagonals of a rectangle are 

together equal to the squares described on the four sides. 

10. The squares described on the two diagonals of a rhombus are 

together equal to the squares described on the four sides. 

11. If the hypotenuse and a side of one right-angled triangle be 

equal to the hypotenuse and a side of another right-angled 
triangle, the two triangles are equal in every respect. 

12. If from the vertex of any triangle a perpendicular be drawn to 

the base, the difference of the squares on the two sides of 
the triangle is equal to the difference of the squares on the 
segments of the base. 

13. The square on the side opposite an acute angle of a triangle is 

less than the squares on the other two side& 

14. The square on the side opposite an obtuse angle of a triangle is 

greater than the squares on the other two sides. 

15. Five times the square on the hypotenuse of a right-angled 

triangle is equal to four times the sum of the squares on 
the medians drawn to the other two sides. 

16. Three times the square on a side of an equilateral -triangle is 

equal to four times the square on the perpendicular drawn 

from any vertex to the opposite side. 
17* Divide a given straight line into two parts such that the sum 

of their squares may be equal to a given square. Is this 

always possible ? 
18. Divide a given straight line into two parts such that the square 

on one of them may be double the square on the other. 
19L If a straight line be divided into any two parts, the square on 

the whole line is greater than the sum of the squares on the 

two parts. 
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20. The Bom of the squares of the distances of any point from two 

opposite comers of a rectangle is equal to the sum of the 
squares of its distances from the other two comers. 

The following deductions refer to the figure of the proposition in 
the text. They are all, or nearly all, given in an article in LeyhourrCs 
Mathematical Bepomtory, new series, voL iii. (1814), Part XL pp. 
71-80, by John Bransby, Ipswich. 

21. What is the use of proving that AO and AC axe in. the same 

straight line, and sJso AB and AHf 

22. AF and AK are in the same straight line. 

25. BOiaW CH. 

24. Prove A s ABD, FBO equal by rotating the former round B 
through a right angle. Similarly, prove A s il CE, KCB equal 

26. Hence prove AD ± FC, and AE ± KB, 

26. I s ABC and DBF are supplementary, as also are IbACB and 

EGK. 

27. Hence prove A s FBD, KCE = A ABG. 

28. FO, KHy LA all meet at one point T. 

29. L^AQH, THO, OAT, HTA are each = A ABC. 

30. If from D and E, perpendiculars DU^EVhe drawn to FB and 

KG produced, As UBD and VEG are each = A ABG. 
Prove by rotating. 
81. DF^ + EK^ = 6 BGK 

32. The squares on the sides of the polygon DFGHKE = 8 BG^. 

33. If from F and K perpendiculars FM, KN be drawn to BG 

produced, and / be the point where AL meets BG, A BFM 
= A ABI, and A GKN =^ A AGL 
U. FM^ KN:=^ BG, and BN^ GM^AL. 

35. If DB and EG produced meet FO and KH at P and Q, prove 

by rotating A ABG that it = each of the as FBP, KGQ. 

36. If PQ be joined, BGQP is a square. 

37. ABPT is a ir, and == rectangle BL ; ACQT is a ir, and = 

rectangle GL, 

38. ADBT is a r, and = rectangle BL; AEGT is a ir, and = 

rectangle GL. 

39. DFPU and EKQVaxe T", and each = 4 A ABG. 

40. ADUH and -4^r(? are ir, and each = 2 A ABG. 

41. 5ir is X C7^, and GF ± 571 

42. Hence prove that AL, BK, GF meet at one point 0. (See 

App, L a) 
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43. If Sir meet ^(7 in X, and CJ* meet ilS in TT, LbBHX.CGW 

are each = A ABG, 

44. AW = AX, 

45. A AGW= A BOX, and A ABX= A BGW. 

46. Quadrilateral ^ TTOX = A BOG, 

47. If from G and ^ perpendiculars GB, HS be drawn to BG or J5(7 

produced, and if these perpendiculars meet AB and AGin Y 
and ^, prove by rotating a -4 5C that it = A GA For A ZAH. 

48. DU produced passes through Z^ EV produced through 7, 

G V through W, and ^£^ through X, 

49. If through A a puiJlel to SO be drawn, meeting GB in G\ and 

^^ in i?', AS AGG\ AZH' are = A ilS/, and ab AY& 
and ^^JT = A AGL 
60. /S = 18; GB + HS= MN ; FM + GB + H8 + KN 
= 2 (BG + AI)i GB = BS; HS=GB. 



PEOPOSITION 48. Theorem. 

If the square described on one of the sides of a triangle be 
equal to the squares described on the other two sides of 
it, the angle contained by those two sides is a right 
angle, D 




Let ABG be a triangle, and let BC^ = BA^ + AC^ : 
it is required to prove l BAG right 

From A draw AD ± AC, and = AB ; I, 11, 3 

and join CD, 

Because AD = AB; .-. AL^ = AB^. 
To each of these equals add AG^ ; 
.'. AD^ + AC^ = A& + AC\ 
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But AL^ + AC^ = CZ^, /. 47 

and AB^ + AC^ = ^C^; JTj^P- 

.-. cn^ = ^a^• 

.-. CD^BC. 

(BA = Z)il CbTW^. 

In As BAG, DAG, \aG ^ AG 

\BG = DG; Proved 

.'. L BAG = L DAG, L 8 

= a light angle. 

1. In the constractioii it is said, draw AD 1. BO. Would it not 

be simpler, and answer the same purpose, to say, produce AB 
toD. Why? 

2. Prove the proposition indirectly by drawing AD ± AC, and on 

the same side of AC as AB, and using I. 7 (Proclus). 

3. If the square on one side of a triangle be less than the sum of 

the squares on the other two sides, the angle opi)osite that 
side is acute. 

4. If the square on one side of a triangle be greater than the sum 

of the squares on the other two sides, the angle opposite that 
side is obtuse. 

5. Prove that the triangle whose sides are 3, 4, 6 is right-angled.* 

6. Hence derive a method of drawing a perpendicular to a given 

straight line from a point in it. 

7. Show that the following two rules,t due respectively to Pytha- 

goras and Plato, give numbers representing the sides of 
right-angled triangles, and show also that the two rules are 
fundamentally the same. 

(a) Take an odd number for the less side about the right angle. 
Subtract unity from the square of it, and halve the remain- 
der; this will give the greater side about the right angle. 
Add unity to the greater side for the hypotenuse. 

(h) Take an even number for one of the sides about the right 
angle. From the square of half of this number subtract 
unity for the other side about the right angle, and to the 
square of half this number add unity for the hypotenuse. 

* This is said by Plutarch to have been known to the early Egyptians. 
f See Fiiedlein's ProchiSt p. 428; and Hultsch's Hei^onU . . . reliquice, 
pp. 56, 57. 



Digitized by 



Google 



98 buolid's elbments. Book I 



APPENDIX L 



Proposition 1. 

3 straight line Joining the middle points of any two aides of a 
triangle is paraUd to the third side and equal to the half qf it. 




B H O 

Let ABO be a triangle, and let L, K he the middle points of 
AB, AG: 
U is required to prove LK |i BO and s half of BO. 

Join BK, CL. 

Because AL = BL, .• . A BLG = half of A ABO; I. 38 
and because AK = OK, .'. A BKO = half of A ABO; L 38 
.% aBLO=: t^BKO. 
.\ LK is II BO, L 39 

Hence, if -ff be the middle of BO, and HK be joined, HK is |! AB ; 
.'. BHKL is a ir ; /. Drf. 33 

.\LK = BH^haMolBO. /. 34 

CoR. 1. — Conversely, The straight line drawn through the middle 
point of one side of a triangle parallel to a second side bisects the 
third side.* 

CoR. 2. — AB is a given straight line, and D are two points, 
either on the same side of AB or on opposite sides of AB, and such 
that AO and BD are paralleL If tlurough E the middle point of 
AB^ a straight line be drawn I| -40 or BD to meet OD at F, then 

* The corollaries and converses given in the Appendices should be 
proved to be true. Many of them are not obvious. 
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F is tlie middle point of CD, and EF is equal either to half the sum 
of AC and BD, or to half their difference. 



Proposition 2. 

The straight lines drawn perpendicular to the sides qfa triangle from 
the middle points qf the sides are concurrent {that is, pass through 
the sam^ point). 

See the figure and demonstration of IV. 5. 

If iS^ be joined to iT, the middle of ^a, then iS'^ is JL BO. L 8 

NoTK — ^The point 8 is called the circumscribed centre of A ABO. 



PBOPOsmoN 3. 

The straight lines drawn from the vertices qfa triangle perpendicular 
to the opposite sides are concurrent* 
L A 



\ *) 








/ 


\ 


^Y 


* 






^v 


1 




J 


^ X. 




zL 


/ 


X 


1 




^ 


X 






•^^ 


^^ 




^* /^r 


0^ 




V 


■*^^ 


_ 


^"^ 


^v, 



H 
Let AX, BT,OZhQ the three perpendiculars from A, B, on 
the opposite sides of the A ABO ; 
it is required to prove AX, B F, OZ ooncmrent. 

Through A, B, draw KL, LH, HK \\ BO, GA, AB. L 31 

Then the figures ABOK, AOBL are r» ; /. Def 33 

.'.AK^BG^AL, /. 34 
that is, il is the middle point of KL, 

* Pappus, VIL 62. The proof here given seems to be due to P. J. 
Servois : see his Solutions peu connues de diffirens prdbUmes de O^om^trie- 
pratique (1804), p. 15. It is attributed to Gauss by Dr B. Baltzer. 
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Hence also, B and C are the middle points of LH and HK» 
But since AX, BY, CZ SLre respectively X BC, CA, AB, ConsU 
they must be respectively ± KL, LH, HK, L 29 

and .'. concurrent. App, I, 2 

NoTB.— The point is called the ortJioeentre of the A ABG (an 
expression due to W. H. Besant), and A XYZ, formed by 
joining the feet of the perpendiculars, is called sometimes the pedcU^ 
sometimes the arthocerUric, triangle. 



PEOPOSinoN 4. 
The medians of a triangle are concurrent 
A 




B H C 

Let the medians BK, CL of the A ABC meet at G: 
it is required to prove that, if H he the middle point qf BC, the 
median AH will pass throttgh O, 

Join AO, 

Because BL = AL .: A BLG = A ALG, 
and A BLG = A ALG; L 38 

.-. aBGG=£^AGG, I.Ax,S 

=s twice A CKG; /. 38 

.'. BG = twice GK, or BK = thrice GK, 

that is, the median CL cuts BK at its point of trisection remote 
from B, 

Hence also, the median AH cuts BK at its point of trisection remote 
from B, 
that is, AH passes through G. 

Cob. — If the points H, K, L he joined, the medians of the 
A HKL are concurrent at G. 

Note.— The point G is called the centroid of the A ABC (an 
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expression due to T. S. Davies), and L HKL may be called tlie 
median triangle. The centroid of a triangle is the same point as 
that which in Statics is called the centre of gravity of the triangle, 
and may be found by drawing one median, and trisecting it 



Proposition 6. 

Tlie OTthocentre, the centroid^ and the circumscribed centre of a 
triangle are coUmear {that is, lie on the same straight line), and 
the distance between the fir A two is double of the distance between 
the last two,* 

A 




B X H 

Let ABG be a triangle, its orthocentre determined by drawing 
AX and BT ± BO and CA ; S its circumscribed centre determined 
by drawing through H and K the middle points of BG and CA, H8 
and K8 X BC and CA ; and AH the median from A : 
it is required to prove that \f 80 be joined, it wiU cut AH at the 
centroid. 

Let 80 and AH intersect at (7 ; 
join P and ft the middle points of OA, GO; 
I. U 1. r, .. „ OA, OB; 

and join HK, 

Because H and K are the middle points of GB, GA ; 
.-. HK is II AB and = half AB, App, L 1 

Because U and V are the middle points of OA, OB ; 
.-. err is II AB and = half AB, App. I. 1 

.-. ^rjrislj errand = UV. 

♦ First given by Euler in 1765. See Novi ComMentaHi Academics 
Seientiarum Imp&rialis Fe^opolitance, vol. zi. pp. 13, 114. 
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BecaofleiS'fl'andOtT'arebothx^a /. iS^ff is |I 0^7; /. 28, Cor. 

.. 5'ir .. or • C7-4 .-. ^JST.. nor. 7.28, Cor. 

Hence the L 8 /S'i^iT, OCTF are mutually equiangular, /. 34» Oor. 

and since -eJT = l^T ,\8H=0U 1.26 

= ha\iAO. 
Again, because P and Q are the middle points of OA, 00 ; 
.-. PQ is II AO and = half AO ; App, L 1 

.-. Peis||iSJyand = /8'jy. 

Hence the L s HQS^ POQ are equal in all respects ; /. 29, 26 

.-. ^0=P(3^ = halfilO; 

.*. O is the centroid, App, /. 4 

and SO:=^QO = haM 00. 

Cob. — The distance of the drcnmscribed centre from any side of a 
triangle is half the distance of the orthocentre from the opposite 
vertex. 

For 8H was proved = half OA. 

Looi. 

Many of the problems which occur in geometry consist in the 
finding of points. Now the position of a point — ^and position is the 
only property which a point possesses — is determined by certain 
conditions, and if we know these conditions, we can, in general, 
find the point which satisfies them. It will be seen that in plane 
geometry two conditions su£Qce to determine a point, provided the 
conditions be mutually consistent and independent. When only 
one of the conditions is given, though the point cannot then be 
determined, yet its position may be so restricted as to enable us 
to say that wherever the point may be, it must always lie on some 
one or two lines which we can describe ; for example, straight lines 



Digitized by 



Google 



Book I] 



APPENDIX L 



108 



or tlie ciromnferexices of circles. The giyen condition may, however, 
be such that the point which satisfies it will lie on a Ihie or lines 
which we do not as yet know how to describe. Cases where this 
occurs are considered as not belonging to dementary plane 
geometry. 

Def. — The line (or lines) to which a point fulfilling a given con- 
dition is restricted, that is, on which idone it can lie, is (or are) 
called the locus of the point. Instead of the phrase ' the locus of a 
point,' we frequently say *the locus of points.' 

For the complete establishment of a locus, it ought to be "proved 
not only that all the points which are said to constitute the locus 
fulfil the given condition, but that no other points fulfil it. The 
latter part of the proof is generally omitted. 

Ex. 1. Find the locus of a point having the property (or fulfilling 
the condition) of being situated at a given distance from a given point* 

Let A be the given point, and suppose jy 

B, Cf i), &C. to be points on the locus. Join 

AB, AC, AD, &C. / / \C 

Then AB = AC = AD = &a ; Hyp, 

and hence B, CyD, &c must be situated on I "^^" tB 

the O^ of a circle whose centre is A, and 
whose radius is tfie given distance. 

Moreover, the distance from A of any point 
not situated on the o^ would not be a= AB, AC, AD, ftc. 

This O®* .*. is the required locus. 

Ex. 2. Find the locus of a point having the property (or fulfilling 
the condition) of being equidistant from 
two given points. 

Let A and B be the given points. 

Join AB, and bisect it at C; then O 
is a definite fixed point. 

Suppose i> to be any point on the locus, 
and join DA, DB, DC. j^/1 i ._ .\b 

Then DA = DB; Hyp. 

and since DC is common, and AC = BC, Const 

.-. 2>(7 is X AB. I. 8, Def. 10 

Hence, if a set of other points on the locus be taken, and joined 
to the definite fixed point C, a set of perpendiculars to ^^ will be 
obtained. The locus therefore consists of all the perpendiculars that 
can be drawn to ^^ through the point C; that is, CD produced 
indefinitely either way is the locus. 
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Pboposxtion 6. 

Straight lines are drawn from a given fixed point to the drcwmfer' 
ence of a given fixed circle, and are bisected: find the locus 
of their middle points. 



Let A be the given fixed point, C the centre of the given fixed 
circle ; let AB, one of the straight lines drawn from A to the 0<^, 
be bisected at E: 
ilt is required to find the locus ofE. 

Join AG^ and bisect it at D ; /. 10 

join BE and CB, 
Because BE joins the middle points of two sides of A AGB^ 

,\BEr=.\CB. App.I.l 

But GBf being the radius of a fixed circle, is a fixed length ; 

/. BE, its half, is also a fixed length. 
Again, since A and G are fixed points, 

•*. il(7 is a fixed straight line ; 

.*. B, the middle point of AG, is & fixed point ; 
that is, Ey the middle point of AB, is situated at a fixed distance 
from the fixed point B, 
But AB was any straight line drawn from A to the O <* j 

.*. the middle points of all other straight lines drawn from A to the 

O^ must be situated at the same fixed distance from the fixed point 
B; 

.*. the locus of the middle points is the O** of a circle, whose 
centre is B, and whose radios is half the radius of the fixed circla 

From the figure it wiU be seen that it is immaterial whether AB 
or AB' is to be considered as the straight line draMm from A to the 

O". For if JB' be the middle point of AB', then EB^iROt 
that is = half the radius of the fixed circle ; 

.*. the locus of ^ is the same o*^ as before. 
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[The reader is requested to make figares for the cases when the 
given point A is inside-Hihe given oirde, and when it is on the o^ of 
the given circle. ] 



INTERSECTION OF LOGL 

Since two conditions determine a point, if we can construct the 
locus satisfying each condition, the point or points of intersection of 
the two loci will be the point or points required. A familiar example 
of this method of determining a x>oint, is the finding of the position 
of a town on a map by means of parallels of latitude and meridians 
of longitude. The reader is recommended to apply this method to 
the solution of L 1 and 22, and to several of tiie problems on the 
construction of triangles. 

DEDUCnONSi 

1. The straight line joining the middle points of the non-parallel 

sides of a trapezium is 1| the parallel sides and = half their 
sum. 

2. The straight line joining the middle points of the diagonals of a 

trapezium is H the parallel sides and ss half their difference. 

3. The straight line joining the middle points of the non-parallel 

sides of a trapezium bisects the two diagonals. 
4 The middle points of any two opposite sides of a quadrilateral 
and the middle points of the two diagonals are the vertices 
of a r. 

5. The straight lines which join the middle points of the opposite 

sides of a quadrilateral, and the straight line which joins the 
middle points of the diagonals, are concurrent. 

6. If from the three vertices and the centroid of a triangle perpen- 

diculars be drawn to a straight line outside the triangle, the 
perpendicular from the centroid = one-third of the sum of 
the other perpendiculars. Examine the cases when the 
straight line cuts the triangle, and when it passes through 
the centroid. 

7. Find a point in a given straight line such that the sum of its 

distances from two given points may be the least possible. 
Examine the two cases, when the two given points are on 
the same side of the given line, and when they are on 
different sides. 
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8. Find a point in a given straiglit line such that the difference of 

its distances from two given points may be the least possible. 
Examine the two cases. 

9. Of all triangles having only two sides given, that is the greatest 

in which these sides are perpendicular. 

10. The perimeter of an isosceles triangle is less than that of 

any other triangle of equal area standing on the same 
Base. 

11. Of all triangles having the same vertical angle, and the bases 

of which pass through the same given point, the least is that 
which has its base bisected by the given point. 

12. Of all triangles formed with a given angle which is contained 

by two sides whose sum is constant, the isosceles triangle has 
the least perimeter. 

13. The sum of the perpendiculars drawn from any point in the 

base of an isosceles triangle to the other two sides is con- 
stant. Examine the case when the point is in the base 
produced. 
14 The sum of the perpendiculars drawn from any point inside an 
equilateral triangle to the three sides is constant. Examine 
the case when the point is outside the triangle. 

15. The sum of the perpendiculars from the vertices of a triangle on 

the opposite sides is greater than the semi-perimeter and less 
than the perimeter of the triangle. 

16. If a perpendicular be drawn from the vertical angle of a triangle 

to the base, it will divide the vertical angle and the base 
into parts such that the greater is next the greater side of 
the triangle. 

17. The bisector of the vertical angle of a triangle divides the base 

into segments such that the greater is next the greater side 
of the triangle. 

18. The median from the vertical angle of a triangle divides the 

vertical angle into parts such that the greater is next the less 
side of the triangle. 

19. If from the vertex of a triangle there be drawn a perpendicular 

to the opposite side, a bisector of the vertical angle and a 
median, the second of these lies in position and magnitude 
between the other two. 

20. The sum of the three angular bisectors of a triangle is greater 

than the semiperimeter, and less than the perimeter of the 
triangle. 
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21. If one side of a triangle be greater than another, the perpen- 

dicular on it from the opposite angle is less than the 
corresponding perpendicular on the other side. 

22. If one side of a triaugle be greater than another, the median 

drawn to it is less than the median drawn to the other. 

23. If one side of a triangle be greater than another, the bisector 

of the angle opposite to it is less than the bisector of the 
angle opposite to the other. 
24 The hypotenuse of a right-angled triangle, together with the 
perpendicular on it from the right angl^ is greater than the 
sum of the other two side& 

25. The sum of the three medians is greater than three-fourths of 

the perimeter of the triangle. 

26. Construct an equilateral triangle, having given the perpendicular 

from any vertex on the opposite side. 

Construct an isosceles triangle, having given : 

27. The vertical angle and the perpendicular from it to the bas& 

28. The perimeter and the perpendicular from the vertex to the 

base. 

Construct a right-angled triangle, having given : 

29. The hypotenuse and an acute angle. 

30. The hypotenuse and a side. 

31. The hypotenuse and the sum of the other sides. 

32. The hypotenuse and the difference of the other sides. 

33. The perpendicular from the right angle on the hypotenuse and 

a side. 
34 The median, and the perpendicular from the right angle, to the 
hypotenuse. 

35. An acute angle and the sum of the sides about the right angle. 

36. An acute angle and the difference of the sides about the right 

angle. 

Construct a triangle, having given : 

37. Two sides and an angle opposite to one of them. Examine the 

cases when the angle is acute, right, and obtuse. 

38. One side, an angle adjacent to it, and the sum of the other two 

sides. 

39. One side, an angle adjacent to it, and the difference of the other 

two sides. 

40. One side, the angle opposite to it, and the sum of the other two 

sides. 

H 
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41. One side, the angle opposite to it, and the difference of the 

other two sides. 

42. An angle, its bisector, and the perpendicular from the angle on 

the opposite side. 

43. The angles and the sum of two sides. 

44. The angles and the difference of two sides. 

45. The perimeter and the angles at the base. 

46. Two sides and one median. 

47. One side and two medians. 

48. The three medians. 

Construct a square, having given : 

49. The sum of a side and a diagonal. 

50. The difference of a side and a diagonal 

Construct a rectangle, having given : 

51. One side and the angle of intersection of the diagonals. 

52. The perimeter and a diagonal 

53. The perimeter and the angle of intersection of the diagonals. 
54 The difference of two sides and the angle of intersection of the 

diagonals. 

Construct a |p^, having given : 

55. The diagonals and a side. 

56. The diagonals and their angle of intersection. 

57. A side, an angle, and a diagonal 

58. Construct a ip the area and perimeter of which shall = the area 

and perimeter of a given triangle. 

59. The diagonals of all the I|™« inscribed* in a given ||™ intersect one 

another at the same point. 

60. In a given rhombus inscribe a square. 

61. In a given right-angled isosceles triangle inscribe a square. 

62. In a given square inscribe an equilateral triangle having one of 

its vertices coinciding with a vertex of the square. 

63. AA\ BBy CC are straight lines drawn from the angular points 

of a triangle through any point O within the triangle, and 
cutting the opposite sides at A\ By C\ AP^ BQ, CR are cut 
off from AA\ Bff, CC, and = 0A\ OB, OC. Prove 
A A'BC = L PQB. 

* One figure is inscribed in another when the vertices of the first figure 
are on the sides of the second. 
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64. On AB, AG, sides of A ABC, the |p- ABDE, ACFO are 

described ; DE and FO are produced to meet at H, and AH 
is joined ; through B and C, 5j& and CM are drawn || -4//, 
and meeting DE and J'G' at L and if. K LM be joined, 
5Cif L is a ir, and = ir ^-S^ + T CO, (Pappus, IV. 1.) 

65. Deduce I. 47 from the preceding deduction. 

66. If three concurrent straight lines be respectively perpendicular 

to the three sides of a triangle, they divide the sides into 
segments such that the sums of the squares of the alternate 
segments taken cyclically (that is, going round the triangle) 
are equal ; and conversely. 

67. Prove App. I. 2, 3 by the preceding deduction. 

68. If from the middle point of the base of a triangle, perpendiculars 

be drawn to the bisectors of the interior and exterior vertical 
angles, these perpendiculars will intercept on the sides 
segments equal to half the sum or half the difference of the 
sides. 

69. In the figure to the preceding deduction, find all the angles 

which are equal to half the sum or half the difference of the 
base angles of the triangle. 

70. If the straight lines bisecting the angles at the base of a triangle, 

and terminated by the opposite sides, be equal, the triangle is 
isosceles. Examine the case when the angles below the base 
are bisected. [See NouvelUa Annalea de MathSmatiqttes 
(1842), pp. 138 and 311 ; Lady^a and Oentleman'a Diary for 
1857, p. 58 ; for 1859, p. 87 ; for 1860, p. 84 ; London, Edin- 
burgTi, and DvhUn Philosophical Magazine, 1852, p. 366, and 
1874, p. 354.] 

Loci. 

1. The locus of the points situated at a given distance from a 

given straight line, consists of two straight lines parallel to 
the given straight line, and on opposite sides of it. 

2. The locus of the points situated at a given distance from the 

0<* of a given circle consists of the O*** of two circles con- 
centric with the given circle. Examine whether the locus 
will always consist of two O**". 

[The distance of a point from the circumference of a circle is 
measured on the straight line joining the point to the centre 
of the circle.] 
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3. The locus of the points equidistant from two given straight lines 

which intersect, consists of the two bisectors of the angles 
made by the given straight lines. 

4. What is the locus when the two given straight lines are 

parallel? 
«5. The locus of the vertices of all the triangles which have the 
same base, and one of their sides equal to a given length, 
consists of the O*^ of two circles. Determine their centres 
and the length of their radiL 

6. The locus of the vertices of all the triangles which have the 

same base, and one of the angles at the base equal to a given 
angle, consists of the sides or the sides produced of a certain 
rhombus. 

7. Find the locus of the centre of a circle which shall pass through 

a given point, and have its radius equal to a given straight 
line. 

8. Find the locus of the centres of the circles which pass through 

two given points. 

9. Find the locus of the vertices of all the isosceles triangles which 

stand on a given base. 

10. Find the locus of the vertices of all the triangles which have 

the same base, and the median to that base equal to a given 
length. 

11. Find the locus of the vertices of all the triangles which have the 

same base and equal altitudes. 

12. Find the locus of the vertices of all the triangles which have the 

same base, and their areas equal. 

13. Find the locus of the middle points of all the straight lines 

drawn from a given point to meet a given straight line. 

14. A series of triangles stand on the same base and between the 

same parallels. Find the locus of the middle points of their 
sides. 

15. A series of H™* stand on the same base and between the same 

parallels. Find the locus of the intersection of their 
diagonals. 

16. From any point in the base of a triangle straight lines are 

drawn parallel to the sides. Find the locus of the intersection 
of the diagonals of every ||™ thus formed. 

17. Straight lines are drawn parallel to the base of a triangle, to 

meet the sides or the sides produced. Find the locus of their 
middle points. 
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18. Find the locus of the angular point opposite to the hypotenuse 

of all the right-angled triangles that have the same hypoten- 
use. 

19. A ladder stands upright against a perpendicular walL The foot 

of it is gradually drawn outwards till the ladder lies on the 
ground. Prove that the middle point of the ladder has 
described part of the O** of a circle. 

20. Find the locus of the points at which two equal segments of a 

straight line subtend equal angles. 

21. A straight line of constant length remains always parallel to 

itself, while one of its extremities describes the O^ of a circle. 
Find the locus of the other extremity. 

22. Find the locus of the vertices of all the triangles which have the 

same base BC, and the median from B equal to a given 
length. 

23. The base and the difference of the two sides of a triangle are 

given ; find the locus of the feet of the perpendiculars drawn 
from the ends of the base to the bisector of the interior 
vertical angle. 

24. The base and the simi of the two sides of a triangle are given ; 

find the locus of the feet of the perpendiculars drawn from 
the ends of the base to the bisector of the exterior vertical 
angle. 

25. Three sides and a diagonal of a quadrilateral are given : find the 

locus (1) of the undetermined vertex, (2) of the middle point 
of the second diagonal, (3) of the middle point of the straight 
line which joins the middle points of the two diagonals. 
(Solution8 raisonnSes dea ProbUmea inoncSa dans lea EUmenta 
de 04o7n4trie de M, A, Amtot, 7^e ed. p. 124.) 



Digitized by 



Google 



112 



BOOK 11. 



DEFINITION'S. 

1. A rectangle (or rectangular parallelograin) is said tx) 
be contained by any two of its conterminous sides. 

Thus the rectangle ABCD is said to -^.i iB 

be contained hy AB and BC; or by BC 

and CD; or by CD and DA ; or by jv| 

DA and AB. 

The reason of this is, that if the lengths of any two conterminous 
sides of a rectangle are given, the rectangle can be constructed ; or, 
what comes to the same thing, that if two conterminous sides of one 
rectangle are respectively equal to two conterminous sides of another 
rectangle, the two rectangles are equal in all respects. The truth 
of the latter statement may be proved by applyiog the one rectangle 
to the other. 

2. It is oftener the case than not, that the rectangle con- 
tained by two straight lines is spoken of when the two 
straight lines do not actually contain any rectangle. When 
this is so, the rectangle contained by the two straight lines 
will signify the rectangle contained by either of them, and 
a straight line equal to the other, or the rectangle contained 
by two other straight lines respectively equal to them. 



Fig.1. 



Fig. 2. 
0] iD 



Fig. 8. 
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Thus ABEF (fig. 1) may be considered the rectangle contained 
by AB and CD, H BE =^ CD ; CDEF (fig. 2) may be considered 
the rectangle contained by AB and CD, H DE ^ AB; and EFOH 
(fig. 3) may be considered the rectangle contained by AB and CD, if 
EF = AB and FO = CD. 

3. As the rectangle and the square are the figures which 
the Second Book of Euclid treats of, phrases such as ' the 
rectangle contained hj AB and .4(7,' and *the square 
described on AB^ will be of constant occurrence. It is 
usual, therefore, to employ abbreviations for these phrases. 
The abbreviation which will be made use of in the present 
text-book* for *the rectangle contained by AB and BG^ is 
AB'BC, and for * the square described on AB^^ ABK 

4. When a point is taken in a straight line, it is often 
called a point of section, and the distances of this point 
from the ends of the line are called segments of the line. 

D 

A 1 B 



Thus the point of section D divides AB into two segments AD 
taidBD. 

In this case AB is said to be divided internally at D, and AD and 
BD are called internal segments. 

The given straight line is equal to the sum of its internal seg- 
ments ; for AB = AD + BD, 

5. When a point is taken in a straight line produced, it 
is also called a point of section, and its distances from the 
ends of the line are called segments of the line. 

A B D D A B 



Thus D is called a point of section of AB, and the segments into 
which it is said to divide AB are AD and BD. 

* In certain written examinations in England, the only abbreviation 
allowed for 'the rectangle contained by AB and BC* is reci AB, BC, 
and for * the square described on AB,* sq. on AB ; the pupil, therefore, if 
preparing for these examinations, should practise himself in the use of 
Buoh abbreyiations. 
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In this case, AB is said to be divided exUmaUy at A ftnd 
AD, BD are called external segmerUa. 

The given straight line is equal to the difference of its external 
segments ; for AB = AD - BD, or BD - AD. 

6. When a straight line is divided into two segments, 
such that the rectangle contained by the whole line and 
one of the segments is equal to the square on the other 
segment, the straight line is said to be divided in medial 
section.* 

A 5 B 



Thus, if ^j5 be divided at ff into two segments AH and BH, 
such thai AB • BH = AH\ AB is said to be divided in medial 
section at H. 

It will be seen that ^^ is internally divided at H; and in 
general, when a straight line is said to be divided in medial section, 
it is understood to be internally divided. But the definition need 
not be restricted to internal division. 

B[ A B 

Thus, il ABhe divided at H' into two segments AH' and BH\ 
such that AB • BH' = AH'^, AB in this case also may be said to be 
divided in medial section. 

7. The projection t of a point on a straight line is the 
foot of the perpendicular drawn from the point to the 
straight line. . 



B- 



D 

Thus D is the projection of A on the straight line BO. 
8. The projection of one straight line on another straight 

* The phrase, 'medial section,' seems to be due to Leslie. See his 
Elements of Geometry (1809), p. 66. 

+ Sometimes the adjective 'orthogonal' is prefixed to the word pro- 
jection, to distinguish this kind from otherst 
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line is that portion of the second intercepted between per- 
pendiculars drawn to it from the ends of the first. 



Fig. L 



Fig. 2. 




EG HK LFEA HK DF 

Thus the projections of AB and CD on EF are, in fig. 1, OH and 
KL ; in iig. 2, AH and KD. 

While the straight line to be projected must be limited in length, 
the straight line on which it is to be projected must be considered 
as unlimited. 

9. If from a parallelogram there be taken away either 
of the parallelograms about one of its diagonalS| the 
remaining figure is called a gnomon. 

A C B A C B 



a 


/ 








D FED F B 

Thus if ADEB is a ir, BD one of its diagonals, and HF, CK 
II"" about the diagonal BD^ the figure which remains when HF or 
CK is taken away from ADEB is called a gnomon. In the first 
case, when HF is taken away, the gnomon ABEFOH (inclosed 
within thick lines) is usually, for shortness* sake, called AKF or 
HCE ; in the second case, when CK is taken away, the gnomon 
ADEKOC would similarly be called AFK or CHE, 

The word 'gnomon' in Greek means, among other things, a 
carpenter's square,* which, when the ||^ ADEB is a square or a 

* Another less known figure was, from its shape, called by the ancient 
geometers, ' the shoemaker^s knife.' See Pappus, lY. section 14. 
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rectangle, the figure AKF resembles. The only gnomons mentioned 
by Euclid in the second book are parts of squares. 

The more general definition given by Heron of Alexandria, that a 
gnomon is any figure which, when added to another figure, produces 
a figure similar to the original one, will be partly imderstood after 
the fourth proposition has been read. 



PEOPOSITION 1. Theorem. 

If there he two straight lines, one of which is divided inter- 
nally into any number of segments^ the rectangle corv- 
tained by the two straight lines is equal to the rectangles 
contained by the undivided line and the several segments 
of the divided line, 

E F D 



L .,.J— J. 



G 



Let AB and CD be the two straight lines, 
and let CD be divided internally into any number of seg- 
ments GE, EF, ED: 

it is required to prove AB'CD = AB* CE + AB-EF 
+ AB.ED. 

From C draw CG ± CD and = AB; I. 11, 3 

through G draw GH \\ CD, 
and through E, F, D dra^^ EK, FL, DH \\ CG. L 31 

Then CH = OK + EL + FH; L Ax. 8 

that is, GC' CD = GC* CE + KE'EF+ LF- ED. 
But GCy KEy LF are each = AB ; Const., I. 34 

.-. AB' CD = AB'CE+ AB-EE + AB- ED. 
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ALGBBBAICAL ILLUSTTBATIOK. 

Let AB = ayCD = b,CE=c, EF^ d, FD = e; 
then 6 = c + d + «. 
Now AB'CD = db, 

and AB'CE + AB'EF + AB • J!Z> =s oc + ad + oe. 
But since b = c + d + e, 

.*. ab = ac + ad + ae; 

/. AB'CD = AB*CE+AB'EF+AB'FD. 

1. The rectangle contained by two straight lines is eqoal to twice 

the rectangle contained by one of them and half of the other. 

2. The rectangle contained by two straight lines is equal to thrice 

the rectangle contained by one of them and one-third of the 
other. 

3. The rectangle contained by two equal straight lines is equal to 

the square on either of them. 

4. If two straight lines be each of them divided internally into any 

number of segments, the rectangle contained by the two 
straight lines is equal to the several rectangles contained by 
all the segments of the one taken separately with all the 
segments of the other. 



PEOPOSmON 2. Theorem. 

If a straight line be divided internally into any two segments^ 
the square on the straight line is equal to the sum of the 
rectangles contained by the straight line and the two 



A 



D 



—.J 
E 



Let AB be divided internally into any two segments 
AG, GB: 
it is required tojprove AB^ = AB . AG + AB* CB, 
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L 

D 



F 



E 



On AB describe the square ADEBy I. 46 

and through C draw CF \\ AD, meeting Dl! at F. 7. 31 
Then AE =^ AF + GE; I. Ax. 8 

that is, AJ^ = DA'AG+ EB-GB. 
But DA and EB are each = ^5; 
.\A^^AB*AG+AB*GB. 

ALGEBRAICAL ILLTTSTRATION. 

Let^(7=a,(75 = 6; 
then AB = a + 6. 

Now, AB^ = (a + 6)8 = a^ + 2a6 + 6«, 

and -45 .-4(7 + ^5 . (75 = (a + 6) a + (a + 6) 6 = a* + 2aft + 6«; 
.-. AB^ = AB^AO + AB*CB. 



.AB, 



1. Prove this proposition by taking another straight line s 

and using the preceding proposition. 

2. If a straight line be divided internally into any three segments, 

the square on the straight line is equal to the sum of the 
rectangles contained by the straight line and the three 



3. If a straight line be divided internally into any number of 

segments, the square on the straight line is equal to the sum 

of the rectangles contained by the straight line and the 

several segments. 

Show that the proposition is equivalent to either of the following : 

4 The square on the sum of two straight lines is equal to the two 
rectangles contained by the sum and each of the straight lines. 

5. The square on the greater of two straight lines is equal to the 
rectangle contained by the two straight lines together with 
the rectangle contained by the greater and the difference 
between the two. 
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PEOPOSITION 3. Thborem. 

If a straight line he divided externally into any two segment s^ 
tJie square on the straight line is equal to the difference 
of the rectangles contained by the straight tins and the 
two segments. 




D B F 

Let AB be divided externally into any two segments 
AC, GB: 
it is required to prove AB^ = AB • AC — AB . OB, 

On AB describe the square ADEB, L 46 

and through C draw CF || AD, meeting DE produced at 
F. L 31 

Then AE = AF - OE; I, Az, 8 

that is, AB^^DA^AG" EB'CB, 
But DA and EB are each = AB ; 
.', AB^ ^^AB'AG" AB' CB, 

Note. — The enunciation of this proposition nsnally given is : 
If a straight line be divided into any two parts, the rectangle 
contained by the whole and one of the parts is equal to the rectangle 
contained by the two parts together with the square on the afore- 
said part 
That is, in reference to the figure, 

AG'AB=.AB* + AB>BG, 
an expression which can be easily derived from that in the text 

ALGEBRAICAL ILLUSTRATION. 

Let^a=o, GB = b; 
then AB = a - 6. 
Now, ^5» - (a - 6)2 = a» - 2aft + &2, 
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2a6 + 6«; 



and AB^AG - .45.05 = (o - 6) a - (o - 6) 6 = a« 
.\AE^^AB'AG'-AB*CB. 

1. Prove this proposition by taking another straight line = AB^ 

and using the first proposition. 
Show that the proposition is equivalent to either of the 
following : 

2. The rectangle contained by the sum of two straight lines and 

one of them is equal to the square on that one together with 
the rectangle contained by the two straight lines. 

3. The rectangle contained by two straight lines is equal to the 

square on the less together with the rectangle contained by 
the less and the difference of the two straight lines. 



PEOPOSITION 4. Theorem. 

If a straight line he divided internally into any two segments^ 
the square on the straight line is equal to the squares on 
the tioo segments increased by twice the rectangle con- 
tained by the segments. 

A OB 



Hi- 



L ^ 




/ 

\ 
\ / 

t ........ 


i 



D F B 

Let AB be divided internally into any two segments 
AC, CB: 
it is required to prove AB^ ^AC^ + CE^ + 2 AC* GB. 

On AB describe the square ADEB, and join BD, L 
Through C draw CF \\ AD, meeting DB at G; 
and through G draw HK \\ AB, meeting DA and EB 
at H and K. L 

Because OG \\ AD, .\ l CGB = l ADB; L 



46 



and because AD = AB^ .\ L ADB = l ABD ; 



31 

29 

J. 6 
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.-. L CGB = L ABB, 
= L CBG; 
CB = CG. I. 6 

Hence the ||™ OK, having two adjacent sides equal, has 
all its sides equal. 7. 34 

But the II" CK has one of its angles, KBG, right, 
since l KBG is the same as l ABE; 
.-. it has all its angles right; 7. 34 

•/. the IP OE' is a square, and = CBl 7. Def. 32 

Similariy, the Ip TTF is a square, and = HG^ = AC^. 
Again, the |r AG = AG- GG = AG- GB; 

GE = AG* GB; 7. 43 

AG+GE=2 AG' GB. 
Now AB^ = ADEB, 

^HF+GK + AG+ GE, I. Ax. 8 
= AG^, + GB^ + 2 AG' GB. 

CoR. 1. — ^The square on the sum of two straight lines is 
equal to the sum of the squares on the two straight lines, 
increased by twice the rectangle contained by the two 
straight lines. 

For a AG and GB be the two straight lines, 
then their sum =^ AG + GB = AB. 
Now since AB^ = AG^ + GB^ + 2 AG - GB, ,11.4: 

.'. {AG + GBf = AG^ + 0^ + 2 AG- GB. 

Cob. 2. — ^The jp about a diagonal of a square are them- 
selves squares. 
[It is recommended that II. 7 be read immediately after II. 4.] 



OTHERWISE: 



C 



AB^^ AB'AC + AB'BG, 77.2 

= {AG 'AG + BG'AG) + {AG . BG + BG - BG), II. 3 
^AG^^BG^ +2AG'BG. 
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ALGEBRAICAL ILLUSTRATION. 

Let .4(7 =0,05 = h; 
then AB = o + 6. 

Now AB^ = (a + 6)2 = a^ + 2a6 + 6«, 
and AG^ + C75» + 2AG'CB = o2 + 6» + 2a6/ 
/. ^^ = -4Ca + C7^ + 2^a.C75. 

1. Name the two figures which form the sum of the squares on AC 

and CB. 

2. Name the figure which is the square on the sum of .4(7 and GB. 

3. Name the figure which is the difference of the squares on AB 

and AG. 

4. Name the figure which is the difference of the squares on AB 

and BG. 

5. Name the figure which is the square on the difference oiAB and 

AG. 

6. Name the figure which is the square on the difference oi AB and 

BG. 

7. By how much does the square on the sum oiAG and GB exceed 

the sum of the squares on. AG and GB ? 

8. Show that the proposition may be enunciated : The square on 

the sum of two straight lines is greater than the sum of 
the squares on the two straight lines by twice the rectangle 
contained by the two straight line& 

9. The square on any straight line is equal to four times the square 

on half of the line. 

10. If a straight line be divided internally into any three segments, 

the square on the whole line is equal to the squares on the 
three segments, together with twice the rectangles contained 
by every two of the segments. 

11. Illustrate the preceding deduction algebraically. 



PEOPOSITION 6. Theorem. 

If a straight line he divided into two equal, and also inierncHly 
into two unequal segments, the rectangle contained by 
the unequal segments is equal to the difference between 
the square on half tJie line and the square on the line 
between the points of section. 
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Let AB be divided into two equal segments AC, CB, 
and also internally into two unequal segments AD, DB: 
it is required to jprove AD . DB = CB^ - GL^, 

On GB describe the square CEFB, and join BE. L 46 
Through D draw DHQ \\ GE, meeting EB and EF at 
H and G; 

through H draw MHLK \\ AB, meeting FB and EG at 
MdJoAL; 
and through A draw -4^ || GL. 



Then 



But 



AD'DB^AD'DH, 
^AH, 
= -4L + a^, 

= OAf + jEF, 
= gnomon GMG. 
GB^ - GD^ = (7^^ - LZr^, 

= GEFB - LjE;^^^, 
= gnomon GMG. 
AD'DB ^ GB^ " GD\ 



7.31 
IL 4. Cbr. 2 

I. Ax. 8 

/. 36, 43 

J. ^a;. 8 

J. 34 

/. Ax. 8 



Cor. — The difference of the squares on two straight lines is 
equal to the rectangle contained by the sum and the differ- 
ence of the two straight lines. 

Let AG and GD be the two straight lines : 
it is required io jprove 
AG^ - ai)2 = {AG + GD) . (AC - GD). 
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AG+ CD=: AD, 

and AC - CD = GB " CD = DB; 

.'. (AC + CD) . (AC - CD) = AD . DB, 

== CB^- CD^, 
= AC* - CD^. 



II. 6 



^ ALGEBRAICAL ILLUSTRATION. 

Let AG=CB^ a, CD = b; 
then AD = a+ 6, and X)j5 = o - 6. 
Now^D .2)5 = (a + 6) (a - 6) = a« -6«, 
and Ofia- 02)3 = o«-62; 
.'.AD'DB^CB^-- CD\ 

1. By how much does the rectangle AG * GB exceed the rectangle 

AD • DB ? The rectangle contained by the two internal 
segments of a straight line is the greatest possible when the 
segments are equal (Pappus, VIL 13.) 

2. The rectangle contained by the two internal segments of a 

straight line grows less according as the point of section ia 
removed farther from the middle point of the straight line. 
(Pappus, VIL 14.) 
X Prove that AG = half the sum and GD = half the difference of 
AD and DB. 

4. Name two figures in the diagram, each of which = the rectangle 

contained by half the sum, and half the difference of AD and 
DB. 

5. Name that figure in the diagram which is the square on half the 

sum of AD and DB, 

6. Name that figure in the diagram which is the square on half the 

difference of AD and DB, 
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7. Henoe show that the proposition may be enimciated : The rect- 

angle contained by any two straight lines is equal to the 
square on half their sum diminished by the square on half 
their difference. 

8. The perimeter of the rectangle AD • DB = the perimeter of the 

square on CB, 

9. Hence show that if a square and a rectangle have equal peri- 

meters, the square has the greater area. 
Construct a rectangle equal to the difference of two given 

squares. 
By means of the first deduction above, and H. 4, show that the 

sum of the squares on the two segments of a straight line is 

least when the segments are equal 
12. The square on either of the sides about the right angle of a 

right-angled triangle, is equal to the rectangle contained by 

the sum and the difference of the hypotenuse and the other 

side. 



10. 



11, 



PEOPOSITION 6. Thborem. 

If a straight line be divided into two equaly and also exter- 
nally into two uneqtuil segments^ the rectangle con- 
tained by the uneqval segments is equal to the difference 
between the square on the line between the points of 
section and the square an half the line, 
K L M H 



E F O 

Let AB be divided into two equal segments AOy OB, and 
also externally into two unequal segments AD, BD: 
it is required to prove AD-DB = CL^ - C5*. 

On GB describe the square CEFB, and join BE, L '' 
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0; 



B 



S^ 



B F G 

Througli D draw HDG \\ CE, meeting EB and EF 
at H and O; 

through H draw HMLK \\ AB, meeting 2^5 and 
duced at M and L ; 
and through il draw AK || (7Zr. 

Then AD'DB = AD>DH, IL 

^AH, 
^AL+ OH, 
r=CM+ HF, 
= gnomon CMG, 
But CL^ - GB^^ LH^ - (LB^, 

= LEGH - C^i^J5, 
= gnomon GMG. 



produced 

EG pro- 

7.31 
7, Oor. 2 

J. ^a;. 8 

/. 36, 43 

/. Ax. 8 

7.34 

7. Ax. 8 



CoR. — The difference of the squares on two straight lines 
is equal to the rectangle contained by the sum and the 
difference of the two straight lines. 

Let AG and GD be the two straight lines : 
it U required to prove 
GB^ "AG^^ (GD + AG) • {GD - AC). 

GD + AG^ AD, 

QndGD- AG^ GD^ GB ^ DB ; 

.'. {GD + AG) . {GD - AG) = AD-DB, 

= CD2 _ O^, 77 6 

'^CD^" AG\ 
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OTHEBWISB : ' 
A C B 

Let AB he divided into two equal segments AC, CB, and also 
externally into two unequal segments AD, DB : 
U is required to prove AD-DB^ CJD^ - CjB». 

Produce BA to E, making AE = BD. L 3 

Then EG = CD, and EB = AD. 
Now, because EB is divided into two equal segments EC, CD, and 
also internally into two unequal segments EB, BD, 
,\ EB'BD^CD^-CB^; //. 6 

.-. AD'BD = CD^- C&, 

ALGEBRAICAL ILLX7STRATI0N. 

Let AG=iCB = a, CD = b; 
then AD = 6 + a, and DB = B - a. 
Now ^i> .i>5 = (6 + a) (6 - a) = 6» - a^ 
RndCD^-CB^^I^-a^j 
.'.AD'DB^CD'-CB^, 

1. Does the rectangle AD • DB exceed the rectangle AC • CB? 

Examine the various cases. 

2. The rectangle contained by the two external segments of a 

straight line grows greater according as the point of section 
is removed farther from the middle point of the straight 
line. 

3. Prove that AC = half the difference, and CD = half the sum of 

AD and DB. 

4. Name two figures in the diagram each of which = the rectangle 

contained by half the sum and half the difference oi AD and 
DB. 

5. Name that figure in the diagram which is the square on half the 

sum ol AD and DB, 

6. Name that figure in the diagram which is the square on half the 

difference oi AD and DB, 

* Due to Mauridus Brescius (of Grenoble), a professor of Mathematics 
in Paris (probably about the end of the sixteenth century). 
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7. Hence, show that the proposition may be enunciated: The 

rectangle contained by any two straight lines is equal to 
the square on half their sum diminished by the square on 
half their difference. 

8. The perimeter of the rectangle AD • DB = the perimeter of the 

square on CD. 



PEOPOSITION 7. Theorem. 

If a straight line he divided externally into any two seg- 
ments, the square on the straight line is equal to the 
sqwires on the two segments diminisJied by twice the 
rectangle contained by the segments. 
H KG 



Ak- 






40 



D " B"" F 

Let AB be divided externally into any two segments 
AC, CB: 
it is required to prove AB^ = AO^ + OB^ - 2 AC- CB. 

On AB describe the square ADEB, and join BD. L 46 
Through C draw CF \\ AD, meeting DB produced at G; 
and through G draw HK \\ AB, meeting DA and EB pro- 
duced at ^ and ^. 7.31 

Because CG \\ AD, .-. l CGB = l ADB ; I. 29 

and because AD = AB, .-. l ADB = l ABD; L 5 
.-. L CGB = L ABD, 

= L CBG; L 15 

CB = CG. L 6 

Hence the ||" CK, having two adjacent sides equal, has all 

its sides equal. /. 34 
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But the IP" CK has one of its angles, KBC^ right, 
since l KBG = l ABE; L 15 

.* . it has all its angles right ; /. 34 

.-. the 11"^ OK" is a square, and = CB^. I Def, 32 

Similarly, the H*" HF is a square, and = HGP = ACK 
Again, the r ^^ = ^C- CG = AG- CB; 

GE = AC' GB; L 43 

AG+GE^2 AG' GB. 
Now AB^ = ADEB, 

= HF+ GK-AG- GE, L Ax. 8 
= -4C2 + Cfi2 - 2 AG' CB. 

Cor. 1. — ^The square on the difference of two straight 
lines is equal to the sum of the squares on the two straight 
lines diminished by twice the rectangle contained by the 
two straight lines. 

For H AG and GB be the two straight lines, 
then their difference «= AG - CB = AB. 
Now since A& ^ AG^ + CB^ - 2 AC- GB, 11. 7 
(AC - GBy ^AG^+G&-'2 AG* GB. 

Cor. 2. — ^The |f" about a square's diagonal produced are 
themselves squares. 



OTHJEBWISB: 



B 

I 



il5«=« AB'AO - AB>BO, ILZ 

= (AG 'AC - EC' AC) - {AO'BG-BC'BG), 11. 2, 3 

^ AC^ ^' BC^ " 2 AG ' EC. 

ALGEBRAICAL ILLX7STRATI0N. 

Let ^(7 = 0, CB^b; 
then AB = a - 6. 

Now AB^ = (a - 6)« = a« - 2a6 + 6«, 
and AO* ■¥C&-2A0'CE = a' + l^- 2ab; 
.'. AB* = AO* +CB*'-2A0' CE. 
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1. Name the two figures which form the sum of the squares on AG 

• and CB. 

2. Name the figure which is the square on the difference ot AG 

and CB. 

3. Name the figure which is the difference of the squares on ^^ 

and^a 

4. Name the figure whicli is the square on the difference oi AB 

and AG. 

6. By how much is the square on the difference of AG and GB 

exceeded by the sum of the squares on ^C7 and GB ? 
Show that the proposition may be enunciated : The square on 
the difference of two straight lines is less than the sum of 
the squares on the two straight lines by twice the rectangle 
contained by the two straight lines. 

7. The sum of the squares on two straight lines is never less than 

twice the rectangle contained by the two straight Hues. 

8. If a straight Hue be divided internally into two segments, and 

if twice the rectangle contained by the segments be equal to 
the sum of the squares on the segments, the straight line is 
bisected. 



6. 



PEOPOSITION 8. Theorem. 

The square on the sum of two straight lines diminished by 
the square on their difference, is equal to four times the 
rectangle contained by the two straight lines. 



1...N 


j 

7-] 
i 
.... I 


j. — -^ 

1 

1 

1 

1 

1 » 


j 



—^ {B 



D 



E G 

Let AB and BC be two straight lines : 
it is required to prove {AB + BCf - {AB - BC)^ 
4 AB . BG. 
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Place AB and BC in the same straight line, 
and on AG describe the square ACDE, /. 46 

From CD, DE, EA cut off CF, DG, EH each = AB; I. 3 
through ^ and G^ draw BL, GN \\ AE, 
and through F bsiA H draw FM, HK || AG. L 31 

Then all the ||"" in the figure are rectangles. /. 34, Cor, 
Now because GD, DE, EA are each = ^(7, /. Def, 32 

and GF, DG, EH are each = AB; Gonst. 

DF, EG, AH are each = BG; 
.', the four rectangles AK, GL, DM, EN are each 
= AB'BG. 

Because AG = AB + BG, 
.-. AGDE = AG^ = {AB + BGf. 

Because BL, FM, GN, HK are each = AB, L 34 

and BK,FL,GM,HNaxeegich=^BG; 7.34 

KL, LM, MN, NK are each = ^^ - BG ; 
,\ the rectangle KLMN is a square, and = (AB - BG)\ 
Hence {AB + BGf - {AB - BGf = AGDE - JTZriRfiV; 

= AK^ GL-^- DM -{- EN, 
= 4AB'BG. 



OTHERWISE: 

(^J? + BC)^ = AB" + B0» + 2AB' BO, IL 4, Cor. I 

{AB - BO*=^AB» +BC* ^ 2AB*Ba IL 7, Cor. 1 

Subtract the second equality from the first ; 
then {AB + BC)* - {AB - BC)* ^^AB^ BC. 



ALGEBRAICAL ILLUSTRATION. 

Let -45 = 0,5(7= 6; 
then AB + BC =i a -{- b, and AB - BC = a -- h. 
Now (AB + BC)* - {AB - 5C)« = (a + b)* - (a - 6)' = 4a6, 
9,nd 4 AB'BC=4ab; 
.-. (^5 + 5C)« - {AB - 5C7)« =- 4^5 . BC. 
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1. Name the fignre which is the square on the sum of AB and BC. 

2. Name the figure which is the square on the difiference of AB 

and BC. 

3. Name the figures by which the square on the sum of AB and 

BG exceeds the square on the difference of AB and BG. 

4. By how much does the square on the sum of AB and BC exceed 

the sum of the squares on AB and BCf 

5. By how much does the sum of the squares on AB and BC 

exceed the square on the difference oi AB and Bd 



PROPOSITION 9. Theorem. 

If a straight line be divided into two equals and also inter- 

nally into two unequal segmeniSy the sum of the squares 

on the two unequal segments is double the sum of the 

squares on half the line and on the line between the 

points of section. 

£ 



A CD B 

Let AB be divided into two equal segments AC, CB, and 
also internally into two unequal segments AD, DB: 
it is required to prove AD^ + DB^ = 2 AC^ + 2 CD^. 

From C draw CE ± AB, and = AO or CB, I, 11, 3 
and join AE, EB. 

Through D draw DF \\ GE, meeting EB at F; L 31 

through F draw FG || AB, meeting EC at G; L 31 

and join AF, 

(1) To prove l AEB right 
Because l AGE is right, 
.\ L GAE + L GEA = a right angle. /. 32 
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But iL CAE^ L CEA; 7.5 

.*. each of them is half a right angle. 
Similarly, l GBE and l CEB are each half a right angle ] 

.-. iL -4-E5 is right. 

(2) To prove EG = GF, 

L EGF is ri^ht, because it = z. ECB; L 29 

and L GEF was proved to be half a right angle ; 
.-. L GFE is half a right angle ; 7. 32 

.-. L GEF^ L GFE; 

EG = GF. L 6 

(3) To prove DF = DB. 

L FDB is right, because it = z. ECB; 7. 29 
and L DBF\ahsi\i a right angle, being the same as l CBE; 

.-. L DFB is half a right angle; 7. 32 
.-. L DBF = L DFB; 

DF = DB. L 6 

NoWili>2 + Z>^ « AD^ -{- DF^, (3) 

AF\ L 47 

« AE^ + EF^, L 47, (1) 

= AC^ + CE^ +EG^ + GF^, L 47 

2 ^a^ + 2 GF^, Const., (2) 

2AC^ + 2CD^. 7 34 

otherwisb: 
Consider ^C and CD as two straight lines; 
then AD ^ AC ^^ CD, 
and DB^CB - CD^AC - CD, 

Hence^7)2 = (^a+ CD)^ ^ AC^ ^ CD^ + 2 AC * CD, ILA^Cor, 1 
and DB^=^{AC-CD)^:=AC^ + CD^"2AC'CD, IL1,Cor.l 
Add the second equality to the first ; 
then AD^ + DB^ = 2AC^ + 2 CD\ 

ALGEBRAICAL ILLUSTBATION. 

Let AC==GB=^ a, CD = h; 
then AD = a + 5, and DB ss a - h. 
Now AD» + D& = (a + 6)3 + (a - b)^ = 2a2 + 26", 
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and 2il(7» + 2C72)« = 2aa + 26>; 
.-. AJy^ -^ DB^ = 2AC^ + 2Cm 

1. Show that the proposition may be enunciated : The square on 

the sum together with the square on the difference of two 
straight lines = twice the sum of the squares on the two 
straight lines. Or, The sum of the squares on two straight 
lines = twice the square on half their sum together with 
twice the square on half their difference. 

2. By how much does AD^ + DB^ exceed AC^ + C5»? 

3. The sum of the squares on two internal segments of a straight 

line is the least possible when the straight line is bisected. 

4. The sum of the squares on two internal segments of a straight 

line becomes greater and greater the nearer the point of 
section approaches either end of the Una (Euclid, x. Lemma 
before Prop. 43.) 

6. Prove that AD^ + DB^ = 4GIfi + 2AD'DB. 

6. In the hypotenuse of an isosceles right-angled triangle any point 
is taken and joined to the opposite vertex ; prove that twice 
the square on this straight line is equal to the sum of the 
squares on the segments of the hypotenuse. 



PROPOSITION 10. Theorem. 

If a straight line be divided into two equals and also exter- 
nally into two unequal segments^ the sum of the squares 
on the two uneqxial segments is double the sum of the 
squares on half the line and on the line between the 
points of section, j. 



''p\ 





/' ' *^ 


'\ 




/ 




*\ 












/ 




^^ 












/ 


;c 




-iS^i 




!— , 




.r"_VJi:»Ca» 



Let AB be divided into two equal segments -4(7, C7J5, and 
also externally into two unequal segments AD^ DB : 
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it 18 required to prove AD^ + DB^ = 2 ACf^ + 2 CD^. 

From G draw CE ± AB, and = AC or GB, /. 11, 3 
and join AE, EB. 

Through D draw DF\\ GE, meeting EB produced 
at F; I. 31 

through F draw FG || AB, meeting EG produced 
at G; L 31 

and join AF, 

(1) To prove l AEB right. 
Because l AGE is right, 

.-. L GAE + L GEA = a right angle. /. 32 

But L GAE = L GEA; I. 5 

. *. each of them is half a right angle. 
Similarly, l GBE and l GEB are each half a right angle ; 

/. L AEB is right. 

(2) To prove EG = QF, 

L EGF is right, because it = z. EGB; L 29 

and L GEF was proved to be half a right angle ; 
.*. L GFE is half a right angle; J. 32 

.-. L GEF = L GFE; 

EG = GF. L 6 

(3) To prove DF = DB, 

L FDB is right, because it = z. EGB; L 29 
and L DBF is half a right angle, being = l GBE; /. 15 

.'. L DFB is half a right angle; /. 32 
.•. L DBF^ L DFB; 

DF^DB. 1.6 

Kow AD^ + DB^ - AD^ + DF\ (3) 

AF^ I. 47 

= AE^ + EF\ I. 47, (1) 

« AG^ + GE^ + EG^ + GF^, I. 47 

2AG^+2GF^, Const, (2) 

2AG^ + 2GD^. Z34 
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OTHERWISE : 

Consider AC and CD as two straight lines ; 
then AD = GD + AG, 
and DB^zCD^CB^CD" AG. 
Hence AlD^ = {PD + ACY^GD^ + AG^ + 2GD'AG; 
and D&={GD - AG)^=CD^ + AG^ --2CD'AG. 
Add the second equality to the first ; 
then AD* + DB^ ^ 2GD^ + 2AG\ 



II A, Cor. i 
11. 7, Cor. I 



B — 



O 



6 



-D 



Let AB be divided into two equal segments AG, CB, and also 
externally into two unequal segments AD, DB: 
it is required to prove AD^ + DB^ = 2 AG* + 2 CD*. 

Produce BA to E, making AE = BD. I. 3 

Then EG = CD, and EB = AD. 
Now because ED is divided into two equal segments EG, CD, and 
also internally into two unequal segments EB, BD; 
.-. EB^ + BD^ = 2EG* +2CB»; 11.9 

.•• AD^ + Bm s= 2 C2>a + 2AG\ 

ALGEBBAIOAL ILLUSTBATION. 

Let AG^GB:=z a, GD^b; 
then AD s 6 + a, and DB s 6 - a. 
Now AD^ + DB^ = (6 + a)« + (6 - a)» = 269 + 2a«, 
and2^0a + 2(72>» = 2 a« + 26^; 
.•• ili)» + i>52 = 2^(7a + 2a2>a. 

* Clavii Commentaria in Eiididis EUmenta Oeometrica (1612), p. 93. 
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1. Show that the proposition may be enunciated : The square on 

the sum together with the square on the difference of two 
straight lines = twice the sum of the squares on the two 
straight lines. Or, The sum of the squares on two straight 
lines = twice the square on half their sum together with 
twice the square on half their difference. 

2. By how much does AD^ + DB^ exceed -4C* + CB^ T 

3. The sum of the squares on two external segments of a straight 

line becomes less and less the nearer the point of section 
approaches either end of the line. 

4. Prove that AD^ + D& ^ ^ CL^ ^ 2AD' DB. 

5. In the hypotenuse produced of an isosceles right-angled triangle, 

any point is taken and joined to the opposite vertex ; prove 
that twice the square on this straight line is equal to the sum 
of the squares on the segments of the hypotenuse. 



PEOPOSITION 11. Problem. 

To divide a given straight line internally and externally* in 
medial section. 
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Let AB be the given straight line : 
it is required to divide it in medial section, 

* The seoond part of this proposition is not given by Eudid. 
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(1) Internally: 

On AB describe the square ABDC, L 46 

Bisect iia at ^/ /. 10 

join EB, and produce CA to F, making EF = EB. L 3 
On AF (the difference of EF and ^^) describe the 
square AFGH, L 46 

H is the point required. 

Complete the rectangle FL. 

Because CA is divided into two equal segments CEy EA^ 
and also externally into two unequal segments CFy FA ; 

GF> FA = EF'^ - EA\ 11, 6 

^ EB^^ EA\ 

^AB^; JAI.Cor. 

that is, CF'FQ = AB^i 

that is, C(? = AD, 

From each of these equals take AL; 

FH = HD; 
that is, AH^ = DB*BH, 

^AB^BH. 

(2) Externally : 

On il^ describe the square ABDC. I. 46 

Bisect ilC at ^/ /. 10 

join EB, and produce AC to F\ making JEF' = ^J5. /. 3 
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On AF' (the sum of EF' and EA) describe the square 
AF'O'ir, L 46 

H' is the point required. 
Complete the rectangle F'L\ 

Because CA is divided into two equal segments CE, EA, 
and also externally into two unequal segments CF\ F*A ; 
CF' . F'A = EF"^ - EA\ 11. 6 

=. EB^ " EA\ 

= AB^; /. 47, Cbr. 

that is, Cr^rG^AR^i 

that is, CO' = AD. 

To each of these equals add AL* ; 

F'H' = H'D; 
that is, AH'^ = DB'BH\ 

= AB . BH\ 

Cor. 1. — ^If a straight line be divided internally in medial section, 
and from the greater segment a part be cut off equal to the less 
segment, the greater segment will be divided in medial section. 

For in the proof of the proposition it has been shown that CF * FA 
= ^^, thatis = ^aa; 
.*. CF is divided internally in medial section at A. 

Now, from A By which = AG^ the greater segment of CF^ a part 
AH has been cut off = -4-^, the less segment of CF; 
and AB has been shown to be divided in medial section at H* 

Let ^^ be divided internally in medial section at C7, so that AG 
is the greater segment. 

a F K D 

A I I I ■ I I ^B 

From AG cut off -4D = BG ; then AG is divided in medial section 
at D, and ^i> is the greater segment. 

From AD cut off AE = CD ; then ^i> is divided in medial section 
at Ey and ^^ is the greater segment. 

From AE cut off AF = DE ; then AEv^ divided in medial section 
at Fy and AFia the greater segment, 

J 



Digitized by 



Google 



140 Euclid's elements. [Book n. 

From -4^ cut off -4 G' = EF ; then AFiA divided in medial section 
at O^ and ^G' is the greater segment. 

This process may evidently be continued as long as we please, and it 
will be seen on comparison that it is equivalent to the arithmetical 
method of finding the greatest common measure. That method, if 
applied to two integers, always, however, comes to an end ; unity, in 
default of any other number, being always a common measure of any 
two integers. In like manner any two fractions, whether vulgar or 
decimal, have always some common measure, for instance, unity 
divided by their least common denominator. From these considera- 
tions, therefore, it will appear that the segments of a straight line 
divided in medial section cannot both be expressed exactly either 
in integers or fractions ; in other words, these segments are incom- 
mensurable. 

Cos. 2. — If a straight line be divided internally in medial section, 
and to the given straight line a part be added equal to th6 greater 
segment, the whole straight line will be divided in medial section. 

For this process is just the reversal of that described in Cor. 1, 
as wiU be evident from the following. (See fig. to Cor. 1.) 

Let AF be divided in medial section at O, so that AQ is the 
greater segment. 

To AF add FE, which ^ AG ; then AE is divided in medial 
section at F, and AFia the greater segment. 

To AE add ED, which = AF ; then AD is divided in medial 
section at E, and AE is the greater segment. 

To AD add DC, which = AE ; then AO is divided in medial 
section at D, and ADhs the greater segment. 

To AC add CB, which = AD; then AB is divided in medial 
section at C, and AC\a the greater segment. 



ALGEBRAICAX AFFLICATION. 

Let .45 = a; to find the length of AH or AH'. 
Denote AH by x; then BH = a - x. 
Now, since AB . BH = AH^ 
.*. a (a - a;) = 2^, a quadratic equation, which being solved gives 

_ a(\/5 - 1) - a (\/5'+ 1) 
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The first value of x, which is less than a, since — ^^ is less than 

nnity, corresponds to AH; and the second value of x, which is 

numerically greater than a, since — ^ — is greater than unity, 

corresponds io AIT. The significance of the - in the second value 
cannot be explained here ; it will be enough to say that it indicates 
that AH and ^^ are measured in opposite directions from A, 

The following approximation to the values of the segments of a 
straight line divided internally in medial section, is given in Leslie's 
Elements of Geometry (4th edition, p. 312), and attributed to Girard, 
a Flemish mathematician (17th cent.). 

Take the series 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, &c., where 
each term is got by taking the sum of the preceding two. If any 
term be considered as denoting the length of the straight line, the 
two preceding terms will approximately denote the lengths of its 
segments when it is divided internally in medial section. Thus, if 
89 be the length of the line, its segments will be nearly 34 and 55 ; 
because 89 x 34 = 3026, and 552 = 3025. If 144 be the length of 
the line, its segments will be nearly 55 and 89 ; because 144 x 55 
= 7920, and 898 = 792I. 

1. It is assumed in the construction that a side of the square 

described on AF will coincide with AB, Prove this. 

2. UAB'BH = AH^, prove that AH is greater than BH. 

3. If CH be produced, it will cut BF at right angles. 

4. The point of intersection of BF and CH is the projection of A 

onCH. 

5. It is assumed in the proof of the second part that a side of the 

square described on AF' will be in the same straight line with 
AB, Prove this. 
e.UAB' BH = AH^, prove that AH is greater than AB. 

7. If CH be i)roduced, it will cut BF at right angles. 

8. The point of intersection of BE and CH is the projection of 

A on CH, 

9. Prove that HB is divided externally in medial section at A, 

and HB internally at A, 
10. Hence name all the straight lines in the figure that are divided 
internally or externally in medial section. 



Digitized by 



Google 



142 



EUCLIDS ELEMENTS. 



[Book H 



PROPOSITION 12. Theorem. 

In obtuse-angled triangles, ths square on the side opposite the 

obtuse angle is equal to the sum of the squares on the 

other two sides increased by twice the rectangle contained 

by either of those sides and the projection on it of the 

other side, 

A 




Let ABC be an obtuse-angled triangle, having the obtuse 
angle AGB; and let CD be the projection of GA on BC: 
it is required to prove AB^ = BC^ + CA^ -\-2BC' CD, 

Because BD is divided internally into any two segments 
BC, CD, 

.-. BD^ ^BC^+ CD^ + 2 BC' CD. IL 4 

Adding DA^ to both sides, 

BD^ + DA^ = BC^ + ai>2 + DA^ + 2 BC- CD; 
.-. AB^ ^BC^+ CA^ ^-^BC'CD. /. 47 



ALOEBRAIOAL APPLICATION. 

Let the sides opposite the ib A, B^ChQ denoted by a, &, c, 
so that AB = c,BG = a, CA=b; 

then, since A& = BG^ + CA^ + 2B0- CD, II. 12 

<^^€^ + 62 + 2a. CD; 



CD = ' 



2a 



BD = BC + CD = a -{■ 



c2 - a2 - 62 a2 - 62 + c2 



2a 2a 

Hence, if the three sides of an obtuse-angled triangle are known, 
we can calculate the lengths of the segments into which either side 
about the obtuse angle is divided by a perpendicular from one of the 
acute angles. 
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1. If from B there be drawn BE A, AG produced, then BC • CD 

=^AG'GE. 

2. ABGJO is a ||™ having z ABG equal to an angle of an equilateral 

triangle ; prove BD^ = BG^ + G£l» + BG • GD. 
a If AB^ = AG^ + SGIfi (figure to proposition), how will the 

perpendicular AD divide BG? 
4. If I AGB become more and more obtuse, till at length A falls 

on BG produced, what does the proposition become ? 



PEOPOSITION 13. Theorem. 

In every triangle the square on the side opposite an acute 
angle is equal to the sum of the squares on the other two 
sides diminished by twice the rectangle contained by 
either of those sides and the projection on it of the other 





B D C D B C 

Let ABC he any triangle, having the acute angle AGB ; 

and let CD be the projection of CA on BC : 

it is required to prove A& = BG^ + CA^ - 2BC' CD. 
Because BD is divided externally into any two segments 

BC, CD, 

BD^:^BC^ + CD^ -2BC'CD. 11.7 

Adding DA^ to both sides, 
BD^ + DA^ = BC^ + CD^ + DA^ -2BC' CD; 

.-. AB^ ^BC^i- CA^ --2BC'CD. I. il 



ALGEBRAICAL APPLICATION. 

As before, lefc ^fl = c, BG = a,CA = b; 
then, since AB^ = BG^ + GA^ -2BG- GD, 



IL 13 
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(7i> = - 



(ja = o» + 62 - 2a . CD ; 



(fig. 1) BD = BC-CD^a 



2a 

a? + 63-c» aa-62 + <j2 



2a 2a 



and (fig. 2) BD^GD-BG^ '^''^^"'^ - a = ^' ^" "^^ . 

Hence, from the results of this proposition and the preceding, if the 
three sides of any triangle are known, we can calculate the lengths 
of the segments into which any side is divided by a perpendicular 
from the opposite angle. 

Hence, again, if the three sides of any triangle are known, we can 
calculate the length of the perpendicular drawn from any angle of a 
triangle to the opposite side. 

For example (fig. 1), to find the length of AD. 

AD^ = AO^ - CD^, L 47, Cor. 

_ 4aay-(aa + y-c»)» 
4aa ' 

_ (2a6 + a^-f&g-cg)(2a6-a»-y + c8) 
4a2 ' 

_ {(ga + 2a6 + y) - c«} {c« - (a» - 2a6 + y)} 
4aa 

4aa 
_ (g + 6 + c) (a + 6 - c) (c + g - 6) (c - o + &) . 
4aa ' 

.-. AD = ^ V(« + 6 + c) (a + 6 - c) (o - 6 + c) (6 + c - g). 

This expression for the length of AD may be put into a shorter 
and more convenient form, thus : 

Denote the semi-perimeter of the A ABG by «; 
then g + 6 + c = the perimeter = 2s; 

.-. a + 6-c = a + 6 + c-2c=28-2c = 2(«-c), 

g-5 + c = g + 6 + c-26 = 2«-26 = 2(«-6), 

and 6 + c-g=a + 6 + c-2a=2«-2g=2(«-o). 
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1 



Henc8-4i> = 2^N/2«.2(8-c).2(«- 6).2(«- a), 

= — V* (8 - a) (« - b) {8 - c). 

2 /— _^_^_^— — — — 
Similarly, the perpendicular firom B on 0-4 = -rV« (« — a) (« - 6) («-c) 



and It II Con AB =— V« {a - a) (« - 6) (« - c). 

Hence, lastly, if the three sides of a triangle are known, we can 
calculate the area of the triangle. 
For the area of A ABG = J BC - AD, I. 41, 35 

= |--|-\/«(«-a)(«-t)(«-c), 



= V* (* - ci) (« - 6) (« - c) ; 
which expression may be put into the form of a rule, thus : 

From half the sum of the three sides, subtract each side separ- 
ately ; multiply the half sum and the three remainders together, and 
the square root of the product will be the area.* 

1. If from B there be drawn BE l. AC ox AC produced, then 

BG'CD^AG'CE. 

2. ABGD is a 11°^ having z ABG double of an angle of an equilateral 

triangle ; prove BD^ = BG^ + GD^ - BG • GD, 
a If AB^^AG^-¥ZGD^ (fig. 1 to proposition), how will the 
perpendicular AD divide BG? 

4. If z AGB become more and more acute till at length A falls on 

GB or GB produced, what does the proposition become ? 

5. If the square on one side of a triangle be greater than the sum 

of the squares on the other two sides, the angle contained by 
these two sides is obtuse. (Converse of II. 12.) 

6. If the square on one side of a triangle be less than the sum of 

the squares on the other two sides, the angle contained by 
these two sides is acute. (Converse of II. 13.) 

7. The square on the base of an isosceles triangle is equal to twice 

the rectangle contained by either of the equal sides and the 
projection on it of the base. 

* The discovery of this expression for the area of a triangle is due to 
Heron of Alexandria. See Hultsoh's Heronis Alexandrini . . . rdiquicB 
(Berlin, 1864), pp. 235-237. 
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PROPOSITION 14. Problem. 

To describe a square that shall he equal to a given recHlineal 
figure. 




/' 


* 


N 


/ 


/ 


\ 


1 


/ 


^ 




G 


E 
D 



Let A be the given rectilineal figure : 
it is required to describe a square = A, 

Describe the xectangle BGDE = A. I. 45 

Then, if BE = jKD, the rectangle is a square, and what 
was required is done. 

But if not, produce BE to F, making EF = ED, L 3 

Bisect -Bi?' in G^/ 7.10 

with centre O and radius GF describe the semicircle BHF; 
and produce DE to H. EH^ = A. 

Join GH, 

Because BF is divided into two equal segments BG^ 
GF, and also internally into two unequal segments BE, 
EF; 

BE^EF^ GF'^ - GE\ 11. 5 

= Gm - GE\ 

= EH^, I. 47, Cor. 

BD=^EH^; 
A = EH^, 

1. Prom any point in the arc of a semicircle, a perpendicular is 
drawn to the diameter. Prove that the square on this per- 
pendicular = the rectangle contained by the segments into 
which it divides the diameter. 
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4. 



Divide a given straight line internally into two segments, such 
that the rectangle contained by them may be equal to the 
square on another given straight line. What limits are there 
to the length of the second straight line ? 

Divide a given straight line externally into two segments, such 
that the rectangle contained by them may be equal to the 
square on another given straight line. Are there any limits 
to the length of the second straight line ? 

Describe a rectangle equal to a given square, and having one of 
its sides equal to a given straight line. 



APPENDIX IL 



Proposition 1. 

The sum of the squares on two sides of a triangle is double the sum 
of the squares on half the &««« f^^d on the median to the base,* 

A 




B DEO 

Let ABC be a triangle, AD the median to the base BC: 
it is required to prove AB^ + AG^=^2BD'^ + 2 AL^, 

Draw AE x BG. 

Then AB^ = 52)2 + ^jyit + 2BD' DE, 

and AG^ ^ GD^ + AD^ ^ 2 GD - DE. 



7.12 
//. 12 
//. 13 



But BD^ = GD^, and BD - DE = CD ^ DE, since BD = CD; 
.-. AB^^- AC^=^2BD^ + 2AI^. 

Cor. — ^The theorem is true, however near the vertex A may be to 
the base BC When A falls on BG, the theorem becomes IL 9 ; 
when A falls on BC produced, the theorem becomes II. 10. 

•Pappus, VII. 122. 
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NoTB.— It may be well to remark that the oonvene of the 
theorem, 'If ABG be a triangle, and from the vertex A a straight 
line AD be drawn to the base BC, so that AB^ + AC^ = 2 J5i>« 
+ 2 AD% then D is the middle point of BG! is not always true. 

A 
A 





B DC C B ly C D 

For, let ABO, ABC be two triangles having AG = AG'. 
Find A the middle point of BG, D must fall either between B 
and G\ between G and G\ €st on G'. 
In the first case, join AD. 

Then AB^ -^ AG^ ^^BD^ ^ 2AD^l App.ILl 

AB^^AG'^^^^BD^-^^AD^i 
and we know that D is not the middle point of BG', 
In the second case, find U the middle point of BG\ and join AD^. 
Then AB^ + AG'^^IBH^ + 2AU^; App. IL 1 

A& + AG^ :=^2BD^ + 2AD'^; 
and we know that D' is not the middle point of BG. 
The third case needs no discussion. 



Proposition 2. 



7!^ difference cf the squares on ttoo sides of a triangle is double the 
rectangle contained by the base and the distance of its middle point 
from the perpendicular on it from the vertex.* 

A 





B DEO B D OE 

Let ABG be a triangle, D the middle point of the base BG, and 
AE the perpendicular from A on BG: 
it is required to prow AB^ - AG^ = 250 • DE, 

♦Pappus, VIL 120. 
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For AB' - AO^ = {BE^ + AE^ - {EC^ + AE\ L 4n 
= BE^ - EG\ 

= (BE + EG) (BE - -^(7), //. 5, 6, Corr. 
=^BG'2DE in fig. 1; 
or ^2DE'BG infig. 2, 
= 25(7.2)^. 



Proposition 3. 

If the straight Une AD be divided intemaUy (U €tny two points C and 
B.ihen AG ^ BD + AD ' BG ^ AB ^ODJ* 

A C B D 

I I 



For AG 'BD + AD-BG^ AG^BD + (BD + AB) • BG, 

^AG^BD + BD'BG -{-AB-BG, IL 1 
=^ BD * (AG -{- BG) +AB'BG, IL 1 
^BD^AB -^AB'BG, 

r= AB ' (BD + BG), IL\ 

= AB . (7i>. 



LOCI. 

Peoposition 4. 

i^cf ^ ^bciM of the vertices of all the triangles which have (he same 
base and the sum of the squares qf their sides equal to a given 

square. 

M 




D 

Let BG be the given base, M^ the given square. 

Suppose ^ to be a point situated on the required locus. 
Jom AB, AG; 
bisect BG in i>, and join AD. I. 10 

* Enler, Novi Comm. Petrop., vol i. p. 49. 
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Then, since ^ is a point on the locus, AB^ + AC^ = M\ Hyp, 
But^^4-^C73 = 2J5i)2 4.2^2)2. App.ILl 

.'.2BI>2 + 2AI^ = M^; 

.'. AD^=^iM^ - Bm 

Now i M^ is a constant magnitude, and so is BD^^ being the square 
on half the given base ; 

.-. i -flf 2 - BD^ must be constant ; 

,\ AD^ must be constant 

And since AD^h constant, AD mtist be equal to a fixed length ; 
that is, the vertex of any triangle fulfilling the given conditions is 
always at a constant distance from a fixed point D, the middle of 
the given base. Hence, the locus required is the 0<* of a circle 
whose centre is the middle point of the base. 

To determine the locus completely, it would be necessary to find 
the length of the radius of the circle. This may be left to the 
reader. 

Pkoposition 5. 

Find the locus of the vertices of all the triangles which have the same 
base, and the difference of the squares of their sides equal to a 
given square. 



B DEO 

Let BC be the given base, M^ the given square. 

Suppose ^ to be a point situated on the required locus. 

Join AB, AG; 
bisect BG in D, and draw AE X BG or BG produced. /. 10, 12 

Then, since -4 is a point on the locus AB^ - AG^ =^ M\ Hyp, 
But AB^ - AG^ = 2BG' DE ; App, II, 2 

,\2BG'DE=MK 

Now if 2 is a constant magnitude, and so is 2 BG ; 
.*. DE must be constant ; 

.'.a perpendicular drawn to BG from the vertex of any triangle 
fulfilling the given conditions will cut BG at a fixed point 
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If AC^ - AB^ = if*, the perpendicular from A on BC will cut 
BC at a point E* on the other side of D, such that DE* = DE. 

Hence, the locus consists of two straight lines drawn perpendicular 
to the base and equally distant from the middle point of the base. 

DEDUCTIONS. 

1. If from the vertex of an isosceles triangle a straight line be 

drawn to cut the base either internally or externally, the 
difference between the squares on this line and either side 
is equal to the rectangle contained by the segments of the 
base. (Pappus, III. 6.) 

2. The sum of the squares on the diagonals of a U™ is equal to the 

sum of the squares on the four sides. 

3. The sum of the squares on the diagonals of any quadrilateral is 

equal to twice the sum of the squares on the straight lines 
joining the middle points of opposite sides. 

4. The sum of the squares on the four sides of any quadrilateral 

exceeds the sum of the squares on the two diagonals by four 
times the square on the straight line which joins the middle 
points of the diagonals. (Euler, Novi Comm, Petrop., i. p. Q6.) 

5. The centre of a fixed circle is the middle point of the base of a 

triangle. If the vertex of the triangle be on the o*^, the 
sum of the squares on the two sides of the triangle is con- 
stant 

6. The centre of a fixed circle is the point of intersection of the 

diagonals of a i|™. Prove that the sum of the squares on the 
straight lines drawn from any point on the O** to the four 
vertices of the \r is constant. 

7. Two circles are concentric. Prove that the sum of the squares 

of the distances from any point on the o** of one of the 
circles to the ends of a diameter of the other is constant. 

8. The middle point of the hypotenuse of a right-angled triangle is 

equidistant from the three vertices. 

9. Three times the sum of the squares on the sides of a triangle 

is equal to four times the sum of tbe squares on the three 
medians, or equal to nine times the sum of the squares 
on the straight lines which join the centroid to the three 
vertices. 
10. If A BCD be a quadrilateral, and P, Q, B, S he the middle 
points of AB, BC, CD, DA respectively, then 2 PB^ + AB^ 
+ Oi)a = 2 C52 -h 5(7* -h DA^ 
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11. Thrice the sum of the squares on the sides of any pentagon =» 

the sum of the squares on the diagonals together with four 
times the sum of the squares on the five straight lines joining, 
in order, the middle points of those diagonals. 

12. It At B he fixed points, and any other point, the sum of the 

squares on OA and OB is least when is the middle point 
oiAB. 

13. Prove II. 9, 10 by the following construction : On AD describe 

a rectangle AEFD whose sides AE^ J)F are each = .^O or 
CB. According as i> is in ^^, or in .i^ produced, from 
DF, or D J' produced, cut off FQ = DB ; and join EC, CO, 
OE. Show how these figures may be derived from those in 
the text. 

14. If from the vertex of the right angle of a right-angled triangle a 

perpendicular be drawn to the hypotenuse, then (1) the square 
on this perpendicular is equal to the rectangle contained by 
the segments of the hypotenuse ; (2) the square on either side 
is equal to the rectangle contained by the hypotenuse and the 
segment of it adjacent to that side. 

15. The sum of the squares on two unequal straight lines is 

greater than twice the rectangle contained by the straight 
lines. 

16. The sum of the squares on three unequal straight lines is greater 

than the sum of the rectangles contained by every two of the 
straight lines. 

17. The square on the sum of three unequal straight lines is greater 

than three times the sum of the rectangles contained by 
every two of the straight lines. 

18. The sum of the squares on the sides of a triangle is less than 

twice the sum of the rectangles contained by every two of 
the sides. 

19. If one side of a triangle be greater than another, the median 

drawn to it is less than the median drawn to the other. 

20. If a straight line AB be bisected in O, and divided internally 

at D and E, D being nearer the middle than E, then 
AD^DB^AE'EB^CD^DE^ CE - ED. 

21. ABC is an isosceles triangle having each of the angles B and 

C = 2 ^. BD'iB drawn ± AC; prove AD'^ + DC^ = 2 5M 

22. Divide a given straight line internally so that the squares on 

the whole and on one of the segments may be double of the 
square on the other segment. 
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23. Given that AB\b divided internally at ff, and externally at H*, 

in medial section, prove the following : 

(1) AH *BH = {AH + BH) . (AH - BH)i 
AH . BH = {BH + AH) . (BH - AH). 

(2) AH . (^fl" - BH) = ^^^2; ^if . (AH + 5^) = BH^. 
{Z)AB^ + BH^ =3AH^; A& + BH'^ = SAHK 

(4) (AB + J?^)2 = 5 AH^ ; (AB + BH)^ = 5 AHK 

(5) MiJ - BH)^ = 3 5^2 „ ^^a . (^£^' ^AH)^=SAH^-' BH^. 

(6) (^fi^ +5iJ)2 = 3 AH^ - J5/r» ; (AH+BH)^ = 3 5H^2 - AH^. 

(7) (^5 + ^^)* = 8^^a_3^^2. (AH-AB)^=SAH^-ZBH^. 

(8) ^^ + ^jya = 4^£?a - BH^; AB' + AH^=^4AH^ - BHK 

24. In any triangle ABC, if BP, CQ be drawn x 04, J5-4, produced 

if necessary, then shaU BC^ ^AB-BQ-hAC- CP. 

25. If from the hypotenuse of a right-angled triangle segments be 

cut off equal to the adjacent sides, the square of the middle 
segment thus formed = twice the rectangle contained by the 
extreme segments. Show how this theorem may be used to 
find numbers expressing the ades of a right-angled triangle. 
(Leslie's Eiimmi» ofOefmeXry, 1820, p. 316.) 

LOGL 

1. Given a A ABC ; find the locus of the points the sum of the 

squares of whose distances from B and O, the ends of the 
base, is equal to the sum of the squares of the sides AB, AC, 

2. Given a a ABC ; find the locus of the points the difference 

of the squares of whose distances from B and C7, the ends 
of the base, is equal to the difference of the squares of the 
sides AB, AC 

3. Of the A ABC, the base BC\b given, and the sum of the sides 

AB, AC ; find the locus of the point where the perpendicular 
from O to ^O meets the bisector of the exterior vertical 
angle at A, 

4. Of the A ABC, the base BC is given, and the difference of the 

sides AB, AC ; find the locus of the point where the per- 
pendicular from C7 to ^0 meets the bisector of the interior 
vertical angle at A, 

5. A variable chord of a given circle subtends a right angle at a 

fixed point ; find the locus of the middle point of the chord. 
Examine the cases when the fixed point is inside the circle, 
outside the circle, and on the o*^. 



Digitized by 



Google 



154 



BOOK III 



DEFINITIONS. 

1. A circle is a plane figure contained by one line 
which is called the circumference, and is such that all 
straight lines drawn from a certain point within the figure 
to the circumference are equal. This point is called the 
centre of the circle, and the straight lines drawn from the 
centre to the circumference are called radii 

Cor. 1. — If a point be situated inside a circle, its distance 
from the centre is less than a radius ; and if it be situated 
outside, its distance from the centre is greater than a radius. 



Fig. 1. 



Fig. 2. 





Thus, in fig. 1, 
OP, the distance 
of the point P 
from the centre 
O, is less than 
the radius OA; 
in tig. 2, OP is 
greater than the 
radius OA, 

CoR. 2. — Conversely, if the distance of a point from the 
centre of a circle be less than a radius, the point must be 
situated inside the circle ; if its distance from the centre be 
greater than a radius, it must be situated outside the circle. 

Cor. 3. — If the radii of two circles be equal, the circum- 
ferences are equal, and so are the circles themselves. 

This may be rendered evident by applying the one circle to the 
other, so that their centres shall coincide. Since the radii of the one 
circle are equal to those of the other, every point in the circum- 
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ference of the one circle will coincide with a point in the 

circumference of the 

other; therefore, the 

two circumferences 

coincide and are equal 

Consequently also the 

two circles coincide 

and are equal 6^^^— ^^ F^ 

Cor. 4. — Conversely, if two circles be equal, their radii 
are equal, and also their circumferences. 
This may be proved indirectly, by supposing the radii unequal 
Cor. 6. — A circle is given in magnitude when the length 
of its radius is given, and a circle is given in position and 
magnitude when the position of its centre and the length of 
its radius are given. (Euclid's Data^ Definitions 6 and 6.) 

Cor. 6. — ^The two parts into which a diameter divides a 
circle are equal. 
This may be proved, like Cor. 3, by superposition. 
The two parts are therefore called semicircles. 

Cor. 7. — The two parts into which a straight line not a 
diameter divides a circle are unequal 

Thus if AB is not a diameter of the circle 
ABCt the two parts ACB and ADB into 
which AB divides the circle are unequal 

For if a diameter AE be drawn, the part 
AGB ia less than the semicircle ABE, and the 
part ADB is greater than the semicircle ADE, 

2. Concentaic circles are those which have a common 
centre. B A o 

3. A straight line is said to tonch a 
circle, or to be a tangent to it, when it 
meets the circle, but being produced 
does not cut it. 




Thus BC is a tangent to the circle ADE. 
K 
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4. A straight line drawn from a point outside a circle^ 
and cutting the circumference, is called a secant. 

Thus ECA and E£D are secants of 
the circle ABC, 

If the secant EGA were, like one of 
the hands of a watch, to revolve round 
^ as a pivot, the points A and G 
would approach one another, and at dN 
length coincide. When the points A 
and G coincided, the secant would 
have hecome a tangent Hence a tangent to a circle may be 
defined to be a secant in its limiting position, or a secant which 
meets the circle in two coincident points. 

This way of regarding a tangent straight line may be applied also 
to a tangent circle. 

5. Circles which meet but do not cut one another, are 
said to toucli one another. 





Thus the circles ABG, ADE, which meet but do not intersect, are 
said to touch each other. In fig. 1, the cirdes are said to 
touch one another intemallyy although in strictness only one of 
them touches the other internally; in fig. 2, they are said to 
touch one another extemdUy, 

6. The points at which circles touch each other, or at 
which straight lines touch circles, are called points of 
contact. 

Thus in the figures to definitions 3 and 5, the points A are points 
of contact. 
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7. A chord of a circle is the straight line joining any 
two points on the circumference. C^ 

Thus AB is a chord of the circle ABO, 

8. An arc of a circle is any part 
of the circumference. 

Thus ACB is an arc of the circle ABO; 
so is ADB. 

9. A chord of a circle which does not pass through the 
centre divides the circumference into two unequal arcs. 
These arcs are called the major and the minor arcet, and 
they are said to be conjugate to each other. 

Thus the chord AB divides the circumference of the circle ABO 
into the conjugate arcs ADB, AOB, of which ADB is a major arc, 
and AOB a minor arc. 

10. Chords of a circle are said to be equidistant from the 
centre when the perpendiculars drawn to them from the 
centre are equal ; and one chord is farther from the centre 
than another, when the perpendicular on it from the centre 
is greater than the perpendicular on the 
other. 

Thus in the circle ABO, whose centre is 0, 
if the perpendiculars OG, OH on the chords 
AB, OD are equal, AB and OD are said to be 
equidistant from ; if the perpendicular OL 
on the chord EF is greater than 00 or OH, 
the chord EF is said to be farther from the 
centre than AB or CD, 

11. A segment of a circle is the figure contained by a 
chord, and either of the arcs into which the chord divides 
the circumference. The segments are called major or minor 
segments, according as their arcs are major or minor arcs. 

Thus (see figure to definition 7) the figure contained by the 
minor arc ACB and the chord ^^ is a minor segment ; the figure 
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contained by the major arc ADB and the chord AB \b 9. major 
segment 

It is worthy of observation that a segment, like a circle, is 
generally named by three letters; but the letters may not be 
arranged anyhow. The letters at the ends of the chord must be 
placed either first or last. 

12. An angle in a segment of a circle is the angle 
contained by two straight lines drawn 
from any point in the arc of the yfC 
segment to the ends of the chord. 

Thus AGB and ADB are angles in the 
segment AGB, ^"^ ^B 

13. Similar segments of circles are those which contain 
equal angles. 

Thus if the angles ^ -^ ^ 

C and F are equal, ^^ \x ^ 

the segment AGB is 
said to be similar to jj, 
the segment DFE. 

14. A sector of a circle is the figure contained by an 
arc and the two radii drawn to the ends of the arc. 

Thus if O be the centre of the circle ABDy 
the figure OAGB is a sector ; so is OADB, 

It is obvious that, when the radii are in the 
same straight line, the sector becomes a semi- 
circle. 

15. The angle of a sector is the angle 
contained by the two radii. 

Thus the angle of the sector OAGB is the angle AOB. 

16. Two radii of a circle not in the same straight line 
divide the circle into two sectors, one of which is greater 
and the other less than a semicircle; the former may be 
called a major, and the latter a minor sector. 

Thus OADB is a major sector, and OAGBiaa, minor sector. 
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17. Sectors have received particular names according to 
the size of the angle contained by the radii When the 
contained angle is a right angle, the sector is called a 
Quadrant ; when the contained angle is equal to one of the 
angles of an equilateral triangle, the sector 
is called a sextant. ^^^-^o 

Thus if AOB is a right angle, or one-foiirth 
of four right angles, the sector OAB is a 
quadrant; ii AOO is two- thirds of one right 
angle (see p. 71* deduction 9), or one-sixth 
of four right angles, the sector OAO is sk 
sextant. 

18. An angle is said to be at the centre, or at the 
circumference of & circle, when its vertex is at the centre, 
or on the circumference of the circle. 

Thus BEG is an angle at the centre, and 
BAG an angle at the circumference of the 
circle ABG. 





19. An angle either at the centre or at 
the circumference of a circle is said to 
stand on the arc intercepted between the 
arms of the angle. 

Thus the angle BEG at the centre and the angle BAG at the 
circumference both stand on the same arc BDG. 

In respect to the angle BEG at the centre of the circle ABG, it 
may readily occur to the reader to inquire whether the minor aro 
BDG is the only arc intercepted by EB and EG, the arms of the angle. 
Obviously enough EB and EG intercept also the major arc BAG, 
What, then, is the angle which stands on the major arc BAG? This 
inquiry leads us natundly to reconsider our definition of an angle. 

20. An angle may be regarded as generated (or described) 
by a straight line which revolves round one of its end 
points, the size of the angle depending on the amount of 
revolution. 
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Thu8 if the straight line OB occupy at first the position OA, and 
then revolve round in a manner opposite to that of the hands of 
a watch, till it comes into the position OB, 
it will have generated or described the angle 
A OB. If OB continue its revolution round 
till it occupies the position OD, it wiU 
have generated the angle AODj if OB 
still continue its revolution round till it 
occupies successively the positions OF, OHy 
it will have generated the angles AOF, 
AOH. The angles AOB, AOD, AOF, 
A Off, being successively generated by the 
revolution of OB, are therefore arranged in order of magnitude, 
AOD being greater than AOB, AOF gre&ter than AOD, and A OH 
greater than AOF. 

It is plain enough that OB, after reaching the position Offt may 
continue its revolution till it occupies the position it started from, 
when it will coincide again with OA, OB wiU then have described 
a complete revolution. If the revolution be supposed to continue, 
the angle generated by OB will grow greater and greater (since its 
size depends on the amount of revolution), but OB itself will return 
to the positions it occupied before; and therefore in its second 
revolution OB will not indicate any new direction relatively to OA, 
which it did not indicate in its first. Hence there is no need at 
present to consider angles greater than those generated by a straight 
line in one complete revolution. 

21. In the course of the revolution of OB from the 
position of OA round to OA again, OB will at some time or 
other occupy the position OE, which is in a straight line 
with OA ; the angle AGE thus generated is called a straight 
(or sometimes a flat) angle. 

When OB occupies the position OG midway between that 
of GA and GE (that is, when the angles AGO and CGE are 
equal), the angle AGO thus generated is called a right 
angle. Hence a straight angle is equal to two right angles. 

When GB occupies the position GG which is in a straight 
line with GG, the angle AGG thus generated is an angle of 
three right angles ; when GB again coincides with GA, it has 
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generated an angle of four right angles. Hence angle AOB 
is less than a right angle ; angle AOD is greater than one 
right angle, and less than two; angle AOF\a greater than 
two and less than three right angles ; angle AOH is greater 
than three and less than four right angles. 

22. It has been explained how OB, starting from the 
position OAy and revolving in a man- 
ner opposite to that of the hands of a 
watch, generates the angle AOB, less 
than a right angle when it reaches the 
position OB. But we may suppose 
that OB, starting from OA, reaches the position OB by 
revolving round in the same maimer as the hands of a 
watch; it will then have generated another angle AOB, 
greater than three right angles. Thus it appears that two 
straight lines drawn from a point contain two angles having 
common arms and a common vertex. Such angles are said to 
be conjugate, the greater being called the major conjugate, 
and the less the minor conjugate angle. When, however, 
the angle contained by two straight lines is spoken of, the 
minor conjugate angle is understood to be meant. 

23. It will be apparent from the preceding that the sum 
of two conjugate angles is equal to four right angles ; and 
that when two conjugate angles are unequal, the minor 
conjugate must be less than two right angles, and the major 
conjugate greater than two right angles. When two con- 
jugate angles are equal, each of them must be a straight 
angle. 

Major conjugate angles are often called reflex angles, and 
to prevent obtuse angles from being confounded with reflex 
angles, obtuse angles may now be defined to be angles greater 
than one right angle, and less than two right angles. 
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PROPOSITION 1. Problem. 
To find the centre of a given circle. 

c 




Let ABC be the given circle : 
it is required to find its centre. 

Draw any chord AB^ and bisect it at D/ L 10 

from D draw DG J. AB^ L 11 

and let Z)(7, produced if necessary, meet the Q* ^^ ^ an<i -^• 
Bisect CE at F. I. 10 

F is the centre of ABG. 
For if J" be not the centre, let 6^ be the centre ; 
and join GA, QD, GB. 

CAD = BD Const. 

In As ADG, BDG, \dG = DG 

I GA = GB; III Def. 1 

/. L ADG = L BDG; I. 8 

.-. L ADG is right. /. Def. 10 

But L ADC is right ; Const. 

.-. /- ADG = L ADC, which is impossible; 
.'. Gis not the centre. 

Now G is any point out of CF; 
.•. the centre is in CF. 

But, since the centre is in CF, it must be at F, the middle 
point of CF. 
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Cor. 1. — ^The straight line which bisects any chord of a 
circle perpendicularly, passes through the centre of the circle. 

Cor. 2. — Hence a circle may be described which shall 
pass through the three vertices of a triangle. 




For if a circle could be described to pass through A, B, (7, 
the vertices of the triangle ABC, AB and AC would be 
chords of this circle ; 

.'. DF, which bisects AB perpendicularly, would pass 
through the centre. IIL 1, Cor. 1 

Similarly HF, which bisects AC perpendicularly, would 
pass through the centre. ///. 1, Cor. 1 

Hence F will be the centre, and FA^ FB, or FC the radius. 

1. Show how, by twice applying Cor. 1, to find the centre of a 

given circle. 

2. Similarly, show how to find the centre of a circle, an arc only 

of which is given. 

3. Describe a circle to pass through three given points. When is 

this impossible ? 

4 Describe a circle to pass through two given points, and have 
its centre in a given straight line. When is this impossible ? 

5. Describe a circle to pass through two given points, and 
have its radius equal to a given straight line. When is this 
impossible ? 

& A quadrilateral has its vertices situated on the O^ of a circle. 
Prove that the straight lines which bisect the sides perpen- 
dicularly are concurrent. 

7* From a point outside a circle two equal straight lines are 
drawn to the C*. Prove that the bisector of tiie angle they 
contain passes through the centre of the circle. 
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8, Show also that the same thing is true when the point is taken 

either within the circle or on the O*^. 

9. Hence give another method of finding the centre of a given 

circle. 



PROPOSITION 2. Theorem. 

If any tioo points he taken in the circumference of a circle^ 
the straight line which joins them shall fall within the 
circle.* 




Let ABG be a circle, A and B any two points in the O** - 
it is required to prove that AB shall fall within the circle. 

Find D the centre of the © ABG; IIL 1 

take any point E in AB^ and join DA^ DE, DB. 

Because DA = DB, .\ l A = l B. /. 5 

But L DEB is greater than l A; I. 16 

.-. L DEB is greater than z. B; 

DB is greater than DE. /. 19 

Now since DE drawn from the centre of the ABO is less 

than a radius, JE^must be within the circle. ///. Def 1, Cor. 1 

But E is any point in AB, except the end points A and B; 

.•. AB itself is within the circle. 

1. Prove that a straight line cannot cut the o*^ of a circle in more 
than two points. 

* Euclid's proof is indirect. The one in the text is found in ClavU 
Commentaria in Ettdidit Elementa (1612), p. 109. 
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Describe a circle whose o^ shall pass through a given point, 
whose centre shall be in one given straight line, and whose 
radius shall be equal to another given straight line. May 
more than one circle be so drawn ? If so, how many ? When 
will there be only one, and when none at all ? 



PROPOSITION 3. Thborbms. 

If a straight line dravm through the centre of a circle bisect 
a chord which does notjpass through tlie centre, it shall 
cut it at right angles. 

Conversely : If it cut it at right angles, it shall bisect it 






(1) Let ABC be a circle, F its centre ; and let CE, which 
passes through F, bisect the chord AB which does not pass 
through F: 
it is required to prove CE JL AB. 



Join FA, FB. 




IAD = BD 


Hyp. 


In As ADF, BDF, \dF = DF 




i FA = FB; 


III. Def. 1 


. lADF= lBDF; 


7.8 


.CFiB±AB. 


/. Def. 10 



(2) In O ABGl^i CEhe ± AB: 
it is required to prove AD = BD. 
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Join FA, FB. 

i L ADF = L BDF 
In As ADF, BDF, \ l FAD = l FBD 

[ DF = DF; 
\ AD = BD. 



Hyp. 
1.5 

/. 26 
Need 



1. In the figure to the proposition^ and ^ are on the O^, 

they be so ? 

2. The O^^of a circle passes through the vertices of a triangle. 

Prove that the straight lines drawn from the centre of the 
circle perpendicular to the sides will bisect those sides. 

3. Two concentric circles intercept between their O ^ two equal 

portions of a straight line cutting them both. 

4. Through a given point within a circle draw a chord which shall 

be bisected at that point. 

5. If two chords in a circle be parallel, their middle points will lie 

on the same diameter. 

6. Hence give a method of finding the centre of a given circle. 

7. If the vertex of an isosceles toiangle be taken as centre, and a 

circle be described cutting the base or the base produced, the 
segments of the base intercepted between the O^ and the 
ends of the base will be equaL 

8. If two circles cut each other, any two parallel straight lines 

drawn through the points of intersection to the O^ will be 
equal. 

9. If two circles cut each other, any two straight lines drawn 

through one of the points of intersection to the o*^ and 
making equal angles with the line of centres will be equal. 
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PROPOSITION 4. Theorem. 

Jftwo chords of a circle cut one another and do not both pass 
through the centre^ they do not bisect one another. 




B^- ^0 

Let ABC be a circle, AC, BD two chords whicli cut 
one another at E, but do not both pass through the centre : 
it is required to prove that AC, BD do not bisect one another, 

(1) If one of them pass through the centre, it may bisect 
the other which does not pass through the centre ; but it 
cannot be itself bisected by that other. 

(2) If neither of them pass through the centre, let AE 
= EC, and BE = ED. 

Find F the centre of © ABC, III. 1 

and join FE. 

Because FE passes through the centre, and bisects AC, 

.-. L FEA is. right. ///. 3 

Because FE passes through the centre, and bisects BD, 

.-. L FEB is right; III. 3 

.'. L FEA =» L FEB, which is impossible. 

.'. AC, BD do not bisect one another. 

1. If two chords of a circle bisect each other, what must both of 

them be? 

2. No II™ whose diagonals are unequal can have its vertices on the 

0<* of a circle. 

3. No ir except a rectangle can have its vertices on the o*^ of a 

oirde. 
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PROPOSITION 5. Theorem. 

If two circles cut one another, they cannot have the same 
centre. 



\ 



Let the 0s ABO, ADE cut one another at A : 
it is required to prove that they cannot have the same centre. 

If they can, let F be the common centre. 
Jom FA, and draw any other straight line FCE to meet 
the two O"*"' 

Then FA = FG, being radii of ABC, III. Def. 1 
and FA = FE, being radii of ADE; III. Def. 1 

FG = FEy which is impossible. 
.*. 0s ABGy ADE caonot have the same centre. 

1. If two circles do not cut one another, can they have the same 

centre ? 
2i If two circles cnt one another, can their common chord be a 

diameter of either of them ? Can it be a diameter of both ? . 

3. If the common chord of two intersecting circles is the diameter 

of one of them, prove that it is ± the straight Une joining the 
centres. 

4. If two circles cut one another, the distance between their 

centres is less than the sum, and greater than the difiference 
of their radii 

5. Prove the converse of the preceding deduction. 
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PEOPOSmON 6. Thborbm. 

If two circles touch one another internally, they cannot have 
the same centre. 

A 



Let the ©s ABC, ADE touch one another internally at A : 
it is required to prove that they cannot have the same centre. 

K they can, let F be the common centre. 
Join FA, and draw any other straight line FEG to meet 
the two 0°"- 

Then FA = FO, being radii of © ABG, III. Def. 1 
and FA = FE, being radii of © ADE; III. Def. 1 

FC = FE, which is impossible. 
.'. ©s ABGy ADE cannot have the same centre. 

1. If two circles touch one another externally, can they have the 

same centre? 

2. Enunciate IIL 5, 6, and the preceding deduction in one state- 

ment. 

3. If one circle be inside another, and do not touch it, the distance 

between their centres is less than the difference of their 

radii. 
4 If one circle be outside another and do not touch it, the distance 

between their centres is greater than the sum of their radii. 
5. Prove the converses of the two preceding deductiona 
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PEOPOSmON 7. Theorem. 

If from any point within a circle which is not the centre, 
straight lines he drawn to the circumference, the greatest 
is that which passes through tJie centre, and the remain- 
ing part of that diameter is the least; of the others^ 
that which is nearer to the greatest is greater than the 
more rem^ote; and from the given point straight lines 
which are equal to one another can he drawn to the 
circumference only in pairs^ one on each side of the 

diameter. 

A 




Let ABO be a cirde, and P any point within it wliich is 
not the centre ; ficom Plet there be drawn to the Q** DPA^ 
PB, PC, of which DP A passes through the centre : 
it is required to prove (1) that PA is greater than PB ; 

(2) that PB is greater than PC; 

(3) that PD is less than PC; 

(4) tJuit only one straight line can he 

drawn from P to the Q^ = PC. 

Join OB, 00. 

(1) Because OB « OA, being radii of the same circle ; 
.-. PO -^ OB ^ P0+ OA, or PA. 
But PO + 0^ is greater than PB ; I. 20 

PA is greater than PB. 



Digitized by 



Google 



Book ra.] PROPOSITION 7. 171 

iPO^PO 

(2) In As FOB, POO, ]0B = 00 III. Def. 1 

( L POB is greater than l POO; 
.-. PB is greater than PO, L 24 

(3) Because 00 - OP is less than PO, 1. 20, Oor. 
and 00 = ODy being radii of the same circle ; 

.-. OD - OPia less than PO; 
.-. PD is less than PO. 

(4) At make L POL « z. POO, I. 23 
and join PL. 

C PO = PO 
In As POL, POO, ] 0L= 00 III Def. 1 

( L POL = L POO; Const, 

.-. PL = pa J. 4 

And besides PL no other straight line can be drawn from 
P to the O"* = PO. 
For if PM were also = PO, 
. then PM = PZ^, which is impossible. 

CoR. — ^If from a point inside a circle more than two equal 
straight lines can be drawn to the O*** that point must be 
the centre. 

For another proof of this Cor., see III. 9. 

1. Prove PO greater than PD, using I. 20 instead of I. 20, Cor. 

2. Wherever the point P be taken, provided it be inside the circle 

ABGf the sum of the greatest and the least straight lines 
. that can be drawn from it to the O*^ is constant. 

3. Find another point whose greatest and least distances from the 

0<* are respectively = those of P from the 0<*. How many 
such points are there ? Where do they lie ? 

4. Prove, by considering PGA and POD as infinitely thin triangles, 

that PA is greater than PB, and PC greater than PD by 
1.24. 
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PROPOSITION 8. Theorem. 
If from any point without a circle straight lines he drawn to 
the circumference^ of those which Jail upon the concave part 
of the circumference the greatest is that which passes 
through the centre, and of the others that which is nearer to 
the greatest is greater than the mme remote: hut of those 
which fall on the convex part of the circumference the least 
is that which, when prodv4ied, passes through the centre, 
and of the others that which is nearer to the least is less tJian 
the more remote ; and from the given point straight lines 
which are equal to one another can he drawn to the circum- 
ference only in pairs, one on each side of the diameter. 
C 




Let ABO be a circle, and P any point without it ; from 
P let there be drawn to the O"* ^^A FEB, PFG, of 
which PDA passes through the centre : 
it is required to prove (1) that PA is greater than PB; 

(2) that PB is greater than PC; 

(3) that PD is less than PE ; 

(4) that PE is less than PF ; 

(5) that only one straight line can 
he drawn from P to the 0**= P-^- 

Join OB, 00, OE, OF. 

(1) Because OB = OA, being radii of the same circle ; 
PO + OB =^ PO + OA, or PA. 
But PO + OB\a greater than PB ; I. 20 

PA is greater than PB. 
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IP0=^P0 

(2) In As FOB, POO, I OB ^ 00 III. Def. 1 

( L P0i5 is greater than l POO; 
.*. PB is greater than PO. I, 24 

(3) Because OP - OH is less than PE, L 20, Oor. 
and OE = OD, being radii of the same circle ; 

.-. OP - OD is less than PE; 

.'. PD is less than PE. , p^ _ pQ 

(4) In As POE, POP, \oE =^ OF III. Def. 1 

( L POE is less than l POP; 
.'. PEia less than PF. I, 24 

(5) At make l POG = z. POP, I. 23 
and join PG^. ^^ ^ ^^ 

In As POG, POP, \ OG =^ OF IIL Def. 1 

( L POG = L POP; Const. 

.-. PG = PP. /. 4 

And besides P^ no other straight line can be drawn from 
PtotheO'' = PF. 
For if PR were also = PF, 
then PH = PG, which is impossible. 

1. Prove PB greater than PD, using L 20 instead of L 20, Cor. 

2. Prove that PU is less than PF, using L 21 instead of I. 24. 

3. Wherever the point P be taken, provided it be outside the circle 

ABG, the difference of the greatest and the least straight 
lines that can be drawn from it to the O** is constant. 

4. Compare the enunciations of the last deduction and of the analo- 

gous one from III. 7, and state and prove the corresponding 
theorem when the point P is on the o®* of the © ABG. 
6. Prove that AD is greater than BE, and BE greater than OF. 

6. If the straight line PFG be supposed to revolve round P as a 

pivot, till the points F and G coincide, what would the 
straight line PFG become ? 

7. The tangent to a circle from any external point is less than any 

secant to the circle from that point, and greater than the 
external segment of the secant. 
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8. Could a line be drawn to separate the concave from the convex 
part of the o *• of the A BG viewed from the point P ? How ? 



PROPOSITION 9. Theorem, 

If from a point within a circle more than two equal straight 
lines can he drawn to the circumference, that point is the 
centre,* 




B 

Let ABC be a circle, and let three equal straight lines 
DA, DB, DC be drawn from the point D to the O"* • 
it is required to prove that D is the centre of the circle. 

Join AB, BO, and bisect them at E^ F; I. 10 

and join DE, DF. 

IAE = BE Const. 

ED = ED 
DA = DB; Hyp. 

.\ L AED = L BED; /. 8 

.-. DE\& 1. AB; 

.\ DEy since it bisects AB perpendicularly, nrast pass 
through the centre of the circle. ///. 1, Cor. 1 

Hence also DF must pass through the centre ; 
.\ D, the only point common to DE and DF, is the centre. 

Prove the proposition by using the eighth deduction from IIL I. 

* In the MSS. of Euclid, two proofs of this proposition occur, only the 
second of which Simson inserted in his edition. The one given in the 
text is the first. 



Digitized by 



Google 



Book in.] PROPOSITIONS 9,- 10. 175 

PKOPOSinON 10. Theorem. 
One circle cannot cut another at more than two points* 



If it be possible, let the ABC cut the EBC at more 
than two points — namely, at By C, D. 

Join BO, ODy and bisect them at F and G; J. 10 

through ^ and G draw FO, GO ± BC, CD, I. 11 

and let FO, GO intersect at 0. 

Because BO is a chord in both circles, and FO bisects it 
perpendicularly, 

.'. the centres of both circles lie in FO. Ill, 1, Cor, 1 

Hence also the centres of both circles lie in GO; 

.*. is the centre of both circles, 
which is impossible, since they cut one another. ///. 5 

.'. one circle cannot cut another at more than two points. 

1. Two circles cannot meet each other in more than two points. 

2. If two circles have three points in common, how most they be 

situated ? 

3. Show, by supposing the radius of one of the circles to increase 

indefinitely in length, that the first deduction from IIL 2 is 
a particular case of this proposition. 

* In the MSS. of Endid, two proofs of this proposition occur, only the 
second of which Simson inserted in his edition. The one given in the 
text is the first. 
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PROPOSITION 11. Theorem. 

If two circles touch one another internally at any point, the 
straight line which joins their centres^ being produced, 
shall pass throfogh that point. 
A 



Let the two ©s ABO, ADE, whose centres are F and O, 
touch one another internally at the point A : 
it is required to prove that FG produced passes through A. 

If not, let it pass otherwise, as FOHL. 
Join FA, GA. 

Because FA = FL, being radii of ABO, IIL Def. 1 
and GA = GH, being radii of © ADE; IIL Def. 1 

.-. FA" GA^FL- GH, 
= FG + HL; 
.'. FA - GAia greater than FG by HL. 
But FA-GAia less than FG; L 20, Oor. 

.*. FA - GA is both greater and less than FG, which is 
impossible ; 
.*. FG produced must pass through A. 

1. If two circles toach internally, the distance between their centres 

is equal to the difference of their radii. 

2. Two circles touch internally at a point, and through that point a 

straight line is drawn to cut the 0®~ of the two circles. If 
the points of intersection be joined with the respective 
centres, the two straight lines will be parallel 

3. This proposition is a particular case of the tenth deduction from L 8. 
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PROPOSITION 12. Theorem. 
If two circles touch one another externally at any pointy the 
straight line which joins titeir centres shall pass through 
that point 




Let the two ©s ABO^ ADE, whose centres are F and G, 
touch one another externally at the point A : 
it is required to prove that FG passes through A, 

If not, let it pass otherwise, as FLHG, 
Join FA, GA, 

Because FA = FL, being radii of © ABC, III. Def. 1 
and GA = GH, being radii of © ADF; IIL Def, 1 

.-. FA + GA=: FL+ GH, 
^ FG - HL; 
.-. FA -{- GA\a less than FG by HL. 
But^il + ^^ is greater than FG; I. 20 

.'. FA •{• GA\b both less and greater than FG, which is 
impossible ; 
.*. FG must pass through A. 

1. If two circles touch externally, the distance between their 

centres is equal to the sum of their radii. 

2. Two circles touch externally at a point, and through that point 

a straight line is drawn to cut the O*^ of the two circles. If 
the points of intersection be joined with the respective 
centres, the two straight lines will be parallel. 

3. This i»roposition is a particular case of the tenth deduction from 1. 8. 
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PROPOSITION 13. Theorem. 

Two circles cannot touch each other at more pointa than ane^ 
whether internally or externally. 
A 





For, if it be possible, let the two 0s ABG^ BDO touch 
each other at the points B and C, 

Join BG^ and draw AD bisecting BC perpen- 
dicularly. /. 10, 11 

Because B and are points in the ©•* of both circles, 

.'. BG\& a chord of both circles. 
And because AD bisects BG perpendicularly, Gonst. 

.*. AD passes through the centres of both circles ; 

///. 1, G(yr, 1. 

.*. AD passes also through the points of contact 
i5 and a, ///. 11, 12 

which is impossible. 

Hence the two 0s ABG, BDG cannot touch each other at 
more points than one, whether internally or externally. 

1. If the distance between the centres of two circles be eqnal to 

the sum of their radii, the two circles touch each other 
externally. 

2. If the distance between the centres of two circles be equal to 

the difference of their radii, the two circles touch each other 
internally. 
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PKOPOSITION 14. Thborkms. 

Equal chorda in a circle are equidistant from the centre. 
Conversely: Chorda in a circle which are equidistant from 
tlie centre are equal. 




(1) Let AB^ CD be equal chords in the © ABC^ and 
EFy EG their distances from the centre E: 

it ia required to prove EF = EO, 

Join EA, EC, 

Because EF drawn through the centre E\a 1. AB, 
/. EF bisects AB, that is, AB is double of AF. Ill, 3 
Hence also CD is double of CG. 

Now since AB = CD, .\ AF ^ CG, mdAF^ = CG^, 
But because EA = EC, .', EA^ = EG^; 
.'. Ap + FE^ = CG^ + GE\ I. 47 

Take away AF^ and CG^ which are equal j 
.-. FE^ = GE\ and FE = GE, 

(2) Let AB, CD be chords in the ABC, and let 
EF, EG, their distances £rom the centre E, be equal : 

it is required to prove AB = CD, 

Join EA, EC, 

It may be proved as before that -45 = 2AF, CD = 2 CG, 
and that i4i^ + FE^ = CG^ + GE\ 
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Now FE^ = QE\ since FE = (3^1?; 
.-. AF^ = (76^, and ^J* = GG; 

.\ 2AF=2 CG, that is, ilB = C7i>. 

1. If a series of equal chords be placed in a circle, their middle 

points will lie on the o '^ of another circle. 

2. Two parallel chords in a circle whose diameter is 10 inches, are 

8 inches and 6 inches ; find the distance between them. 

3. If two chords of a circle intersect each other and make equal 

angles with the diameter drawn through their point of inter- 
section, they are equal 

4. If two secants of a circle intersect, and nuike equal angles with 

the diameter drawn through their point of intersection, those 
parts of the secants intercepted by the' O^ are equal 

5. If in a given circle a chord of given length be placed, the 

distance of the chord from the centre will be fixed. 

6. Prove the converse of the preceding deduction. 

7. If two equal chords intersect either within or without a circle, 

the segments of the one are equal to the segments of the 
other. 



PROPOSITION 15. Theorems. 

T?ie diameter is the greatest chord in a circle; and of all 
others that which is nearer to the centre is greater than 
one more remote. 

Conversely: The greater chord is nearer to the centre than 



the less. 



AB 
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Let ABQ be a circle of which AD is a diameter, and 
BG, FG two other chords whose distances from the centre 

it is required to prove : 

(1) that AD 18 greater than BO or FG; 

(2) that, if EH 18 less than EK, BGmust he greater than FG; 

(3) thut, ifBC is greater than FG, EH must he less than EK. 

(1) Join EBy EC. 

Because AE = BE, and ED = EC; III. Def. 1 

.-. AD = BE + EG. 
But BE + -£7(7 is greater than BO; L 20 

.*. AD is greater than BO. 

(2) Join EB, EG, EF. 

It may be proved, as in the preceding proposition, 
that BO is double of BH, that FG is double of FK, 
and that EH^ + HE^ = EK^ + KF\ 
Now EH*^ is less than EK\ since EHi& less than EK; Hyp. 

.\ HB^ is greater than KF\ and HB greater than KF. 

.*. twice HB is greater than twice KF, 
that is, BO is greater than FG. 

(3) Join EB, EG, EF. 

It may be proved, as before, that BO- 2 BH, FG ^ 2 FK, 
and that EH^ + HB^ = EK^ + J^i?^. 
Now, since BO is greater than ^(r, Hyp. 

.'. BH is greater than FK, and jBJI^ greater than FKK 
Hence -£7.9^ must be less than EK% and EH less than -^JST. 

1. The shortest chord that can be drawn through a given point 
within a circle is that which is perpendicular to the diameter 
through the point. 
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2. Of two chords of a circle which intersect each other, and make 

iinequal angles with the diameter drawn through their point 
of intersection, that which makes the less angle is the 
greater. 

3. If two secants of a circle intersect each other, and make unequal 

angles with the diameter drawn through their point of inter- 
section, that part which is intercepted by the o^ on the 
secant making the less angle is greater than the corresponding 
part on the other. 

4. Through either of the points of intersection of two circles draw 

the greatest possible straight line terminated both ways by 
the O**"* Draw also the least possible, and show that the 
two are at right angles to each other. 



PROPOSITION 16. Theorem. 

The straight line drawn perpendicular to a diameter of a 
circle from either end of it, is a tangent to the circle ; 
and every other straight line drawn through the same 
point cuts the circle.* 




* Euclid's proof of this proposition is indirect The one in the 
text is given by Orontius FinsBus (1544), the second part, however^ 
being somewhat simplified. 
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Let ABC be a circle, of which F is the centre and AC ^ 
diameter; through C let there be drawn DE ± AC, and 
any other straight line HK: 

it is required to prove that DE is a tangent to the © ABC, 
and that HK cuts the circle. 

Take any point G in DE, and join FQ; 
from F draw FL i. HK. L 12 

Because l FCO is right, Hi/p. 

.•• FG is greater than FC, a radius of the circle ; /. 19 Cor, 
.' . the point G must be outside the circle. Ill, Def. 1, Cor, 2 

Now G is any point in DE, except the point C; 

.'. DE is a tangent to the circle. ///. Def, 3 

Again, because L FLC is right. Const, 

.*. FL is less than FC, a radius of the circle ; I, 19 Cor, 

.*. the point L must be inside the circle. ///. Dqf, 1, Cor, 2 

Now Z is a point in HK; 
.'. HK cuts the circle. 

1. Draw a tangent to a circle at a given point on the O^. 

2. Only one tangent can be drawn to a circle at a given point on 

its 0<*. 

3. Two (or a series of) circles touch each other, externally or 

internally, at the same point. Prove that they have the 
same tangent at that point. 

4. If a series of equal chords be placed in a circle, they will be 

tangents to another circle concentric with the former. 

5. A straight Hue will cut, touch, or lie entirely outside a circle, 

according as its distance from the centre is less than, equal 
to, or greater than a radius. 

6. Draw a tangent to a circle which shall be i| a given straight 

lina 

7. Draw a tangent to a circle which shall be X a given straight 

line. 

8. Draw a tangent to a circle which shall make a given angle with 

a given straight Une. How many tangents can be drawn in 
each of the three cases ? 
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PROPOSITION 17. Problem. 
To draw a tangevd to a cirdefrom a given point. 





Let BDO be the given circle, and A the given point : 
it is required to drato a tangent to the O BDCfrom A. 

Case 1. — When the given point A is inside the O BDO^ 
the problem is impossible. 

Case 2. — When the given point 4 is on the O"* of the 
QBDa 

Find E the centre of the © BDO; III. 1 

join EA, and through A draw FG ± EA. /. 11 

Then FG\aB. tangent to the © BDC. III. 16 

Case 3. — ^When the given point A is outside the © 
BDG. 

Find E the centre of the © BDO; IIL 1 

and join AE, cutting the ©^ of BDC at D. 
With centre E and radius EA, describe © AGF; 
through D draw FDG ± AE, and meeting the ©«• of 
©ilG^i^ati^andG^. 7.11 

Join EF, EG, cutting the ©«» of © BDO at B and (7, 
and join AB, AQ. AB or AO is the required tangent. 
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( AE= FE 


HI. Def. 1 


In As A BE, FDE, ] EB = ED 


///. Def. 1 


( L E = L E; 




.'. L ABE= L FDE, 


7.4 


= a right angle. 


Const. 


.-. ABiesL tangent to the BDC. 


III. 16 



Hence also, -4(7 is a tangent to the © BDO. 

Cor. — ^The two tangents that can be drawn to a circle 
from an external point are equal. 

By comparing As ABE, FDE it may be proved that 
AB = FD; L 4 

and by comparing As ACE, GDE, it may be proved that 
AO^GD. 1.4: 

Now, since FG is a chord of the AFG, and ED 
drawn through the centre is ± FG; Const. 

.-. FD = GD. IIL 3 

Hence AB = AC. 

1. Prove AB = AOhj (a) L 47, (6) L 6, 6. 
2L The tangents AB, AC make equal angles with the diameter 
throu^^. 

3. Prove z BAG supplementary to l BEG, State this result in 

words. 

4, No more than two tangents can be drawn to a circle from an 

external point 
6. If a quadrilateral be circumscribed * about a circle, the sum of 
two opposite sides is equal to the sum of the other two. 

6. Generalise the preceding deduction. 

7. If a II™ be circumscribed about a circle, it must be a rhombus. 

8. From a point outside a circle two tangents are drawn. The 

straight hne joining the point with the centre bisects per- 
pendicularly the chord of contact. (In fig. 2, BC is the 
chord of contact.) 



* A figure 18 circumsoribed about a circle when its sides touch the 
cirde. 
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PROPOSITION 18. Theorem. 

The radius of a circle dratm to the point of contact of a 
tangent is perpendicular to the tangent. 




D G E 

Let ABO be a circle whose centre is Fy and DE a tangent 
to it at the point C: 
it is required to prove tJiat the radius FC is J. DE, 

If not, from F draw FQ ± DE, and meeting the O* 
at 5. J. 12 

Because l FGC is a light angle^ Const, 

.•• FG is less than FG, L 19 Cor, 

But FC = FB; III. Def 1 

.-. FG is less than FB, 
which is impossible ; 
.-. i^Cmustbe J. DE. 

1. Tangents at the ends of a diameter of a circle are parallel 

2. If a series of chords in a circle be tangents to another conoentrio 

circle, the chords are all equaL 

3. If two circles be concentric, and a chord of the greater be a 

tangent to the less, it is bisected at the point of contact 

4. Through a given point within a circle draw a chord which shall 

be equal to a given length. May the given point be outside 
the circle ? What are the limits to the given length 7 

5. Deduce this proposition from L 5. 

6. Two circles, whose centres are A and J9, have a conunon 

tangent CD; prove AC || BD. 
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PROPOSITION 19. Theorem. 
The straight line dravm from the paint of contact of a 
tangent to a circle perpendicular to the tangent passes 
through the centre of the circle. 

A 




Let DE be a tangent to the O ABC at the point (7, and 
let 04 be J. DE: 
it is required to prove that CA passes through the centre. 

If not, let F be the centre, 
and join FG, 

Then l FCE is right. ///. 18 

But L ACE ia right ; Hyp, 

••. L FCE = L ACE, which is impossible; 
/. CA must pass through the centre of the circle. 

1. In the fignre, 4 is on the O^. Need it be so ? 

2. This proposition is a particnlar case of IIL 1, Ck)r. 1. 

3. A series of circles touch a given straight line at a given point. 

Where will their centres all lie ? 

4. Describe a circlie to touch two given straight lines at two given 

points. 

5. If two tangents be drawn to a circle from any point, the angle 

contained by the tangents is double the angle contained by 
the chord of contact and the diameter drawn through either 
point of contact 
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PEOPOSITION 20. Theorem. 
An angle at the centre of a circle is double of an angle at the 
circamference which stands on the same arc. 




"^ F 

In the ABGle^, l BEG at the centre and l BAG at 
the O** stand on the same arc EG: 
it is required to prove l BEG = tvnce L BAG. 

Jom AE and produce it to F. 

Because EA = EG, .-. l EAG = l EGA; I 5 

.-. L EAG + L EGA = twice l EAG. 
But L FEG = L EAG + l EGA; L 32 

L FEG = twice l EAG. 
Similarly l FEB = twice l EAB. 
Hence, in figs. 1 and 2, 

L FEG + L FEB = twice l EAG + twice l EAB, 
that is, L BEG = twice l BAG; 
and in fig. 3, 

L FEG - L FEB = twice l EAG - twice l EAB, 
that is, L BEG = twice L BAG. 

1. In the figures to the proposition, ^ is on the o ^. Need it be so ? 

2. The angle in a semicircle is a right angle. 

3. B and C are two fixed points in the o^ of the circle ABG, 

Prove that wherever A be taken on the arc BAC, the magni- 
tude of the angle BAC is constant. 
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PROPOSITION 21. Thborbms. 

Angles in tJie same segment of a circle are equal. 
Conversely: If two equal angles stand on the same arc, 
and the vertex of one of them be on the conjugate are, 
the vertex of the other will also he on it.* 
A 




(1) Let ABD be a circle^ and lb A and C in the same 
segmented)/ 

it is required to prove l A = l C, 

Find F the centre of the ABD, III. 1 

and join BF, DF. 

Then l BFD = twice l A, III 20 

and L BFD = twice l G; III. 20 

L A = lG. 

(2) Let ^ s ^ and (7, which are equal, stand on the same 
arc BD, and let the vertex A be on the conjugate arc BAD : 
it is required to prove that the vertex C will also he on it. 

If not, let the arc BAD cut BG or BG produced at O; 
join DG. 

Then l A = l BGD. Ill 21 

But L A = L G; Hyp. 

.'. L BGD — L G^ which is impossible. /. 16 

Hence (7 must be on the circle which passes through B^ Ay D. 

* The second part of this proposition is not given by Eudid. 
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1. In the figure to IIL 4, if AB, CD be joined, A AEB is equi- 

angular to A CED. 

2. If from a point E outside a circle, two secants ECA, EBD bo 

drawn, and AB, CD be joined, A AEB is equiangular to 
A CED. 

3. Given three points on the O** of a circle; find any number of 

other points on the O* without knowing the centre. 

4. Two tangents A B, AC are drawn to a circle from an external 

point A; D is any point on the o<* outside the a ABC, 
Show that the sum of z s ABD, A CD is constant. 

5. Is the last theorem true when D lies elsewhere on the O^ ? 

6. Segments of two circles stand upon a conamon chord AB. 

Through C, any point in one segment, are drawn the straight 
lines ACEy BCD meeting the other segment in E, D, Prove 
that the length of the arc DE is invariable^wherever the point 
C be taken. 

PROPOSITION 22. THEORBMa 

T?ie opposite angles of a quadrilateral inscribed in a circle 

are supplementary. 
Conversely: If the opposite angles of a quadrilateral he 

supplementary^ a circle may he circumscribed about the 

quadrilateral,* 

.A ^^-— *^A 





(1) Let the quadrilateral ABCD be inscribed in the ABC- 
it is required to prove tJiat l A + l C ^ 2 rt, ls. 

Find F the centre of the ABD, III. \ 

and join BF, DF. 

* The second part of this proposition is not given by Eudid, and ho 
proves the first part by joining AG^ BD, 
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Then l BFD = twice l A, III, 20 

and the reflex z. BFD = twice l C; III. 20 

.*. the sum of the two conjugate l s BFD 

= twice L A + twice l O, 
But the sum of the two conjugate l s BFD 

= 4 rt. La; IIL Def. 23 

z. ^ + z. (7 = 2 rt. z. 8. 

(2) Let LB A and C7, which are supplementary, be 
opposite angles of the quadrilateral ABCD, 
and the vertex -4 be on an arc BAD which passes also 
through B and D : 

it 18 required to prove that the vertex C will he on the con- 
jugate arc, 

K not, let the arc conjugate to BAD cut BG or BC 
produced at G; IIL 1, Cor, 2 

join DG. 

Then z. -4 is supplementary to l BGD. IIL 22 

But L Ais supplementary to l C; Hyp, 

L BGD = L Gy which is impossible. /. 16 

Hence G must be on the circle which passes through B, Ay D, 

Cor. — If one side of a quadrilateral inscribed in a circle be 
produced, the exterior angle is equal to the remote interior 
angle of the quadrilateral. 

For each is supplementary to the interior adjacent angle. 

/. 13, ///. 22 

1. If a II™ be inscribed in a circle, it must be a rectangle. 

2. If, from a point E outside a circle, two secants EG Ay EBD be 

drawn, and ADy BG be joined, A AED is equiangular to 

A BEG, 
«3. If a polygon of an even number of sides (a hexagon, for example) 

be inscribed in a circle, the sum of its alternate angles is half 

the sum of all its angles. 
4. If an arc be divided into any two parts, the sum of the angles in 

the two segments is constant. 
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5. Divide a circle into two segments, such that the angle in the one 

segment shall be (a) twice, (b) thrice, (c) fiye times, {d) seven 
times the angle in the other segment 

6. AOB is a right-angled triangle, right-angled at C, and is the 

point of intersection of the diagonals of the square described 
on ^^ outwardly to the triangle; prove that CO bisects 
z ACB. 

7. What modification must be made on the last theorem when the 

square is described on ^^ inwardly to the triangle T 

8. If two chords cut off one pair of similar segments from two circles, 

the other pair of segments they cut off are also similar. 

9. Given three points on the o** of a circle : find any number of 

other points on the 0<* without knowing the centre. 
10. ABG is a triangle ; AX, BY, GZ are the three perpendiculars 
from the vertices on the opposite sides, intersecting at O. 
Prove the following sets of four points concyclic (that is, 
situated on the O* of a circle): A,Z, 0, T; B,X,0,Z; 
C, r,0,X; A,B,X, Y; B,C, T,Z; C,A,Z,X, 



PEOPOSITION 23. Theorem. 

On the same chord and on the same side of it tliere cannot be 

tioo similar segments of circles not coinciding toith one 

another, 

JO 




If it be possible, on tlie same chord ABy and on the same 
side of it, let there be two similar segments of ©s ACB^ 
ADB not coinciding with one another. 

Draw any straight line ADC cutting the arcs of the 
segments at D and C; 
and join BC, BD. 

Because segment ADB is similar to segment ACB, Hyp. 
.-. L ADB = L ACB, III. Def 13 

which is impossible. /. 16 
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Hence two similar segments on the same chord and on 
the same side of it must coincide. 

1. Of all the segments of circles on the same side of the same 

chord, that which is the greatest contains the least angl& 

2. Prove hy this proposition the second part of IIL 21. 



PEOPOSITION 24. Theorem. 

Similar segments of circles on equal chords are equal 

E F 



Let AEB, CFD be similar segments on eqnal chords AB, 
CD: 

it is required to prove segment AEB = segment CFD, 

If segment AEB be applied to segment CFD^ 
so that A falls on (7, and so that AB falls on CD; 
then B will coincide with i), because AB - CD. Hyp, 

Hence the segment AEB being similar to the segment CFD, 
must coincide with it ; ///. 23 

.*. segment AEB = segment CFD, 

1. Similar segments of circles on equal chords are parts of equal 

circles. 

2. ABO, ABC are two AS ^ 

such that AG^AC. 
Prove that the circle 
which passes through 
Ay B, C \b equal to 
the circle whioh passes 
through A, B, C, 

3. If ABGD is a |h, and BE makes with AB, i ABE = z BAD, 

and meets DC produced in E, the circles described about 
A s BCD, BED wiU be equal. 
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PEOPOSinON 25. Problem. 
An arc of a circle being given, to complete the circle. 

B 




Let ABC be the given arc of a circle : 
it is required to complete the circle. 

Take any point B in the arc, and join AB, BO, 
Bisect AB and BC at D and E; L 10 

draw DF and EF respectively ± AB and BG, /. 11 

and let them meet at F, 

Because DF bisects the chord AB perpendicularly, 
.*. DF passes through the centre. Ill, 1, Cor, 1 

Hence also, EF passes through the centre ; 
.*. ^is the centre. 

Hence, with F as centre, and FA, FB, or FC as radius, the 

circle may be completed. 

1. Prove that DF a,nd EF must meet. 

2. Prove the proposition with Euclid's oonstniction, which is : 

Bisect the chord AC a,t D, draw DB l. AG, meeting the arc 
at J5, and join AB, At A make z BAE = z ABD, and 
let AE meet ED or BD produced at E, E shall be the 
centre. 

3. Find a point equidistant from three given points. When is the 

problem impossible? 

4. The straight lines bisecting perpendicularly the three sides of a 

triangle are concurrent. 

5. Find a point equidistant from four given points. When is the 

problem possible ? 
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PROPOSITION 26. Theorem. 

In equal circles, or in the same circle^ if two angles, whether 
at the centre or at the circumference, he equal, the arcs 
on tohich they stand are equal, 

A D 



Let ABC, DEF be equal circles, and let z. s (? and H at 
the centres be equal, as also l^ A and D at the O**" • 
it is required to prove that arc BKG = arc ELF, 
Join BC, EF, 

Because ©s ABC, DEF are equal, Hyp, 

.', their radii are equal. ///. Def, 1, Cor. 4 

( BG = EH 
In As BGC, EHF, \ GC = HF 

(l G= lH; Hyp. 

.-. BC = EF, L 4 

But because l A = l D, 

,', segment BAG ia similar to segment EDF ; III, Def, 13 
and they are on equal chords BC, EF, 
,', segment BAG = segment EDF, III, 24 

Kow O ABC = O DEF; Hyp, 

,\ remaining segment BKG = remaining segment ELF; 
.\ arc BKG = arc ELF, 

Cor. — In equal circles, or in the same circle, those sectors 
are equal which have equal angles. 
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1. If AB and CD be two parallel chorda in a circle ACDB^ prove 

arc AO^ arc BD, and arc AD =^ arc BC. 

2. In equal circles, or in the same circle, if two angles, whether at 

the centre or at the 0°" be unequal, that which is the 
greater stands on the greater arc 

3. If two opposite angles of a quadrilateral inscribed in a circle be 

equal, the diagonal which does not join their vertices is a 
diameter of the circle. 

4. Any segment of a circle containing a right angle is a semicircle. 

5. Any segment of a circle containing an acute angle is greater 

than a semicircle, and one containing an obtuse angle is less 
than a semicircle. 

6. If two angles at the O*" of a circle are supplementary, the sura 

of the arcs on which they stand = the whole O*^. 

7. Prove the proposition by superposition. 

8. If two chords intersect within a circle, the angle they contain is 

equal to an angle at the centre standing on half the sum of 
the intercepted arcs. 

9. If two chords produced intersect without a circle, the angle they 

contain is equal to an angle at the centre standing on half the 
difference of the intercepted arcs. 
10. Show how to divide the O*^ of a circle into 3, 4, 6. 8 equal parts. 



PROPOSITION 27. Theorem. 

In equal circles^ or in the same circle^ if two arcs he equaly 
the angles^ whether at the centre or at the circumference^ 
which stand on th&in are equal, 

A D 





Digitized by 



Google 



Book m.] PROPOSITION 27. 197 

Let ABC, DEFhe equal circles, and let arc BO = arc EF: 
it 18 required to prove that l BGC = l EHF, and l A 
^ L D. 

K L BGC be not = l EHF, one of them must be the 
greater. 

Let L BGC be the greater, and make l BGK = l EHF. 

L 23 

Because the circles are equal, and l BGK = l EHF, 
.', arc BK = arc EF III. 26 

But arc J?a = arc EF; Hyp, 

.•.arc BK = arc BC, which is impossible. 
Hence l BGC must he = l EHF. 

Now, since l A = half of l BGC, III. 20 

and L D = hBlioi L EHF, IIL 20 

.'. L A = L D. 

Cor. — In equal circles, or in the same circle, those sectors 
are equal which have equal arcs. 

1. UAC and BD be two equal arcs in a circle ACDB, prove chord 

AB II chord CD. 

2. In equal circles, or in the same circle, if two arcs be unequal, 

that angle, whether at the centre or at the O^, is the greater 
which stands on the greater arc. 

3. The angle in a semicircle is a right angle. 

4. The angle in a segment greater than a semicircle is less than 

a right angle, and the angle in a segment less than a semi- 
circle is greater than a right angle. 

5. If the sum of two arcs of a circle be equal to the whole O^, the 

angles at the O*^ which stand on them are supplementary. 

6. Prove the proposition by superposition. 

7. Two circles touch each other internally, and a chord of the 

greater circle is a tangent to the less. Prove that the chord 
is divided at its point of contact into segments which subtend 
equal angles at the point of contact of the circles. 
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PROPOSITION 28. Theorem. 

In equal circles, or in the same circle^ if two chords he eqtuily 
the arcs they cut off are equal, the major arc equal to 
the major arc, and the minor equal to the minor. 
A D 





G H 

Let ABC, DEF be equal circles, and let chord BG = 
chord EF: 

it is required to prove that major arc BAC = major arc 
EDFy and minor arc BGG = minor arc ERF. 

Find K and L the centres of the circles, ///. 1 

and join BK, KG, EL, LF. 

Because ©s ABG, DEF are equal, Hyp. 

,'. their radii are equal. ///. Def. 1, Gor. 4 
CBK = EL 
In As BEG, ELF, IkG = LF 

i BG = EF; Hyp. 

,\ L K = L L; L 8 

.-.arc BGG = arc EHF. IIL 26 

But O^ ABG = O** DEF; IIL Def. 1, Gor. ^ 

.'. remaining arc BAG — remaining arc EDF. 

\.\i AC and BD be two equal chords in a circle ACDB, prove 

chord AB \\ chord CD. 
2. Hence devise a method of drawing through a given point a 

straight line parallel to a given straight line. 
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3. If two equal circles cut one another, any straight line drawn 
through one of the points of intersection will meet the circles 
again in two points which are equidistant from the other 
point of intersection. 



PROPOSITION 29. Theorem. 

In equal circleSy or in the same circle^ if two arcs he equal, 
the dfwrds which cut them off are equal. 
A D 





G H 

Let ABC, DEF be equal circles, and let arc BOG = arc 
EHF: 
it is required to prove that chord BG = chord EF, 

Find K and L the centres of the circles, ///. 1 

and join BK, KG, EL, LF. 

Because the circles are equal. Hyp, 

.*. their radii are equal. ///. Def, 1, Gor. 4 

And because the circles axe equal, and arc BGG = arc EHF, 

.\ L K=^ L L. Ill 27 

i BK=^EL 

In As BKG, ELF,] KG ^ LF 

(lK == lL; 
.-. BG = EF, L 4 

\. liAC and BD be two equal arcs in a circle ACDB, prove chord 

AD = chord BO, 
% Prove the proposition by superposition. 
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PROPOSITION 30. Problem 
To bisect a given arc. 




Let ADB be the given arc : 
it is required to bisect it. 

Draw the chord AB, and bisect it at C; /. 10 

from C draw CD ± AB, and meeting the arc at Z>. /. 1 1 
D is the point of bisection. 
Jom AD, BD. 

C AC= BO Const. 

In As AOD, BCD, ] CD = CD 

i L ACD= L BCD; 
.-. AD = BD. I. 4 

But in the same circle eqnal chords cut off equal arcs, the 
major arc being = the major arc, and the minor = the 
minor; 

and AD and BD are both minor arcs, since DC if produced 

would be a diameter ; ///. 1, Cor. 1 

.-. arc AD = arc BD. III. 28 

1. If two circles cnt one another, the straight line joining their 

centres, being produced, bisects all the four arcs. 

2. A diameter of a circle bisects the arcs cut off by all the chords 

to which it is perpendicular. 

3. Bisect the arc ADB without joining AB» 

4. Prove A DAB greater than any other triangle on the same base 

AB^ and having its vertex on the arc ADB. 
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PROPOSITION 31. Theorem. 

All angle in a semicircle is a right angle ; an angle in a 
segment greater than a semicircle is less than a right 
angle ; and an angle in a segment less than a semicircle 
is greater than a right angle. 



Let ABQ be a circle, of which E is the centre and BG 
a diameter; and let any chord -4C7 be drawn dividing the 
circle into the segment ABC which is greater than a semi- 
circle, and the segment ADQ which is less than a semi- 
circle: 
it is required to prove 

(1) L in semicircle BAG = art, l ; 

(2) L in segment ABG less than art, l; 

(3) L in segment ADG greater than art, L, 

Join AB ; 
take any point D in arc ADG, and join AD, GD, 

(1) Because an angle at the O** of a circle is half of the 
angle at the centre which stands on the same arc ; ///. 20 

.-. L BAG = half of the straight l BEG, 

= half of two Tt LB, III, Def, 21 

= a rt. L, 

(2) Because l BAG + l B ia less than two rt. l s, /. 17 
and L BAG = a rt. l ; 

.*. L B ia less than a rt. ^ . 
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(3) Because ABGD is a quadrilateral inscribed in the circle, 
.-. L B + L D = two rt. L s. ///. 22 

But L B is less than a rt. z. ; 
.*. L Dia greater than a rt z. . 

1. Circles described on the equal sides of an isosceles triangle as 

diameters intersect at the middle point of the base. 

2. Circles described on any two sides of a triangle as diameters 

intersect on the third side or the third side produced. 

3. Use the first part of the proposition to solve L 11, and L 12. 

4. Solve III. 1 by means of a set square. 

5. Solve III. 17, Case 3, by the following construction : Join AE^ 

and on it as diameter describe a circle cutting the given circle 
* at B and G. B and C are the points of contact of the 
tangents from A, 
G. If one circle pass through the centre of another, the angle in the 
exterior segment of the latter circle is acute. 

7. If one circle be described on the radius of another circle, any 

chord in the latter drawn from the point in which the circles 
meet is bisected by the former. 

8. If two circles cut one another, and from one of the points of 

intersection two diameters be drawn, their extremities and 
the other point of intersection will be in one straight line. 

9. Use the first part of the proposition to find a square equal 

to the difference of two given squares. 

10. The middle point of the hypotenuse of a right-angled triangle is 

equidistant from the three vertices. 

11. State and prove a converse of the preceding deduction. 

12. Two circles touch externally ^t A ; B and G are points of 

contact of a common tangent to the two circles. Prove 
L 5-4(7 right. 
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PROPOSITIO:^ 32. Theorem. 

If a straight line he a tangent to a circle^ and from flie point 
of contact a chord he drawn, the angles which the chord 
makes with the tangent shall he equal to the angles in 
the alternate segments of the circle. 




B F 

Let ABO be a circle, EF a tangent to it at the point B^ 
and from B let the chord BD be drawn : 
it is required to prove l DBF = the l in the segment BAD, 
and L DBF ^^ the l in the segment BCD, 

From B draw BA X EF ; J. 11 

take any point in the arc BD, and join BO, OD, DA, 

Because BA is drawn ± the tangent EF from the point 
of contact, 

.'. BA passes through the centre of the circle ; III. 19 
.*. L ADBj being in a semicircle, = a rt. z. ; III 31 

.-. L BAD + L ABD = a rt. z. , J. 32 

= L ABF. 
From these equals take away the common l ABD; 
.-. L BAD = L DBF. 
Again, because ABOD is a quadrilateral in a circle, 

lA + lO=2 It La. Ill 22 

But L DBF + L DBF = 2 rt ^ s; /. 13 

L A + L = L DBF -f 4 DBF, 
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Now L A=^ L DBF; 
.'. lQ^ L DBE. 

1. The chord which joins the points of contact of parallel tangents 

to a circle is a diameter. 

2. If two circles touch each other externally or internally, any 

straight line passing through the point of contact cuts off 
pairs of similar segments. 

3. If two circles touch each other externally or internally, and two 

straight lines be drawn through the point of contact, the 
chords joining their extremities are paralleL 

4. If two tangents be drawn to a circle from any point, the angle 

contained by the tangents is double the angle contained by 
the chord of contact, and the diameter drawn through either 
point of contact 

5. Enunciate and prove the converse of the proposition. 

6. A and B are two points on the O^ of a given circle. With B 

as centre and BA as radius describe a circle cutting the 
given circle at G and AB produced at D, Make arc DE = 
arc 2>(7, and join AE, AE\s9k tangent to the given circle. 

7. Show that this proposition is a particular case either of UL 21, 

or of IIL 22, Cor. 



PROPOSITION 33. Problem. 

On a given straight line to describe a segment of a circle 
which shall contain an angle equal to a given angle. 

H 
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Let AB be the given straight line, l G the given angle : 
it is required to describe on AB a segment of a circle which 
shall contain an angle - l C, 

At A make l BAD = l a I. 23 

From A draw AE i. AD; L 11 

bisect ABo^iF, /. 10 

and draw FQ ± AB, L 11 

Join BQ, 

iAF = BF Cmst. 

FG = FQ 
L AFQ = L BFG; 
.-. AG = BG; L 4 

.•. a circle described with centre G and radius AG will 
pass through B. 
Let this circle be described, and let it be AHB, 

The segment AHB is the required segment. 

Because AD is i. AE, a diameter of the O AHB, 
.*. AD is a tangent to the circle. ///. 16 

Because AB is a chord of the circle drawn from the 

point of contact A, 
/, the angle in the segment AHB = l BAD, III. 32 

= ^ a 

1. Show that the point O could be found equally well by making 

at B an angle = i BAE, instead of bisecting AB perpendicu- 
larly. 
Construct a triangle, having given : 

2. The base, the vertical angle, and one side. 

3. The base, the vertical angle, and the altitude. 

4. The base, the vertical angle, and the perpendicular from one 

end of the base on the opposite side. 

5. The base, the vertical angle, and the sum of the sides. 

6. The base, the vertical angle, and the difference of the sides. 

[Several other methods of solving this proposition will be found in 
T. S. Davies*s edition (12th) of Hutton's Course of Mathematics, 
vol h pp. 389, 390.] 
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PROPOSITION 34. Problem. 

From a given circle to cut off a segment which shall contain 
an angle equal to a given angle. 




E B F 

Let ABC be the given circle, and L D the given angle : 
it is required to cut off from O ABC a segment which sTiaJl 
contain an angle = lD. 

Take any point B on the 0*j Mid at B draw the 
tangent EF. III. 17 

At B make l FBC = l D. L 23 

The segment BAC is the required segment. 

Because FF is a tangent to the circle, and the chord BO 
is drawn from the point of contact B, 
.\ the angle in the segment BAC = l FBC, III, 32 

=- lD, 

Through a given point either within or without a given circle, 
draw a straight line cutting ofP a segment containing a given 
angle. Is the problem always possible ? 



PROPOSITIOIT 35. Theorems. 
If two chords of a circle cut one another, the rectangle con^ 
tained by the segments of the one shall he equal to the 
rectangle contained by the segments of the other. 
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Conversely : If two straight lines cut one another so that the 
rectangle contained by the segments of the one is equal 
to the rectangle contained by the segments of the other, 
the four extremities of the two straight lines are 
concyclic* 




(1) Let AC, BD two chords of the circle ABC cut one 
another at E: 

it is required to prove AE . EG = BE . ED. 

Find F the centre of the © ABC, IIL 1 

and from it draw FQ ± AC, and FH X BD. I. 12 

Join FB, FC, FE. 

Because FG drawn from the centre is X -4(7, 
.-. AC is bisected at Q. IIL 3 

Because -4(7 is divided into two equal segments AG, GC, 
and also internally into two unequal segments AE, EC, 
.'. AE'EC^ GC^ - GE% 115 

= (FC^ - FG^) - (FE^ - FG^), L 47, Cor. 
FC^ - FE\ 

Similarly, BE'ED=- FB^ - FE^ 

But FC^ = FB^ ; 
.-. FC^ - FE^ = FB^ - FE^ ; 
AE'EC==BE'ED. 

(2) Let the two straight lines AC, BD cut one another 
at E, so that AE-EC = BE • ED: 

it is required to prove the four points A, B, C, D concyclic. 
* The second pari of this proposition is not given by Bnolid. 
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B" 

Since a circle can always be described through three 
points which are not in the same straight line, 
let a circle be described through A, B, C. III. 1, Cor. 2 
If this circle do not pass also through Z), let it cut BD 
or BD produced at the point D'; 

then AE'EC = BE' ED'. III. 35 

But AE'EiG = BE' ED; Hyp. 

.-. BE'Eiy = BE'ED; 

ED' = ED, which is impossible; 
. •. the circle which passes through A, By must pass also 
through D. 

CoR. — If two chords of a circle when produced cut one 
another, the rectangle contained by the segments of the 
one shall be equal to the rectangle contained by the seg- 
ments of the other ; and conversely. 




Let AC, BD, two chords of the O ABC, cut one another 
when produced at E : 
it U required to prove AE • EC = BE • ED. 
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Find F the centre of the © ABC, III. 1 

and from it draw FG ± AG, and FH X BD. L 12 

Join FB, FCy FE. 

Because FG drawn from the centre is X -4(7, 
.-. AC is bisected at G, III, 3 

Because -4(7 is divided into two equal segments AG, GC, 
and also externally into two unequal segments AE, EC, 
.'. AE'EC = GE^ - GC^; IL 6 

= (FE^ - FG^) - {FC^ - FG% L 47, Cor. 
FE^ - FCK 

Similarly, BEED = FE^ - FB^. 

But FC^ = FB^; 
... FE^ - FG^ = FE^ - FB^; 
AE^EC =: BE^ED. 

The converse is proved in exactly the same way as the 
converse of the proposition. 

NoTB. — It was proved in the proposition that 
AE'EC = FC^ - FEK 

Now, if the O ABC and the point E be fixed, FC and FE are 
constant lengths, and . *. FC^ - FE* is a constant magnitude. 
Hence AE • EC is constant. 
But ACia any chord through E; 

.'. the rectangles contained by the segments of all the chords that 
can be drawn through E are constant ; 

or, in other words, if a variable chord pass through a fixed point 
inside a circle, the rectangle contained by the segments which the 
point makes on it is constant. 

This constant value may be called the internal potency of the point 
with respect to the circle. 

It was proved in the cor. that AE - EC = FE^ - FC\ 
Hence, as before, if the ABC and the point E be fixed, AE • EC 
is constant ; 

that is, if a variable chord pass through a fixed point outside a 
circle, the rectangle contained by the segments which the point 
tnalces on it is constant. 
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This constant value may be called the external potency of the 
point with respect to the cirde. 

When the point is situated on the O** of the circle, its potency 
with respect to the circle is zero. 

[The phrase * potency of a point with respect to a circle * is due 
to 8teiner. See Jacob Steiner's OewimmeUe Werke, voL i p. 22.] 

1. If two circles intersect, and through any point in their common 

chord two other chords be drawn, one in each circle, their 
four extremities are concyclic. 

2. ABC is a triangle, AX, BY, CZ the perpendiculars from its 

vertices on the opposite sides, intersecting at 0. Prove 
AO'OX=^BO' OY^ CO . OZ. 

3. ABC is a triangle, right-angled at C ; from any point DmAB^ 

or AB produced, a perpendicular to AB is drawn, meeting 
AC, or AC produced, in E. Prove AB • AD =^ AC • AE, 

4. ABC is any triangle ; D and E are two points on AB and AG^ 

OTonAB and A C produced either through the vertex or below 
the base, such that L ABE ^ L ACB. Prove AB - AD 
^AC'AE. 

5. Through a point P within a circle a chord APB is drawn such 

that AP • PB = a given square. Determine the squara 

6. Prove VI. B, and VI. C. 



PROPOSITION 36. Theorem. 

If from a point without a circle a secant and a tangent be 
drawn to the circle, ths rectangle contaiiied by the 
secant and its external segment shall be equul to the 
square on the tangent. 
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Let ABC be a circle, and from the point E without it 
let there be drawn a secant EGA and a tangent EB : 
it is required to prove AE* EC = EB^. 

Find F the centre of the O ABCy IIL 1 

and from it draw FG ± AC. I. 12 

Join FBy FCy FE. 

Because FB is drawn from the centre of the circle to -B, 
the point of contact of the tangent EB, 
.-. L FBEia right IIL 18 

Because FG, drawn from the centre, \a ± AC, 
.\ ACh bisected at G. IIL 3 

Because AC v& divided into two equal segments AG, GC, 
and also externally into two unequal segments AE, EC, 
.-. AE'EC= GE^ - GC^, IL 6 

= {FE'^ - FG^) - (FC^ - F&), L 47, Cor. 
FE^ - FC^, 
FE^ - FB^y 
EB^. L 47, Cor. 

1. Prove the proposition when the secant passes through the centre 
of the circle. (Euclid gives this particular case.) 

2L If two circles intersect, their common chord produced bisects their 
conmion tangents. 

3. If two circles intersect, the tangents drawn to them from any 

point in their conmion chord produced are equaL 

4. ABC is a triangle, AX, BY, CZ the perpendiculars from its 

vertices on the opposite sides. Prove AC »AY = AB' AZ, 
BG'BX=^BA'BZ, CA • GY= CB-CX, 

5. From a given point as centre describe a circle to cut a given 

straight line in two points, so that the rectangle contained 
by their distances from a fixed point in the straight line may 
be equal to a given square. 

6. Show, by revolving the secant EBD (fig. to III. 35, Cor.) round 

E, that this proposition is a particular case of III 35, Cor. 
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PROPOSITION 37. Theorem. 

If from a point without a circle two straight lines he draton^ 
one of which cuts the circle, and the other meets it, 
and if the rectangle contained by the secant and its 
external segment he equal to the sqtiare on the line 
which meets the circle, that line shall he a tangent. 

^ G 



Let ABG be a circle, and from the point E without it 
let there be cLiawn a secant EGA and a straight line EB 
to meet the circle ; also, let AE . EG = EB^ : 
it is required to prove that EB is a tangent to the O ABC. 

Draw EG touching the circle at G, III, 17 

and join the centre F to B, G, and E. 

Then l FGE = a rt. ^. ///. 18 

Now, since EG is a tangent, and EGA a secant, 

EG^^AE'EG, IILS6 

= EB^; Hyp. 

EG = EB. 

(EB^EG 
In As EBF, EGF,}bF = GF 
{ EF = EF; 
.-. L EBF = L EGF, I 8 

= a rt. ^ ; 
.•. EBia& tangent to the O ABO. IIL 16 
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1. Prove the proposition indirectly by supposing EB to meet the 

circle again at D. 

2. Prove the proposition indirectly by drawing the tangent EO on 

the other side of EF, and using I. 7. 

3. Describe a circle to. pass through two given points, and touch a 

given straight line. 

4. Describe a circle to pass through one given point, and touch two 

given straight lines. Show that to this and the previous 
proble^i there are in general two solutions. 

5. Describe a circle to touch two given straight lines and a given 

circle. Show that to this problem there are in general four 
solutions. 

6. Describe a circle to pass through two given points, and touch a 

given circle. Show that to this problem there are in general 
two solutions. 

7. AB\&9k straight line, C and D two points on the same side of 

it ; find the point in AB at which the distance CD subtends 
the greatest angle. 

[The third, fourth, fifth, and sixth deductions, along with lY. 4, 5, 
are cases of the general problem of the Tangencies, a subject on which 
ApoUonius of Perga (about 222 B.o.) composed a treatise, now lost 
This problem consists in describing a circle to pass tnrough or touch 
any three of the following nine data : three points, three straight 
lines, three circles. It comprises ten cases, which, denoting a point 
by P, a straight line by 2/, and a circle by C, may be symbolised 
thus : PPP, PPL, PPGy PLL, PLC, PCG, LLL, LLC, LCC, 
CCG, An excellent historical account of the solutions given to 
this problem in its various cases will be found in an article 
by T. T. Wilkinson, *De Tactionibus,* in thfe Transactums of 
the Historic Society of Lancashire and Cheshvre (1872). To the 
authorities there mentioned should be added Das Problem des 
ApoUonitis, by C. Hellwig (1856) ; Das Problem des Pappus von den 
Beriihrungen, by W. Berkhan (1857) ; * The Tangencies of Circles 
and of Spheres,' by Benjamin Alvord, published in 1855 in the 
8th vol. of the Smithsonian Contributions, and * The Intersection of 
Circles and the Intersection of Spheres,' by the same author in the 
American Journal of Mathematics, voL v., pp. 25-44.] 
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Radical Axis. 
Dkf. L — ^The locus of a point whose potencies (both external or 
both internal) with respect to two circles are equal, is called the 
radical aocis* of the two circles. 

Proposition 1. 
The radical axis of two drclea is a straight line perpendicular to the 
line of centres of the two circles, 

C 




Let A and B be the centres of the given circles, whose radii are 
a and 6, and suppose (7 to be any point on the required locus. 

Join CAf CB, and from C draw CD X AB the line of centres. 
Since the potency of G with respect to circle A ^ AG^ - a\ D^ 
and since the potency of C with respect to circle B = BC^ - 6^ ; D^ 

.\AC^-a^ =BC^-IP; 

.-. AG^ - BG^ = aa - ft^. 

But since the circles A and B are given, their radii (a and b) are 
constant ; 

.'. the squares on the radii (a^ and 5^) are constant ; 

.*. the diflference of the squares on the radii (a* - 6*) is constant ; 

.-. AG^ - BC^ is constant. 
Hence the locus of C is a straight line X AB, App, II. 5 

* This name, as well as that of * radical centre,* was introdaoed by 
L. Gaultier de Tours. See Journal de VEcole polptechnigue, 16* cahier, 
tome ix. (1813), pp. 139, 143. 
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Cob. 1. — ^Tangents drawn to the two circles from any point in 
their radical axis are eqoal. 

Cob. 2. — The radical axis of two circles bisects their common 
tangents. Hence may be d^ved a method of drawing the radical 
axis of two circles. 

Gob. 3. — If the two circles are exterior to each other and have no 
common point, the radical axis is situated outside both circles. 

CoR. 4.— K the two circles touch each other either externally or 
internally, their radical axis consists of the common tangent at the 
point of contact. 

Cob. 5. — If the two circles intersect each other, their radical axis 
consists of their common chord produced. 

Cob. 6. — ^If one circle is inside the other and does not touch it^ 
their radical axis is situated outside both circles. 

Cob. 7. — The radical axis of two unequal circles is nearer to the 
centre of the small circle than to the centre of the large one, but 
nearer to the o^ of the large circle than to the O'^ of the small 
one. 

Pboposition 2. 
The radical axes of three ctrdea taken in pah's are concurrent* 






F' 



Let AfB.Che three circles, whose radii are a, 6, c: 
it is required to prove that the radical axis of A and B, that of B and 
Cj and that of G and A all meet at one point 

* This theorem, in one of its cases, is attributed to Monge (1746-1818), 
in PonoeleVs Fropri^tSs Projectives des Figwrest § 71. 
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Suppose the centres of the three circles not to be in the same 
straight line. 

Then DE^ the radical axis of B and C^ and DFj the radical axis of 
C and Af will meet at some point D ; 

for they are respectively ± BG and CA, and BG and GA are not in 
the same straight line. 
Since D is a point on the radical axis of B and G; 

.-. BD^ - 63 ^ (7/)3 _ ca. 
Since D is a point on the radical axis of G and A ; 

.-. CD2-ca = -4Z)a-a2; 

.-. AD^-a^^BD^-h^i 

.*. i> is a point on the radical axis of A and B^ 
that is, the radical axis of A and B passes through D, 

Dep. 2. — ^The point of concourse of the radical axes of three circles 
taken in pairs, is called the radicdl centre of the three circles. 

Gob. 1. — ^When the three circles all cut one another, the radical 
centre lies within the area common to the three circles. 

GoR. 2. — When the centres of the three circles are in one straight 
line, the radical axes are all parallel, and the radical centre therefore 
is infinitely distant 

CoR. 3.— When the three circles all touch one another at the 
same point, the common tangent at that point is the radical axis 
of all three, and the radical centre therefore is indeterminate — ^that 
is, any point on the common radical axis will be a radical centre. 

GoR. 4. — In all other cases the radical centre is outside the three 
circles. 

Gob. 6. — If from the radical centre tangents be drawn to the 
three circles, their points of contact will be concyclic. 
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Cor. 6. — If there be several points from which equal tangents can 
be drawn to three circles, these three circles must have the same 
radical axis, and the several points must be situated on it. 

Cor. 7. — The orthocentre of a triangle is the radical centre of the 
circles whose diameters are the sides of the triangle, and also the 
radical centre of the circles whose diameters are the segments of the 
perpendiculars between the orthocentre and the vertices. 



Proposition 3. 
To find the radical axis of two arclea which have no common point 




Let A and B be the two circles. 

Describe any third circle C' so as to cut the circles A and B. 
Draw FH the common chord of A and (7, and EK the common 
chord of B and (7, and let them meet at D, 
From D draw DG J. AB, 

Then FD is the radical axis of A and (7, and ED the radical axis 

of B and C; A pp. IIL 1, Cor. 6 

.*. D is the radical centre of A, B, and G; App. III. 2 

.*. i> is a point on the radical axis of A and B; 

.'. DG is the radical axis of A and B. App. III. 1 

Cor. 1. — ^The radical axis of A and B may also be obtained thus : 
After finding D, draw a fourth circle to intersect A and B. A 
second pair of common chords will thus be obtained whose intersec- 
tion will determine another point on the radical axis of A and B. 
Join D with this other point. 



Digitized by 



Google 



218 Euclid's elements. [Book tit 

Gob. 2. — ^The radical centre of three circles which have no common 
point may be found by describing two circles each of which shall cut 
all the three given circles. 



DEDUCTIONS. 

1. Find a point inside a triangle at which the three sides shall 

subtend equal angles. Is this always possible ? 

2. Given two intersecting circles, to draw, through one of the points 

of intersection, a straight line terminated by the circles, and 
such that (a) the sum, (6) the difference, of the two chords 
may = a given length. 

3. Of all the straight lines which can be drawn from two given 

points to meet on the convex o°^ of a circle, the sum of 
tiiose two will be the least, which make equal angles with 
the tangent at the point of concourse. 

4. With the extremities of the diameter of a semicircle as centres, 

any two other semicircles are drawn touching each other 
externally, and a straight line is drawn to touch them both. 
Prove that this straight line will also touch the original 
semicircle. 

5. Find a point in the diameter produced of a given circle, such 

that a tangent drawn from it to the circle shall be of given 
length. 

6. ABC is a triangle having L BAG acute ; prove BG^ less than 

AB^ + AG^ by twice the square on the tangent drawn from 
A to the circle of which BG is a diameter. 

7. ABG is a triangle, AX, BY, GZ, the perpendiculars from its 

vertices on the opposite sides. Pro^e that these perpendiculars 
bisect the angles of A XYZ, and that L%AYZ, XBZ, XYG, 
ABG are mutually equiangular. 

8. If the perpendiculars of a triangle be produced to meet the circle 

circumscribed about the triangle, the segments of these 
perpendiculars between the orthocentre and the O^ are 
bisected by the sides of the triangle. 

9. If be the orthocentre of A ABG, the circles circumscribed 

about £iBABG, AOB, BOG, GOA are equal 
10. U D,E, F he situated respectively on BG, GA, AB, the sides 
of A ABG, the o*^ of the circles circumscribed about the 
three As AEF, BFD, GDE will pass through the same 
point. 
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11. If on the three sides of any triangle equilateral triangles be 

described outwardly, the straight lines joining the circum- 
scribed centres of these triangles will form an equilateral 
triangle. 

Construct a triangle, having given the base, the vertical angle, and 

12. The perpendicular from the vertex to the base. 

13. The median to the base. 

14. The projection of the vertex on the base. 

15. The point where the bisector of the vertical angle meets the base. 

16. The sum or difference of the other sides. 

17. Construct a triangle, having given its orthocentric triangle. 

18. Draw all the common tangents to two circles. Examine the 

various cases. (One pair are called direct, the other pair 
transverae, common tangents.) 

19. Of the chords drawn from any point on the O ** of a circle to the 

vertices of an equilateral triangle inscribed in the circle, the 
greatest = the sum of the other two. 

20. If two chords in a circle intersect each other perpendicularly, 

the sum of the squares on their four segments = the square 
on the diameter. (This is the 11th of the Lemmas ascribed 
to Archimedes, 287-212 B.a) 

21. A quadrilateral is inscribed in a circle, and its sides form chords 

of four otiier circles. Prove that the second points of inter- 
section of these four circles are concyclic. 

22. If four circles be described, either all inside or all outside of 

any quadrilateral, each of them touching three of the sides or 
the sides produced, their centres will be concyclic. 

23w The opposite sides of a quadrilateral inscribed in a circle are 
produced to meet Prove that the bisectors of the two 
angles thus formed are i. each other. 

24 If the opposite sides of a quadrilateral inscribed in a circle be 
produced to meet, the square on the straight line joining the 
points of concourse = the sum of the squares on the two 
tangents from these points. (A converse of this is given in 
Matthew Stewart's Propoaitionea Oeometricce, 1763, Book i.. 
Prop. 39.) 

25. If a circle be circumscribed about a triangle, and from the ends 

of the diameter i. the base, perpendiculars be drawn to the 

other two sides, these perpendiculars will intercept on the 

sides segments = half the sum or half the difference of the sides. 

O 
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26. In the fignre to the preceding deduction, find all the angles 

which are s half the anm or half the difference of the base 
angles of the triangle. 

27. If from any point in the O** of the circle circumscribed about a 

triangle, perpendiculars be drawn to the sides of the triangle, 
the feet of these perpendiculars are oollinear. (This theorem 
is frequently attributed to Robert Simson, 1687-1768. I 
have not been able to find it in his works.) 

28. If from any point in the O^ of the circle circumscribed about a 

triangle, straight lines be drawn, making with the sides, in 
cyclical order, equal angles, the feet of these straight lines 
are collinear. 

29. If P be any point in the ©••of the circle circumscribed about 

A ABCy Xf F, Z, its projections on the sides BG, CA, AB^ 
the circle which passes through the centres of the circles 
circumscribed about AS AZY, BXZ, CYX is constant in 
magnitude. 

30. If a straight line cut the three sides of a triangle, and circles be 

circumscribed about the new triangles thus formed, these 
circles will all pass through one point ; and this point will be 
concyclio with the vertices of the original triangle. (Steiner's 
Oemmmelte Werke, vol L p. 223.) 

31. If any number of circles intersect a given circle, and pass 

through two given points, the straight lines joining the inter- 
sections of each circle with the given one will all meet in the 
same point. 

32. A series of circles touch a fixed straight line at a fixed point ; 

show that the tangents at the points where they out a parallel 
fixed straight line all toudi a fixed circle. 
3a ABGD is a quadrilateral having AB = AD, and L C == L B 
■{■ L D; prove AG =^ AB or AD. 

34. From G two tangents GD, CE are drawn to a semicircle whose 

diameter in AB ; the chords AE, BD intersect at F, Prove 
that GF produced in ± AB. (This is the 12th of the Lemmas 
ascribed to Archimedes, and the preceding deduction is 
assumed in the proof of it) 

35. On the same supposition, prove that if the chords AD, BE 

intersect at F\ F'G produced is i. ^^. 

36. A series of circles intersect each other, and are such that the 

tangents to them from a fixed point are equal ; prove that the 
common chords of each i)air pass through this point. 
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37. Find a point in the o** of a given circle, the sum of whose 

distances from two given straight lines at right angles to each 
other, which, do not cut the circle, is the greatest, or the 
least possible. 

38. From a given point in the O*® of a circle draw a chord which 

shall be bisected by a given chord in the circle. 

39. From a point P outside a circle two secants PAB^ PDC are 

drawn to the circle ABGD; AG, ED are joined and intersect 
at O. Prove that lies on the chord of contact of the 
tangents drawn from P to the circle. (See Poudra's (Euirres< 
de Deaarguea, tome i., pp. 189-192, 273, 274.) 

40. Hence devise a method of drawing tangents to a circle from an 

external point by means of a ruler only. 

LOOL 

Find the locus of the centres of the circles which touch 

1. A given straight line at a given point. 

2. A given circle at a given point. 

3. A given straight line, and have a given radius. 

4. A given circle, and have a given radius. 

5. Two given straight lines. 

6. Two given equal circles. 

7. A series of parallel chords are placed in a circle ; find the locus 

of their middle points. 

8. A series of equal chords are placed in a circle ; find the locus of 

their middle points. 

9. A series of right-angled triangles are described on the same 

hypotenuse ; find the locus of the vertices of the right angles. 

10. A variable chord of a given circle passes through a fixed point ; 

find the locus of the middle point of the chord. Examine the 
cases when the fixed point is inside the circle, outside the 
circle, and on the o**. 

11. Find the locus of the vertices of all the triangles which have the 

same base, and their vertical angles equal to a given angle. 

12. Of tiie A ABC, the base BC is given, and the vertical angle A; 

find the locus of the point D, such that SD = the sum of the 
sides BA, AG, 

13. Of the £^ ABG, the base BG is given, and the vertical angle A ; 

find the locus of the point i>, such that BD = the difference 
of the sides BA^ AG 



Digitized by 



Google 



222 Euclid's blembnts. [Book m. 

14. AB ia a. fixed chord in a given circle, and from any point C in 

the arc ACB, a perpendicular CD is drawn to ^^. With C 
as centre and GD as radius a circle is described, and from A 
and B tangents are drawn to this circle which meet at F; 
find the locus of P. 

15. A quadrilateral inscribed in a circle has one side fixed, and the 

opposite side constant ; find the locus of the intersection of 
the other two sides, and of the intersection of the diagonals. 

16. Two circles touch a given straight line at two given points, and 

also touch one another; find the locus of their point of 
contact. 

17. Find the locus of the points from which tangents drawn to a 

given circle may be perpendicular to each other. 

18. Find the locus of the points from which tangents drawn to a 

given circle may contain a given angle. 

19. Find the locus of the points from which tangents drawn to a 

given circle may be of a given length. 

20. From any point on the 0°" of a given circle, secants are drawn 

such that the rectangle contained by each secant and its 
exterior segment is constant ; find the locus of the ends of the 
secants. 

21. -4 is a given point and BG a given straight line ; any point P 

is taken on BG, and ^P is joined. Find the locus of a x)oint 
Q taken on ^P such that ^P • ^Q is constant. 

22. The hypotenuse of a right-angled triangle is given ; find the loci 

of the comers of the squares described outwardly on the sides 
of the triangle. 

23. A variable chord of a given circle passes through a fixed point, 

and tangents to the circle are drawn at its extremities ; prove 
that the locus of the intersection of the tangents is a straight 
line. (This straight line is called the poiar of the given fixed 
point, and the given fixed point is called the pole, with refer- 
ence to the given circle. See the reference to Desargues on 
p. 221.) 

24. Examine the case when the fixed point is outside the circle. 
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DEFINITIONS. 

1. Any closed rectilineal figure may be called a polygon. 
Thus triangles and quadrilaterals are polygons of three and 
four sides. 

Polygons of five sides are called pentagons ; of six sides, hex- 
agons ; of seven, heptagons ; of eight, octagons ; of nine, nonagons 
or enneagons ; of ten, decagons ; of eleven, undecagons or hen- 
decagons ; of twelve, dodecagons ; of fifteen, quindecagons or pente- 
decagons ; of twenty, icosagona 

Sometunes a polygon having n sides is called an n-gon. 

2. A polygon is said to be regular when all its sides are 
equal, and all its angles equaL 

It is important to observe that the triangle is unique among 
polygons. For if a triangle have all its sides equal, it must have all 
its angles equal (L 5, Cor.) ; if it have all its angles equal, it must 
have all its sides equal (I. 6, Cor.) 

Polygons with more than three sides may have all their sides 
equal without having their angles equal; or they may have all 
their angles equal without having their sides equal A rhombus and 
a rectangle are illustrations of the preceding remark. 

Hence in order to prove a polygon (other than a triangle) regular, 
it must be proved to be both equilateral and equiangular. 

3. When each of the angular points of a polygon lies on 
the circumference of a circle, the polygon is inscribed in 
the circle, or the circle is circumscribed about the polygon. 

4. When each of the sides of a polygon touches the cir- 
cumference of a circle, the polygon is circumscribed about 
the circle, or the circle is inscribed in the polygon. 

5. The diagonals of a polygon are the straight lines 
which join those vertices of the polygon which are not 
consecutive. 
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PROPOSITION 1. Problem. 

In a given circle to place a chord equal to a given straight 
line which is not greater than the diameter of tlie circle. 




Let D be the given straight line which is not greater than 
the diameter of the given O ABG: 
it is required to place in the ABG a chord = D. 

Draw BO any diameter of the © ABG. III. 1 

Then if BG = D, what was required is done. 
But if not, BG is greater than D. Hyp. 

Make GE = D; I. 3 

with centre G and radius GE^ describe the AEF; 
join C4. 

Then GA = GE, being radii of the AEF, 

= D. Const. 

1. How many chords can be placed in the circle equal to the given 

straight line D ? 

2. Place a chord in the ABG equal to the given straight line Z), 

and so that one of its extremities shall be at a given point 
in the o*^. How many chords can be so placed ? 

3. About a given chord to circumscribe a circle. How many circles 

can be so circumscribed? Where will their centres all lie? 
What limits are there to the lengths of the diameters of all 
such circles ? 
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4. About a given chord to circumscribe a circle having a given 

radius. How many circles can be so circumscribed ? 

Place a chord in the ABC equal to the given straight line i>, 
and so that it shall 

5. Pass through a given point within the circle. 

6. II II II without II 

7. Be parallel to another given straight line. 

8. Be perpendicular n it n 



PROPOSITION 2. Problem. 

In a given circle to inscribe a triangle equiangular to a given 
triangle. 




JjetABO be the given circle, and DEF the given triangle : 
it in required to inscribe in ABG a triangle equiangular to 
ADEF. 

Take any point A on the O** oi ABOy 

and at A draw the tangent GAR. IIL 17 

Make z. HAO = lF, and l GAB = l F; I. 23 
join BG. ABG is the required triangle. 

Because the chord AG ia drawn from A, the point of 
contact of the tangent GAH^ 

lB= L HAG, III. 32 

= L F. Gonst. 

Similarly, l G= l GAB, IIL 32 

= L F; Consk 
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.'. remaining l BAG = remaining l D; L 32, Cor. 1 
.-. A ABC is equiangular to A DEF. 

1. Show that there may be innumerable triangles inscribed in the 

ABG equiangular to the given A DEF. 

2. If the problem were, In a given circle to inscribe a triaifgle 

equiangular to a given A DEF, and having one of its vertices 
at a given points on the O^* show that six dififerent positions 
of the inscribed triangle would be possible. 

3. Given a ABG ; inscribe in it an equilateral triangle. 

4. Two A 8 ABG, LMN are inscribed in the ABG, each of them 

equiangular to the A DEF; prove A s ABGy LMN equal in 
all respects. 



PEOPOSITION III. Problem. 

About a given circle to circumscribe a triangle equiangvlar 
to a given triangle. 
L 




D 

Z\ 



E F 



Let ABC he the given circle, and DEFihe given triangle : 
it is required to circumscribe about ABC a triangle equi* 
angular to A DEF. 

Produce EF both ways to G and H, 
Find the centre of the O ABC, IIL 1 

and draw any radius OB. 

Make z. BOA = l DEC, and l BOO = l DFH ; L 23 
and at A, B, C, draw tangents to the circle intersecting each 
other at L, My N. LMN is the required triangle. 
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Because OAMB is a quadrilateral, 

.'. the sum of its four z. s = 4 rt. iL s. /. 32, Cor, 2 

But^2- 0AM + L OBM= 2rt. La; III. 18 

. •. L Mis supplementary to l BOA. 
But L DEFia supplementary to L DEG^ /. 13 

and L BOA = l DEG ; Const 

.-. lM = L DEF. 
Similarly, l N = l DFE; 

.'. remaining l L = remaining L D; L 32, Cor. 1 

.-. A LMN is equiangular to A DEF. 

1. It is assumed in the proposition that the tangents at A, B, G 

will meet and form a triangle. Prove this. 

2. Show that there may be innumerable triangles circumscribed 

about the © ABC equiangular to the given A BEF. 

3. Given a ABC; circumscribe about it an equilateral triangle. 

4. If the points of contact of the sides of the circumscribed eqiii- 

lateral triangle be joined, an inscribed equilateral triangle 
will be obtained. 

5. A side of the circumscribed equilateral triangle is double of a 

side of tiie inscribed equilateral triangle, and the area of the 
circumscribed equilateral triangle is four times the area of the 
inscribed equilateral triangle. 

Supply the demonstration of the proposition from the following 
constructions, which do not require EF to be produced : 

6. In the given circle, whose centre is 0, draw any diameter BOG. 

Make z GOA= lE, l GOG^ l ^, and at -4, 5, C draw tan- 
gents intersecting at Z/, M, N. LMN is the required triangle. 

7. At any point B on the 0<* of the given circle draw a tangent 

PBQydkUd. on the tangent take any points P, Q, on opposite 
sides of B. At P make i QPR = z ^, and at Q make 
z PQR = I F. Assuming that PR, QR do not touch the 
given circle, from O the centre draw perpendiculars to Pi?, 
QRf and let these perpendiculars, produced if necessary, meet 
the circle at A and G. At A and G draw tangents LM, 
LN to the circle. LMN is the required triangle. 

8. In the given circle inscribe a A ABC equiangular to A DEF, 

Bisect the arcs ABj BG, GA, and at the points of bisection 
draw tangents. 
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9. Any rectilineal figure ABODE is inscribed in a circle. Bisect 
the arcs ABy BQ, CD, DE, EA, and at the points of bisection 
draw tangents. The resulting figure is equiangular to 
ABODE. 

10. Two triangles are cironmsoribed about the ABO, each of them 

equiangular to L DEF ; prove that they are equal in all 
respects. 

11. Describe a triangle equiangular to a given triangle, and such 

that a given circle shall be touched by one of its sides, and 
by the other two produced. Show that there are three 
solutions of this deduction. 



PKOPOSITION" 4. Problem. 
To inscribe a circle in a given triangle, 
A 




Let ABG be the given triangle : 
it is required to inscribe a circle in A ABO, 

Bisect L s ABGy AGB by BI, Gly which intersect at I; L 9 
from /draw ID, IE, IF ± BG, GA, AB. L 12 

( L IDB = L IFB 
In As IDB, IFB, \ l IBD = l IBF Gmsb. 

i IB = IB; 
.-. ID = IF. I. 26 

Similarly, ID = IE; 
.'. ID, IE, IF are all equal 
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With centre / and radius ID describe a circle, which will 

pass through the points D, E, F. 

Of this circle, ID, IE, IF will be radii ; 

and since BG, CA, AB are ± ID, IE, IF, Canst 

.'. BG, CA, AB wiU be tangents to the O DEF ; IIL 16 
.-. the D-fiJi?* is inscribed in the A ABG. 

Note. — ^This proposition is included in the more general 
one, to describe a circle which shall touch three given straight 
lines. See Appendix IV. 1, p. 250. 

1. It is assumed in the proposition that the bisectors BI, CI will 

meet at some point /. Prove this. 

2. If /4 be joined, it will bisect L BAG, 

3. The centre of the circle inscribed in an equilateral triangle is 

equidistant from the three vertices. 

4. The centre of the circle inscribed in an isosceles triangle is 

equidistant from the ends of the base. 
6. Prove AF + BD + CE = FB + DC + FA ^ semi-perimeter 
of A ABC. 

6. Prove AF + BC = BD + CA = CE + AB = semi-perimeter 

of A ABC. 

7. With A,B, C, the vertices of a ABC as centres, describe three 

circles, each of which shall touch the other two. 

8. Find the centre of a circle which shall cut off equal chords from 

the three sides of a triangle. 

9. If through I a straight line be drawn || BC^ and terminated by 

AB,AC, this parallel will be equal to the sum of the segments 
of AB, ^(7 between it and BC. Examine the cases for Ip I,, 
Ig, I4, in Appendix IV. 1. 

10. If D, E, F, the points of contact of the inscribed circle, be 

joined, a DEF is acute-angled. 

11. The angles of A DEF are respectively complementary to half 

the opposite angles of A ABC. 

12. ABC is a triangle. D and E are points in AB and AC, or 

in AB and AC produced. Prove that the vertex A, and the 
centres of the circles inscribed in A s ABC, ADE, are collinear. 

13. Draw a straight line which would bisect the angle between two 

straight lines which are not parallel, but which cannot be 
produced to meet. 
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PROPOSITION 5. Problem. 
To circum8cribe a circle about a given triangle. 




Let ABG be the given triangle : 
it is required to circumscribe a circle about A ABC. 

Bisect AB at L and AG at K; 
from i^ and ^ draw L8 ± AB and K8 ± AC, 
and let LS, KS intersect at S, 
Join SA ; and if ^ be not in BC, join SB, SC. 

AL ^ BL 



In As ALS, BLS, 



{ 



I. 10 
/. 11 



Canst 



LS = LS 
lALS= l BLS; 
.'. SA = SB, L 4 

Similarly, SA = SC; 
,'. SA, SB, SC are all equal 

With centre S and radius SA, describe a circle ; 
this circle will pass through the points A, B, C, and will bo 
circumscribed about the A ABC 

CoR. — ^From the three figures it appears that S, the centre 
of the circumscribed circle, may occupy three positions : 

(1) It may be inside the triangle. 

(2) It may be on one of the sides. 

(3) It may be outside the triangle. 
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In the first case, when £1 is inside the triangle, the lb 
ABC, BOA, CAB, being in segments greater than a semi- 
circle, are each less than a right angle ; ///. 31 
.•. the triangle is acute-angled. 

In the second case, when 8 ia on one of the sides as BO, 
L BAG, being in a semicircle, is right; ///. 31 

.•. the triangle is right-angled. 

In the third case, when /Sfis outside the triangle, L BAC, 
being in a segment less than a semicircle, is greater than a 
right angle ; ///. 31 

.'. the triangle is obtuse-angled. 

And conversely, if the given triangle be acute-angled, the 
centre of the circumscribed circle will fall within the 
triangle ; if the triangle be right-angled, the centre will fall 
on the hypotenuse; if the triangle be obtuse-angled, the 
centre will fall without the triangle beyond the side 
opposite the obtuse angle 

1. It is assumed in the proposition that the perpendiculars at L and 

K will intersect. Prove this. 
2i With which proposition in the Third Book may this proposition 

be regarded as identical ? 

3. Give an easy construction for circumscribing a circle about a 

right-angled triangle. 

4. An isosceles triangle has its vertical angle double of each of the 

base angles. Prove that the diameter of its circumscribed 
circle is equal to the base of the triangle. 

5. A quadrilateral has one pair of opposite angles supplementary. 

Show how to circumscribe a circle about it. 

6. If a perpendicular 8H be drawn from 8 to BC, it will bisect BC, 

7. If the perpendicular in the preceding deduction meet the circle 

below the base at D, and above the base at E^ prove 

(a) L BSD = L C8D = i BAG;, 
(6) I BSE = z GSE = I ABG + L AGB; 
(c) L ASE = \(L ABG" L AGB); 
{d) that AD and AE bisect the interior and exterior 
vertical angles at A, 
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8L The angle between the circumscribed radius drawn to the vertex 
of a triangle, and the perpendicular from the vertex on the 
opposite side, is equal to half the difference of the angles at 
the base of the triangle. 

9. The centre of the circle circumscribed about an equilateral 
triangle is equidistant from the three sides. 

10. The centre of the circle circumscribed about an isosceles triangle 

is equidistant from the equal sides. 

11. When the inscribed and circumscribed centres of a triangle 

coincide, the triangle is equilateral. 

12. When the straight line joining the inscribed and circumscribed 

centres of a triangle passes through one of the vertices, the 
triangle is isosceles. 

13. If ^ be the middle point of BG, what will the point ^ be in 

reference to A HKL ? 

14. 8Af SB, 8G are respectively ± the sides of the orthocentric 

triangle of A ABC, 

15. The straight line joining the inscribed centre of a triangle to 

any vertex bisects the angle between the circumscribed radius 
to that vertex, and the perpendicular from that vertex on the 
opposite side. 



PKOPOSITION 6. Problem. 

To inscribe a square in a given circle. 

A 




Let ABC be the given circle : 
it is required to inscribe a square in ABC. 

Find the centre of the O ABC, 



TIL 1 
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and through draw two diameters AG^ BD J_ each 
other; 7. 11 

join AB, BCy CD, DA, ABCD is the required square. 

(1) To prove ABCD equilateral. 

A0 = AQ 
0B= OD 

ADD; 

.-. AB = AD. L 4 

Hence also AB = BG, BO = OD ; 
.*. ABCD is equilateral 

(2) To prove ABOD rectangular. 

Because ls ABC, BOD, ODA, DAB are right, being 

angles in semicircles; ///. 31 
.'. ilJ5(7Z> is rectangular ; 

.-. ABOD is a square. /. Def. 32 

Cor. — If the arcs AB, BO, OD, DA be bisected, the 
points of bisection along with A, B, (7, D will form the 
vertices of a regular octagon inscribed in the circle. If the 
arcs cut off by the sides of the octagon be bisected, the 
vertices of a regular figure of 16 sides inscribed in the circle 
will be obtained. Eepeated bisections will give regular 
figures of 32, 64, 128, 256, &c. sides inscribed in the 
circle. All these numbers 4, 8, 16, 32, 64, &c. are com- 
prised in the formula 2**, where n is any positive integer 
greater than 1. 

1. Prove that ABCD is eqmlateral by using III. 26, 29. 

2. The square inscribed in a circle ia double of the square on the 

radius, and half of the square on the diameter. 

3. All the squares inscribed in a circle are equal 

4. If the ends of any two diameters of a circle be joined consecu- 

tively, the figure thus inscribed is a rectangle. 
6. What is the magnitude of the angle at the centre of a circle 

subtended by a side of the inscribed square ? 
6. If r denote the radius of the given circle,_then the side of the 

inscribed square will be denoted by rV2. 
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PROPOSITION 7. Problem. 

To circumscribe a square about a given circle. 

A 




Let ABC be the given circle : 
it is required to circumscribe a square about ABC, 

Find the centre of the © ABC, IIL 1 

and through draw two diameters AC, BD X each 
other. 7. 11 

At A, B, C; D, draw EF, FG, GH, HE, tangents to the 
circle. IIL 17 

EFGH is the required square. 

(1) To prove -EF6?5' equilateral 
Because J5Ji^and GH sue both ± AC, 

and BD is also ± AC; 

.-. EF, BD, and G^jg^are all parallel. 
Hence also FG, AC, and HE are all parallel ; 

.". all the quadrilaterals in the figure are ||"". 
Hence EF and GH are each = BD, 
and FG and HE are each = -A C 
BvitAC^BD; 

.-. EF, FG, GH, HE are all equal 

(2) To prove EFGH rectangular. 
Because OE is a H"*, .-. l E ^ L ADD; 

.•. z. ^is right 



IIL 18 

Const. 

I. 28, Cor, 

L Def, 33 
/. 34 
I 34 



I 34 
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Hence also La F, G, Hoie right. 
.•. EFGH is a square. 
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1. It is assumed in the proposition that the four tangents at A, B, 

C, D will form a closed figure. Prove this. 

2. The square circumscribed about a circle is double of the square 

inscribed in the circle. 

3. All the squares circumscribed about a circle are equal. 

4. If a rectangle be circumscribed about a circle, it must be a square. 

5. If tangents be drawn at the ends of any two diameters of a 

circle and produced to meet, the figure thus circumscribed is 
a rhombus. 

6. What is the magnitude of the angle at the centre of a circle, 

subtended by a side of the circumscribed square ? 

7. If r denote the radius of the given circle, then the side of the 

circumscribed square will be denoted by 2r. 



PROPOSITION 8. Problem. 
To inscribe a circle in a given square, 

A H D 







Let ABCD be the given square : 
it is required to inscribe a © in, ABGD. 

Join AGy BD intersecting at ; 
and from draw OE, OF, OG, OH X the sides of the 
square. 
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F 

IBA^DA LDef. 32 

In As BAO, DAG, \aO = AO 

(bC^ DC; LDef. 32 

.'. L BAO = L DAG, and l BGA = l DGA; I. 8 

.•. the diagonal AG bisects l s BAD, BGD. 
Hence also, the diagonal BD bisects l s ABG^ ADG. 
( L OEB = L OFB 
In As OEB, OFB, \ l OBE = 'l OBF 
( OB = OB; 
.-. OE = OF. L 26 

Hence also OF = 06?, 00 = OH; 
.'. OE, OF, OG, OH Are all equal 

With centre and radius OE, describe a circle which 
will pass through the points E, F, G, H 
Of this circle, OE, OF, OG, 0^ will be radii; 
and since AB, BG, GD, DA are J_ OE, OF, OG, OH, Gonst 
.'. AB, BG, GD, DA will be tangents to 
O EFGH; III. 16 

.*. O EFGH is inscribed in the square ABGD. 

1. Could 0, the centre of the inscribed circle, be found in any other 

way than by joining AO, BD ? 

2. Show that a circle cannot be inscribed in a rectangle unless it 

be a square. 

3. Inscribe a circle in a given rhombus. 

4. Enumerate the ||°^ in which circles can be inscribed. 

5. If a denote a side of the given square, then the radius of the 

inscribed circle will be denoted by \a. 
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PROPOSITION 9. Problem. 
To circumscribe a circle about a given square. 




Let ABCD be tbe given square : 
it is required to circumscribe a circle about ABCD. 



Join AC^ BD intersecting at 0. 

LBA^ DA 
In As BAC, DAC, ]aC = AG 

[BG^DG; 



I. Def. 32 

/. Def. 32 
/. 8 



••. L BAG = L DAG, and l BGA = l DGA, 

,\ the diagonal AG bisects l s BAD, BGD. 
Hence also, tbe diagonal BD bisects l a ABG, ADO, 
Because l GAB = l DBA, each being half a rt z. , 

.-. GA = OB. L 6 

Hence also 0.B = 00, and OC = OD; 

.-. OA, OB, OG, OD are all equal 

With centre and radius OA^ describe a circle which 
will pass through the points A, B, 0, D, 
and .•. will be circumscribed about the square ABGD, 

1. Show that a circle cannot be circumscribed about a rhombus 

unless it be a square. 

2. Circumscribe a circle about a given rectangle. 

3. Enumerate the |p^ about which circles can be circumscribed. 

4. If a denote a side of the given square, then the radius of the 

circumscribed circle will be denoted by ^Us/^ 
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PROPOSITIOlSr 10. Problem. 

To deacrihe an isosceles triangle having each of the aiigles at 
' the base double of the third angle. 




Take any straight line AB, 
and divide it internally at Gso that AB - BO = AQ\ IL 11 
With centre A and radius ABy describe the © BDE, 
in which place the chord BD = AC. IV, 1 

Join AD. ABD is the required isosceles triangle. 

Join CD, and about A ACD circumscribe the 
ACD, IV. 5 

Because AB*BO= AG\ Cmst. 

.-. 52) is a tangent to the ACB. III. 37 

Because the chord DG is drawn from Z>, the point of 
contact of the tangent BD ; 

lBDG^lA. 
Add to each the l GDA ; 

L BDA = L A -{- L 

L DBA = L A + L 

But L DGB ^ L A-V L 

L DBA or L DBG = L DGB; 



GDA; 
GDA. 
GDA; 



III. 32 



J. 5 
/. 32 
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DC = DB, L 6 

= Aa 

.-. L A = L CDA, 01 L A-^ L GDA = twice l A, 7. 5 
But L BDA = L A + L CD A ; 

.*. L BDAy and consequently l DBA = twice l A. 

J. The A i)5C7 ia eqniaDgular to A ABD. 

2. Angle A = one-iifth of two right angles. 

3. Divide a right angle into five equal parts. 

4 The A CAD has one of its angles thrice each of the other two. 

5. On a given base, construct an isosceles triangle having each of 

its base angles double of the vertical angle. 

6. On a given base, construct an isosceles triangle having each of 

its base angles one-third of the vertical angle. 

7. The small circle in the figure to the proposition must cut the 

large one. (Campanus.) 

8. If the small circle cut the large one at F, and DF be joined, 

DF=^BD. (Campanus.) 

9. BD is a side of a regular decagon inscribed in the large circl& 
10. AC and CD are sides of a regular pentagon inscribed in the 

small circle. 
J 1. The small circle = the circle circumscribed about A ABD, 

12. If BF be joined, BF is a side of a regular pentagon inscribed 

in the large circle. 

13. If AFiuaA FO be joined, as ADF, FAG possess the property 

required in the proposition. 
14* If DC be produced to meet the large circle at (?, and BG be 

joined, BQ is a side of a regular pentagon inscribed in the 

large circle. 
16. If FO be joined, FO bisects ^(/perpendicularly. 

16. Divide a right angle into fifteen equal parts. 

17. The square on a side of a regular pentagon inscribed in a circle 

is greater than the square on a side of the regular decagon 
inscribed in the same circle by the square on the radius. 
(EucUd, XIII. 10.) 

18. Show, by referring to 1. 22, that the large circle could be omitted 

from the figure of the propositioD. 

19. Show that the proposition could be proved without describing 

the small circle, by drawing a perpendicular from D to 
BC, 
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20. Show that the centre of the circle circumscribed aboat A BCD 

is the middle point of the arc CD. 

21. What is the magnitude of the angle at the centre of a circle 

subtended by a side of the inscribed regular decagon ? 

22. If r denote the radius of the circle, then the side of the inscribed 

regular decagon will be denoted by jr(\/5 - 1). 



PROPOSITION 11. Problem. 

To inscribe a regular pentagon in a given circle, 

A 




Let ABC be the given circle : 
it is required to inscribe a regular pentagon in ABC, 

Describe an isosceles A FGH, having each of its lsG, H 
double of L F; IV, 10 

in the © ABC inscribe a A ACD equiangular to A FGH, 
so that ^SilODj^^C^may each be double of L CAD. IV, 2 
Bisect L s ACD, ADC by CE, DB; L 9 

and join AB, BC, DE, EA. 

ABCDE is the required regular pentagon. 

(1) To prove the pentagon equilateral 

Because l s ACD, ADCsltq each double of l CAD, Const. 
and they are bisected by CE, DB ; 

.'. the five L a ADB, BDC, CAD, DCE, EC A are all equal ; 
.• . the five arcs AB, BG, CD, DE, EA are all equal ; ///. 26 
.-. the five chords AB.BC, CD, DE, ^^1 are aU equal ///. 29 
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(2) To prove the pentagon equiangular. 
Since the five arcs AB^ BG, CD, DE, EA are all equal, 
.'. each is one-fifth of the whole O" ; 
.*. any three of them = three-fifths of the O**. 
Now the five l s ABQ, BCD, CDE, DEA, EAB stand each 
on an arc = thre^fif ths of the Q* ] 
.*. these five angles axe all equal. ///. 27 

1. How many diagonals can be drawn in a regnlar pentagon ? 

2. Prove that each diagonal is i| a side of the regular pentagon. 

3. All the diagonals of a regular pentagon are equal 

4. The diagonals of a regular pentagon cut each other in medial 

section. 
& The intersections of the diagonals of a regular pentagon are the 
vertices of another regular pentagon. 

6. The intersections of the alternate sides of a regular pentagon 

are the vertices of another regular pentagon. 

7. If BE be joined, show that there wiU be in the figure five 

pentagons, each of which is equilateral but not equiangular. 

8. Prove A ABG less than one- third, but greater than one-fourth 

of ABODE. 

9. Prove a ACD less than one-half, but greater than one-third of 

ABODE. 

10. Use the twelfth deduction from IV. 10, to obtain another 

method of inscribing a regular pentagon in a given circle. 

11. What is the magnitude of an angle of a regular pentagon? 

12. Knowing the magnitude of an angle of a regular pentagon, how 

can we construct a regular pentagon on a given straight line ? 

13. Construct a regular pentagon on a given stodght line, by any 

other method. 

14. If the alternate sides of a regular pentagon be produced to meet, 

the sum of the five angles at the points of intersection is 
equal to two right angles. (Campanus.) 

15. What is the magnitude of the angle at the centre of a circle 

subtended by a side of the inscribed regular pentagon ? 

16. If r denote the radius of the circle, then the side of the inscribed 

regular pentagon will be denoted by JrVio - 2n/5. 
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PROPOSITIOlSr 12. Problem. 

To circujnscribe a regular pentagon abmit a given circle. 

F 




H 

Let ABC be the given circle : 
it is required to circumscribe a regular pentagon about ABC. 

Find Af B, C, D, E the vertices of a regular pentagon 

inscribed in the circle ; IV. 1 1 

at these pomts draw FQy GH, HE, KL, LF tangents to 

the circle. III. 17 

FGHKL is the required regular pentagon. 

Find the centre of the circle, ///. 1 

and join OB, OH, OC, OK, OD. 

(1) To prove the pentagon equiangular. 
Because OBHC is a quadrilateral ; 
.'. the sum of its four z. s = 4 rt. z. s. /. 32, Cor. 2 

But L OBH + L OCR = 2 rt. z.s; ///. 18 

.•. L BHC is supplementary to l BOC. 
Hence also, l CKD is supplementary to l COD. 
But since B, C, D sue consecutive vertices of an inscribed 
regular pentagon ; 

arc BC - arc CD; III. 28 

L BOC = L COD. in. 27 

Hence l BHC = l CKD. 
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Now L BHC and l CKD are any two consecutive angles 
of the pentagon ; 
.•. all the angles of the pentagon are equal 

(2) To prove the pentagon equilateral 

(BO ^00 
In As BOH, GOB, ]0H = OH 

[BH^ CH; III 17 Cor. 

.'. L BOHrz L COH; L 8 

.-. L BOG is double of L HOG. 
Hence also, L DOG is double of l KOG. 
But because l BOG = l DOG, .'. l HOG = l KOG. 
( L HOG = L KOG 
In As HOG, KOG, \ l OGH = l OGK III. 18 

( OG = OG; 
.'. HG=KG; 7.26 

.-. ITfi: is double of ^01 
Similarly, GH is double of HB. 
But since HB = HG, .-. QH = HK. 
Now GH and HK are any two consecutive sides of the 
pentagon ; 
.'.all the sides of the pentagon are equal. 

1. It is assumed in the proposition that the five tangents at 

A, B, C, D, E will form a closed figure. Prove this. 

2. Prove that the regular pentagon circumscribed about a circle 

might be obtained thus : Inscribe a regular pentagon ABODE 
in the circle ; bisect the arcs AS, BC, CD, DE, EA, and at 
the points of bisection draw parallels to the sides of the 
inscribed pentagon. 

3. What is the magnitude of the angle at the centre of a circle 

subtended by a side of the circumscribed regular pentagon ? 

4. If any regular polygon be inscribed in a circle, tangents at its 

vertices will form another regular polygon of the same number 
of sides circumscribed about the circle. 
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PROPOSITION 13. Problem. 

To inscribe a circle in a given regular pentagon. 

A 




G D 

Let ABODE be the given regular pentagon : 
it is required to inscribe a circle in ABGDE, 

Bisect L s BCD, ODE by CO, DO intersecting at 0; /. 9 
join OB, and draw OF, OQ i. BG, CD. L 12 

!BG = DG Hyp, 

00^ GO 
lBGO^ lDGO; Const 

.'. L GBO = L CDO. L 4 

But L GDO is half of the angle of a regular pentagon ; Gonst. 
. • . L GBO is half of the angle of a regular pentagon ; 
.-. OJ? bisects l GBA, 

Hence also, OA would bisect l BAE, and OE, l AED. 
( L OFG = L OQG 
In As OFG, OGGA l OGF = l OGG Canst. 

i OG = OG; 
.-. 0F= OG. L 26 

Now since is the point where the bisectors of all the 
angles of the pentagon meet, and OF, OG are perpendiculars 
on any two consecutive sides ; 

.'. the perpendiculars from on all the sides are equal. 
Hence the circle described with as centre and OF as 
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radius, will pass through the feet of all the perpendiculars 

from ; 

and wiU touch AB, BO, CD, DE, EA. IIL 16 

1. Find the centre and radius of the circle inscribed in a Tegular 

pentagon by means of a square. (A set square or T square 
is meant.) 

2. The area of a regular pentagon is equal to the rectangle con- 

tained by its semi-perimeter and the radius of the inscribed 
circle. 

PEOPOSITIOlir 14. Problem. 

- To circumscribe a circle about a given regular pentagon. 

A 



Let ABODE be the given r^ular pentagon : 
it is required to circumscribe a circle about ABODE. 

Bisect L s BOD, ODE by 00, DO intersecting at 0; /. 9 
and join OB, OA, OE. 

OB, OA, OE bisect the l s OBA, BAE, AED. IV, 13 
Because l OOD = l ODO, each being half of the angle 
of a regular pentagon ; 

.-. Oa= OD. I. 6 

Hence also, OD = OE, OE = OA, OA = OB; 

.•. the circle described with as centre and OA as radius, 
will pass through A, B, O, D, E, 
and will be circumscribed about the pentagon ABODE. 

1. Fixfd the centre and radius of the circle circumscribed about a 
regular pentagon by means of a square. 
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2. The square on the diameter of the circle oircomscribed about a 

regular pentagon = the square on one of the sides of the 
pentagon together with the square on the diameter of the 
inscribed circle. 

3. If a denote a side of the given regular pentagon, then the 

radiu s of the c ircumscribed circle will be denoted by 
AaVeo + 10V5. 



PROPOSITION 15. Problem. 
To inscribe a regular hexagon in a given circle. 






Let ABG be the given circle : 
it is required to inscribe a regular hexagon in ABO. 

Find the centre of the circle, ///. 1 

and draw a diameter AOD. 

With centre D and radius DO, describe the O EOO; 
join EO, 00, and produce them to B and F. 
Join AB, BO, OD, DE, EF, FA. 

ABODEF is the required regular hexagon. 

(1) To prove the hexagon equilateral 

As DOE, DOO are equilateral ; /. 1 

.-. z- s DOE, DOO sue each one-third of two rt L s. /. 32 

But L DOE + L DOO + L COB = two rt. lb; L 13 

.*. L COB = one-third of two rt. z.s. 

Hence La BOA, AOF, FOE are each = one-third of two 

Tt. Ls; I. 15 



Digitized by 



Google 



Book IV.] PROPOSITION 15. 247 

.% the six z-s AOB, BOO, COD, DOE, EOF, FOA are 
all equal ; 

.•. the six arcs AB, BO, CD, DE, EF, jPil are all 
equal; III 26 

.-. the six chords AB, BC, CD, DE, EF, i^4 are all 
equal. ///. 29 

(2) To prove the hexagon equiangular. 
Since the six arcs AB, BC, CD, DE, EF, jF!4 are all equal, 

.•, each is one-sixth of the whole O"* ; 

••. any four of them = four-sixths of the whole O**. 
Now the six z- s FAB, ABC, BCD, ODE, DEF, EFA stand 
each on an arc = four-sixths of the O** j 

•*• these six angles are all equal. ///. 27 

Cob. — ^The side of a regular hexagon inscrihed in a circle 
is equal to the radius. 

1. If the points AfC,£lhe joined, A ACE is equilateral. 

2. The area of an inscribed equilateral triangle is half that of a 

regular hexagon inscribed in the same circle. 

3. Construct a regular hexagon on a given straight line. 

4. The area of an equilateral triangle described on a given straight 

line is one-sixth of the area of a regular hexagon described 
on the same straight line. 

5. The opposite sides of a regular hexagon are parallel 

6. The straight lines which join the opposite vertices of a regular 

hexagon are concurrent, and are each || one of the sides. 

7. How many diagonals can be drawn in a regular hexagon ? 

8. Prove that six of them are parallel in pairs. 

9. The area of a regular hexagon inscribed in a circle is half of the 

area of an equilateral triangle circumscribed about the circle. 
10. The square on a side of an inscribed regular hexagon is one-third 

of the square on a side of the equilateral triangle inscribed 

in the same circle. 
IL What is the magnitude of the angle at the centre of a circle 

subtended by a side of an inscribed regular hexagon ? 
12. Give the constructions for inscribing a circle in a regular 

hexagon ; and for circumscribing a regular hexagon about a 

circle, and a circle about a regular hexagon. 
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PROPOSITION 16. Problem. 
To inscnhe a regular quindecagon in a given circle. 
A 




Let ABO be the given circle : 
it is required to inscribe a regular quindecagon in ABC. 

Find ^(7 a side of an equilateral triangle inscribed in the 
circle ; IV. 2 

and find AB, BE two consecutive sides of a regular penta- 
gon inscribed in the circle. IV, 11 

Then arc ABE = | of the O"*, 
and arc AG ^ ^ of the O* ; 

arc a£?= (|-^),or^,oftheO^ 
Hence, if CE be joined, CE will be a side of a regular 
quindecagon inscribed in the O ABG, 
Place consecutively in the 0°* chords equal to CE ; IV. 1 
then a regular quindecagon will be inscribed in the circle. 

1. How could the regular quindecagon be obtained, if, besides AG^ 

a side of an equilateral triangle, only one side ^^ of the 
regular pentagon be drawn ? 

2. How could the regular quindecagon be obtained by making use 

of the sides of the regular inscribed hexagon and decagon ? 
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3. In a given circle inscribe a triangle ivhose angles are as the 
numbers 2, 5, 8 ; and another whose angles are as the numbers 
4, 6. 6. 

4 Give the constructions for inscribing a circle in a regular quin- 
decagon ; and for circumscribing a regular quindecagon about 
a circle, and a circle about a regular quindecagon. 

5. How many diagonals can be drawn in a regular quindecagon ? 

6. Show that if a polygon have n sides, it will have in{n - 3) 

diagonals. 

7. Show that the centres of the circles inscribed in, and circum- 

scribed about, any regular figure coincide, and are obtained 
by bisecting any two consecutive angles of the figure. 

Note 1. — The regular polygons of 3, 4^ 5, and 15 sides, and such 
as may be derived from them by continued arcual bisection, were, 
till the time of Gauss, the only ones discovered by the ancient 
Greek, and known to the modem European, geometers to be 
inscriptible in a circle by the methods of elementary geometry. 
Gauss, in 1796, found that a regular polygon of 17 sides was 
inscriptible, and in his Disquisitionea Arithmeticce^ published in 1801, 
he showed that any regular polygon was inscriptible, provided the 
number of its sides was a prime number, and expressible by 2" + 1. 
(A good account of Gauss and his works is given in Nature^ voL xv. 
pp. 633-537.) 

Note 2. — The polygons of which Euclid treats are all of one 
kind, namely, convex polygons, that is to say, polygons each of 
whose angles is less than two right angles. There are others, 
however, called re-entrantf and intersectant (or concave, and crossed), 
such as ABOD in the accompanying figures. The reader will find 




it instructive to inquire how far the properties of convex polygons 
(for example, quadrilaterals) are true for the others. Among the 
intersectant polygons there is a class called stellate or star^ which 
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are obtamed thus: Suppose A, B, (7, D, E (see fig. to IV. 11) to 
be five points in order on the O^ of a circle. Join AC, CE, EB, 
BD, DA ; then ACEBD is a star pentagon. If the arcs AB, BG, 
&c are all equal, the star pentagon ACEBD is regular. Similarly, 
if 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 denote the vertices of a regular decagon 
inscribed in a circle, the regular star decagon (there can be only 
one) is got by joining consecutively 1, 4^ 7, 10, 3, 6, 9, 2, 6, 8, 1. 
It will be found that if a regular polygon have n sides, the number 
of regular star polygons that may be derived from it is equal 
to the number of integers prime to n contained in the series 
2, 3, 4, ... i(n - 1). (For more information on the subject of star 
polygons, see Ghasles, Aper^ Historique mr POrigine et le Divel- 
oppement des Mithodea en OionUtrie, sec. §d. pp. 476-487, and Georges 
Dostor, Theorie Oinirak dea Polygones StoiUs, 1880.) 



APPENDIX IV. 



Proposition 1. 
To deacribe a circle which ahaU toucfi three given atraigJU linea, 

(1) If the three straight Hues be so situated that every two are 
parallel, the solution is impossible. 

(2) If they be so situated that only two are parallel^ there can be 
two solutions, as will appear from the following figure : 




L F\ Li D 

Let AB, CD, EF be the three straight lines of which AB is || CD, 
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Bisect L B AEF, CFE by EI and FI, which meet at 7; 
from 7 draw 77r, IK, IL respectively ± AB, EF, CD, 
Then A s 7^7r, lEK are equal in all respects ; 

.-. IH = IK, 
Similarly, IK ^ IL ; 

.-. IH = IK=IL, 
Now since i a &t II, K, L are right, 

.*. the circle described with 7 as centre and 77r as radios will 
touch AB, EF, CD, III, 16 

A similar construction on the other side of EF will give another 
circle touching the three given straight lines. 

(3) If they be so situated that no two are parallel, then they will 
either all pass through the same point, in which case the solution 
is impossible ; or they will form a triangle with its sides produced, 
in which case four solutions are possible. 




Let AB, BO, CA produced be the three given straight lines 
forming by their intersection the A ABC, 

If the interior IB B and C be bisected, the bisectors will meet 
at some point 7, which is the centre of the circle inscribed in the 
triangle, as may be proved by drawing perpendiculars ID, IE, IF 
to the sides BC, CA, AB of the triangle. IV, 4 

If the exterior angles at B and C be bisected by BIi, CIi which 
Q 
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meet at /j, and perpendiculars IiDi, IiE^ I\Fi be drawn to the 
sides BG^ and AC, AB produced, 
it may be proved that IiDi, IiEi, IiFi are all equal, and 
.*. that /x is the centre of a circle touching BO, and AC, AB pro- 
duced. 

Hence also, I^ the point of intersection of the bisectors of the 
exterior angles at G and A, will be the centre of a circle touching 
CA^ and BA, BG produced; I^ the point of intersection of the 
bisectors of the exterior angles at A and B^ will be the centre of a 
circle touching AB, and CBy GA produced. 

Ck>R. — ^The following sets of points are collinear : 
A,I,I^', B,I,I^', G,I,Is;J^A,I^; h, B, h', h. G, Ir 

In other words, the six bisectors of the interior and exterior angles 
9,tA,B,G meet three and three in four X)oints, /, Z^, /,, I^ which are 
the centres of the four circles touching the three given straight lines. 
Or, the six straight lines joining two and two the centres of the 
four circles which touch AB, BG, GA, pass each through a vertex of 
the A ABG. 

The circles whose centres are Ii, /t. Is are called escribed or 
exscribed circles of the A ABG, an expression which, in its French 
form (ex-inscrit), is said to be due to Simon Lhuilier. See his 
i/Ufnens d^ Analyse OiomStrique et d Analyse Algihrique (1809), p. 198. 
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It is usual to denote the radius of the circle inscribed in a triangle 
by r, the radii of the three escribed circles by ri, rj, r^, and the 
radius of the circumscribed circle by B. 



the medioscbibbd cibclb. 

Proposition 2. 

The circle which passes through the middle points of the sides of a 
triangle passes also through the feet of the perpendiculars from 
the vertices to the opposite sides, and Insects the segments of the 
perpendiculars between the orthocentre and the vertices. 



z^ 


\ 


^y^^<^ 


%L 


y>^^^::: 


% 


^^^^^^^^^€l,^^^^^^ 


^^ 



B H X 

Let ABC be a triangle -, H, K, L the middle points of its sides ; 
X, y, Z the feet of its perpendiculars ; U^VtW the middle points 
of AO, BO, CO : 
it is required to prove that one circle will pass through these nine points. 

Join HK, HL, HU, HV, HW, KU, KV, UV, UW, WL, UL. 

In A^B0,XJ7isl|50,andin A CBO,HWvi\\BO: App.Ll 
.-. LUiaWHW, 7.30 

Similarly, in A s ABC, AOC, LH and CT IT are || AG; App. L 1 
A LHWUiA9,\r. 

But since BO \b i. AC, /. LU, HW are ± LH^ UW; 
.'. LHWUia a rectangle. 

/. the four points ff, FT, C7", j& lie on the circle described with HIT 
or LW &a diameter. ///. 31 

SimUarly, HK, UV are |1 AB, and HV, KU \\ CO; App. L 1 

and since AB is JL CO, .*. HKUVib a rectangle. 
.'. the four points ff, K, U, V lie on the circle described with HU 
or iT r as diameter. ///. 31 
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B H X O 

Hence the six points H^ K, L, 27, F, W lie on the same circle, and 
HU,KV,LWa,re diameters of it. 
But since the angles at X, 7, Z are right ; 
.'. X lies on the circle whose diameter is ffUy 

r „ .. Kv, 

Z .. .. LW; IILZl 

.'. the nine specified points are coney die 

Cob. 1.— Since HU, KV, LW are diameters of the same cirde, 
their common point of intersection M is the centre. 

CoR. 2.—M is midway between the orthocentre and the circnm- 
scribed centre. 

Let S be the drcumscribed centre, and SH be joined. 

Then 8Hia±BC {III. 3) ; and .'. || OU. 
But SH=OU {App. L 5, Cor,) ; .-. SHOUia a ir ; 
.*. the diagonal SO bisects HU, that is, passes through M, and is 
itself bisected at M. 

Cob. 3. — The medioscribed diameter = the circumscribed radius. 

For 8HUA is a ir ; and .•. BU = SA. 

Cob. 4.— a s ABC, AGE, BOC, COA have the same medioscribed 
circla 

Since the medioscribed drde of A ABC passes through U, L, V, 
the middle x)oints of the sides of A AOB^ and since a circle is 
determined by three points; .*. the medioscribed circle of A ABC 
must also be the medioscribed circle of A ^ OB. Similarly for the 
other triangles. 

Cob. 5. — By reference to Cor. 3, it will be seen that the cirdes 
circumscribed about as ABC, AOB, BOC, COA must be eqnaL 
(Carnot, O^omitrie de Position, 1803, § 130.) 
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Cob. 6. — ^The medioscribed circle of A ABG is also the medio- 
scribed circle of an ixifinite series of triangles. 

For H, Kf L, the middle points of the sides of A ABG, may be 
taken as the feet of the perpendiculars of another A A'B'C ; the 
middle points of the sides of A A'B'C may be taken as the feet of 
the perpendiculars of a A A"B"C" ; and so on. 

Or, instead of the median A HKL, as XKL, TLH, ZHK may 
be taken as median triangles, and the triangles formed of which they 
are the median triangles ; and so on. 

[The circle HKL is generally called the nine'point circle of A ABG, 
a name given by Terquem, ' le cercle des neof points.' Following, 
however, the suggestion of an Italian geometer, Marsano, who calls 
it ' il circolo medioscritto,' I have adopted the name medioscribed. 
The property that one circle does pass through these nine points 
was first published in G^rgonne's Annates de McUliimatiques, voL xL 
p. 215 (1821), in an article by Brianchon and Poncelet. See this 
reference, or Poncelet's Applications d^ Analyse et de OSonUtrie^ 
voL ii. p. 512. It is probable that K. W. Feuerbach of Erlangen, 
and T. S. Davies of Woolwich, also discovered the property inde- 
pendently, though they were later in publication. See Feuerbach's 
Eigenscho^ten einiger merkvmrdigen Punkte des geradlinigen Dreiecks 
(1822), and a paper by Davies on 'Symmetrical Properties of 
Plane Triangles,' in the PMlosopMcal Magazine for July 1827. 
For other proofs, see Rev. Joseph Wolstenholme in Quarterly 
Journal of Pure and Applied Mathematics, vol. ii pp. 138, 139 (1858) ; 
W. H. Besant in the Messenger of Mathematics (old series), voL iii. 
pp. 222, 223 (1866) ; William Godward in the Mathematical Beprint 
from the Educational Times, voL viL p. 86 (1867) ; Besboves' 
Questions de OiomStrie ^Umentaire, 26me ^. p. 146 (1875) ; and 
Casey's Elements of Euclid, p. 153 (1882). 

The proof in the text was given by T. T. Wilkinson of Burnley 
in the Lady's and Gentleman's Diary for 1865, p. 67. 

It may be mentioned that it was discovered by Feuerbach (see 
his EigenschaJUn, &c § 57) that the medioscribed circle touches the 
inscribed and escribed circles of a ABG. The proofs that have 
been given of this theorem by elementary geometry are rather 
complicated : see Lady's and Gentleman's Diary for 1854, p. 56 ; 
Quarterly Journal of Pure and Applied Mathematics, voL iv. (1861), 
p. 246^ and voL v. (1862), p. 270; Baltzer, Die ElemeiUe der 
Mathematik, voL iL pp. 92, 93. It is also proved by J. J. Robinson 



Digitized by 



Google 



256 Euclid's elembnts. [Book iv. 

in the Lad^ft and OetUleman*s Diary for 1857 (and it seems to have 
been tirst noted by T. T. Wilkinson), that the medioscribed circle 
touches an infinite series of circles.] 



DEDUCnONS. 

1. Every equilateral figure inscribed in a circle is equiangular. 

2. In a given circle inscribe (a) three, (h) four, (c) five, (d) six equal 

oirdes touching each other and the given circle. 

3. The perpendicular from the vertex to the base of an equilateral 

triangle s the side of an equilateral triangle inscribed in a 
circle whose diameter is the base. 

4. .The area of an inscribed regular hexagon = three-fourths of tiie 

area of the regular hexagon circumscribed about the same circle 

5. Inscribe a regular hexagon in a given equilateral triangle, and 

compare its area with that of the triangle. 

6. Inscribe a regular dodecagon in a given circle, and prove that its 

area = that of a square described on the side of an equilateral 
triangle inscribed in the same circle. 

7. Construct a regular octagon on a given straight line. 

8. A regular octagon inscribed in a circle == the rectangle contained 

by the sides of the inscribed and circumscribed squares. 

9. The following construction is given by Ptolemy (about 130 A.D.) 

in the first book of his Almagest, for inscribing a regular 
pentagon and decagon in a circle : Draw any diameter AB^ 
and from Cthe centre draw CD A. AB, meeting the o<* at 
D; bisect AG at E, and join ED. From EB cut oQ EF = 
EDy and join DF. CF will be a side of the inscribed regular 
decagon, and DF a side of the inscribed regular pentagon. 
Prove this. 

10. A ribbon or strip of paper whose edges are parallel, is folded op 

into a flat knot of five edges. Prove that the sides of the 
knot form a regular pentagon. 

11. CJonstruct a regular decagon on a given straight line. 

12. In a given square inscribe an equilateral triangle one of whose 

vertices may be (a) on the middle of a side, (6) on one of the 
angular points, of the square. 
Construct a triangle having given 

13. The inscribed circle, and an escribed circle. 
14* Two escribed circles. 

15. Any three of the centres of the four contact circles. 
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16. The base, the vertical angle, and the inscribed radius. 

17. The perimeter, the vertical angle, and the inscribed radius. 

18. The base, the sum or difference of the other two sides, and the 

inscribed radius. 

19. Prove the following properties with respect to A ABC (see fig. 

on p. 251): 

(1) $=^ AEi= AFi =^BDi = BFi = CD^ = CEj^ 

( s-a ^ AE =^ AF ^ BD^ = BF^ = OA = CE^ 

(2) \ a-h^AEz^ AF^ = BD = BF ^ CDi = CEi. 
( s-c = AE2 = AF^ = BBi = BFi = aZ> = CE. 

ia = EEi = E^3 =; FFi = F^F^. 
b = i) A = A A = FF^ = FiF^ 
c = i) A = A A = ^^z = ^ 



( a + b=FiF^ ( a - 6 = FF^, 

(4) ] 6 + c = A A. (5) n - c = DDi, 

(6) a + 6 + c = AE + ulJ^i + .4-^j + AEs 

= AF •{• AFi + AF^ + ^i?i 
= 5i) + ^A + BDt + BDi 

= BF' + ^i?l + ^i^a + BFi 
:=z CD + CDi + CA + CA 

= (7j& + CJ^i + CEi + C^s. 

(7) a2+62+c» = ^^2 + ilieia + AEi^ + ^^3« 

= AF^ + ^i?i« + .4jyi« + AFi* 
= 5/)» + BDi^ + BA' + ^ A' 

= BF* + 5J\* + BF^* + ^i?^,' 
= OD^ + (7A* + CA'' + CA* 

= C^^ + (7^i« + CEi* + C^3». 
r AP ^ Ah* -^ Alf ^ Ah*\ ^ 

( + (7/« + C/i-» + 0/,^ + (7/3'j 3(H+ri2+r,a + r3). 
( AD* + ^ A' + ^ A'' + AW \ 
(9) \-^BE*-\- BE^ + 5^,'» + BE^ S = 5(a« + 6» + c»).* 
( + Oi?^^ + (7i?\» + CF^ + C7J?i* ) 

♦ The last four sets of expressions may be written more shortly by 
using the Greek letter 2 (sigma) as equivalent to ' the sum of all such 
terms as.' Thus (6) would bea+& + c=2 [AE) = Z (AF) ^ &c 
(9) would be S [AD*) + 2 (BE^) + S (CFi) = 6 (a* + 6« + c"). This 
property is due to W. H. Levy; see Lady's and Gentleman* 8 Diary for 
1862, p. 71. 
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(10) Triangles mutually equiangular in sets of four are : 

AIE, AI^E^ AUE^, AhE^ ; BIF, EhF^, BIsF^ BI^F^ ; 
C/A C/iA, CI^D» ChD^, 

(11) Mention other twelve triangles which are mutually equi- 

angular in sets of four. 

(12) Triangles mutually equiangular in sets of three are : 

AIB, ACI^y I^CB ; BIO, BAI,, I^C; CIA, CBI^ I^BA. 

(13) Triangles mutually equiangular in sets of four are : 

/iB/„ IiCI^ IBIs, ICI,; liCIs, I^Ii, ICIu lAhi 
I^AIu IzBI^ IAI„ IBIy 

(14) Express in terms of lb A, B, (7, 

(a) The angles of LB hhh, DEF; IiBG, I^CA, I^AB ; 

AEF, BFD, GDE. 
(6) n subtended by AB, BG, GA at /, /i, /«, /^ 
(c) M .. DE,EF,FD;hhJJ^JJ^', 

IiD, ItE, I^F a,t L 

(15) D and Di are equidistant from the middle point of BG; 

80 are i>, and D^ Similar relations hold for the E points 
and the i^ points. 

20. Of the four points I, /i, I^, /s, any one is the orthocentre of the 

triangle formed by joining the other three, and in each case 
ABG is the orthocentric triangle. 

21. The orthocentre and vertices of a triangle are the inscribed 

and escribed centres of its orthocentric triangle. Verify in 
the four cases. 

22. Six straight lines join the inscribed and escribed centres ; the 

circles described on these as diameters pass each through two 
vertices of the triangle, and the centres of these six circles 
lie on the O^ of the circle circumscribed about the triangle. 

23. Prove the second part of the last deduction without assuming 

the property of the medioscribed circle. 

24. Prove the following properties (see fig. on p. 251) : 

(1) The radii /iDi, I^E^, I^^ are concurrent at 8i; ID, I^ 

IJF^ at Ai ; I^D^, IE, hF^ at ^i ; Ifi^ I^Ei, IF at d. 

(2) The figures AJ^SJ^ B^I^SJ^ GJ^J^ are rhombi, and 

AiI^BJiGiI^ is an equilateral hexagon whose opposite 
sides are parallel. 

(3) AS AiBiGi, Iil^fs are congruent, and their corresponding 

sides are parallel. 
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(4) The points ^i, Ai, Bit Ci, are the circumscribed centres of 

(5) The figures AJBJ^, BJCylx, CJAJ^ are rhombi, and / is 

the circumscribed centre of A AiBfii, 

(6) The circumscribed circle of A ABC is the medioecribed 

circle of As /j/j/s, IIJ^ II^Ii, II J^; AiB^Ci, S^BiGi, 
SiCiAi, SiAiBi ; and its cen^ is the middle point of I8i, 
[See Davies' Symmetrical Propertiu, ftc quoted on p. 255.] 

26. The area of A ABG := rs ^ r^{8 - a) ^ r, (« - 6) = rj (« - c). 

26. The bisector of the vertical angle of a triangle cuts the o^ of 

the circumscribed circle at a point which is equidistant from 
the ends of the base and from the centre of the inscribed 
circle. 

27. The diameter of the circle inscribed in a right-angled triangle 

together with the hypotenuse = the sum of the other two sides. 

28. The rectangle under the two segments of the hypotenuse of a 

right-angled triangle made by the point of contact of the 
inscribed circle = the area of the triangle. 

29. Twice the circumscribed diameter = the sum of the three 

escribed radii diminished by the inscribed radius. 

30. The sum of the distances of Ihe circumscribed centre from the 

sides of a triangle = the sum of the inscribed and circum- 
scribed radii ; and the sum of the distances of the orthocentre 
from the vertices = the sum of the inscribed and circumscribed 
diameters. (Gamot*s Oiomitrie de Position, § 137.) 

3L Examine the case when the circumscribed centre and orthocentre 
are outside the triangle. 

32. If AiBiCi be the triangle formed by joining the escribed centres 
of A ABC; A^B^C^ the triangle formed by joining the 
escribed centres of A AiBiCi ; A^B^C^ the triangle formed 
by joining the escribed centres of A A^^C^ ; and this process 
of construction be continued, the successive triangles will 
approximate to an equilateral triangle. (Booth's New Geo- 
metrical Methods, voL ii. p. 315.) 

S3. If an equilateral polygon be circumscribed about a circle, it will 
be equiangular if the number of sides be odd. Examine the 
case when the number of sides is even. 

34. AB, CD, two alternate sides of a regular polygon, are produced 
to meet at E, and is the centre of the polygon. Prove A^ 
E, G, concyclic, and also A ^t ^t 0. 
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35. The sum of the perpendiculare on the aides of a r^ular n-gon 
from any point inside = n times the radius of the inscribed 
circle. Examine the case when the point is outside. 

LocL 
The base and the yertical angle of a triangle are given ; find the 
locus of 

1. The orthocentre of the triangle. 

2. The centre of the inscribed circle. 

3. The centres of the three escribed circles. 

4. The centroid of the triangle. 

5. ABG is a triangle, and E is any point ia AC. Through E a 

straight line DEF is drawn cutting AB at F and BC pro- 
duced at D ; circles are circumscribed about A s AEF, CDE, 
Find the locus of the other point of intersection of the circles. 

6. AB and AC Sixe two straight lines containing a fixed angle; 

and between AB and AC there is moved a straight line DE 
of given length. The perpendiculars from D and E to AB 
and AC meet at P, and the perpendiculars from D and E to 
AC and AB meet at ; find the loci of and P. 

7. Given the vertical angle of a triangle, and the sum of the sides 

containing it ; find the locus of the centre of the circle cir- 
cumscribed about the triangle. 

8. A circle is given, and in it are inscribed triangles, two of whose 

sides are respectively parallel to two fixed straight lines. 
Find the locus of the centres of the circles inscribed in these 
triangles. 

9. A circle is given, and from any point P on another given con* 

centric circle of greater radius, tangents are drawn touching 
the first circle at Q and E; find the loci of the centres of the 
inscribed and circumscribed circles of the triangle PQB. 
10. A point is taken outside a square such that of the straight lines 
drawn from it to the vertices of the square, the two inner 
ones trisect the angle between the two outer ones ; show that 
the locus of the point is the O*^ of the circle circumscribed 
about the square. 
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DEFIN^ITIONS. 

1. A less magnitude is said to be a snbmultiple of a 
greater magnitude, when the less measures the greater; 
that is, when the less is contained a certain number of 
times exactly in the greater. 

2. A greater magnitude is said to be a multiple of a less, 
when the greater is measured by the less; that is, when 
the greater contains the less a certain numb^ of times 
exactly. 

3. Equimultiples of magnitudes are multiples that con- 
tain these magnitudes, respectively, the same number of 
time& 

4. Eatio is a relation of two magnitudes of the same 
kind to one another, in respect of quantuplicity (a word 
which refers to the number of times or parts of a time that 
the one is contained in the other). Hie two magnitudes 
of a ratio are called its tenns. The first term is called the 
antecedent ; the latter, the conseauent. 

The ratio of ul to ^ is usually expressed A : B, Of the two terms 
A and ^, ^ is the antecedent, B the consequent. 

5. If there be four magnitudes, such that if any equi- 
multiples whatsoever be taken of the first and third, and 
any equimultiples whatsoever of the second and fourth, and 
if, according as the multiple of the first is greater than the 
multiple of the second, equal to it, or less, so is the multiple 
of the third greater than the multiple of the foui-th, equal 
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to it, or less ; then the first of the magnitudes has to the 
second the same ratio that the third has to the fourth. 

Cor. — Conversely, if the first of four magnitudes have to the 
second the same ratio that the third has to the fourth, and if any 
equimultiples whatsoever be taken of the first and third, and any 
whatsoever of the second and fourth ; then according as the multiple 
of the first is greater than the multiple of the second, equal to it, 
or less, the multiple of the third shall be greater than the multiple 
of the fourth, equal to it, or less. 

6. Magnitudes are said to be proportionals when the 
first has the same ratio to the second that the third has to 
the fourth; and the third to the fourth the same ratio 
which the fifth has to the sixth ; and so on, whatever be 
their number. 

When four magnitudes, A, Bf Cf D, are proportionals, it is usual 
to say that AiatoBaaGtoD, and to write them thus— 
AiBiiOiDtOT thus, AiB = C:D. 

7. In proportionals, the antecedent terms of the ratios 
are called homologous to one another ; so also are the con- 
sequents. 

8. When four magnitudes are proportional, they consti- 
tute a proportion. The first and last terms of the proportion 
are called the extremes ; the second and third, the means. 

9. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
than that of the second, but the multiple of the third is 
not greater than the multiple of the fourth ; then the first 
has to the second a greater ratio than the third magnitude 
has to the fourth ; and the third has to the fourth a less 
ratio than the fijrst has to the second. 

Cor. — Conversely, if the first of four magnitudes have to the 
second a greater ratio than the third has to the fourth, two numbers 
m and n may be found, such that, while m times the first magnitude 
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is greater than n times the second, m times the third shall not be 
greater than n times the fourth. 

10. When there is any number of magnitudes greater 
than two, of which the first has to the second the same 
ratio that the second has to the third, and the second to the 
third the same ratio which the third has to the fourth, and 
80 on, the magnitudes are said to be continual proportionals, 
or in continued proportion. 

11. When three magnitudes are in continued proportion, 
the second is said to be a mean proportional between the 
other two. 

Three magnitudes in continued proportion are sometimes said to 
be in geometrical progression, and the mean proportional is then 
called a geometric mean between the other two. 

12. When there is any number of magnitudes of the 
same kind, the first is said to have to the last of them the 
ratio compounded of the ratio which the first has to the 
second, and of the ratio which the second has to the third, 
and of the ratio which the third has to the fourth, and so 
on to the last magnitude. Thus : 

li A, Bt Of D be four magnitudes of the same kind, the ratio of 
AioD^B said to be compounded of the ratios oi A to B, B to C, 



and O to jD. This is expressed A 



:D=< B:G } 
( G:D) 



13. A ratio which is compounded of two equal ratios is 
said to be duplicate of either of these ratios. 

Cor. — If the three magnitudes At B, and C are continual pro- 
portionals, the ratio of ul to O is duplicate of that of ^ to ^, or of 
B to 0, For, by the last definition, the ratio oi A to C ia com- 
pounded of the ratios of -4 to 5, and of B to C; but the ratio of 
A to B = the ratio of B to G, because A, B, G are continual pro- 
portionals; therefore the ratio oi A to G, by this definition, is 
duplicate of the ratio of ul to J?, or of ^ to G, 
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14. A ratio which is compounded of three eqaal ratios is 
said to be trii>licate of any one of these ratios. 

Ck)R. — If four magnitudes A, B, C, Dhe continual proportionals, 
the ratio of ^ to 2> is triplicate of the ratio of ^ to ^, or of ^ to (7, 
or of (7 to D. For the ratio of A to D ia compounded of the three 
ratios of ^ to £, ^ to (7, O to 2>; and these three ratios are equal 
to one another, because A, B, C, D are continual proportionals; 
therefore the ratio of ul to D is tripUcate of the ratio of ^ to i?, or 
of -fi to 0, or of C7 to D. 

The following technical words may be used to signify 
certain ways of changing either the order or the magnitude 
of the terms of a proportion, so that they continue still to 
be proportionals : 

15. By alternation, when the first is to the third, as the 
second is to the fourth. (V. 16.) 

16. By inversion, when the second is to the firsts as the 
fourth is to the third. (V. A.) 

17. By addition, when the sum of the first and the 
second is to the second, as the sum of the third and the 
fourth is to the fourth. (V. 18.) 

18. By snbtraction, when the difference of the first and 
the second is to the second, as the difference of the third 
and the fourth is to the fourth. (V. 17.) 

19. By equality, when there is any number of magni- 
tudes more than two, and as many others, so that they are 
proportionals when taken two and two of each rank, and 
it is inferred — ^that the first is to the last of the first rank 
of magnitudes, as the first is to the last of the others. Of 
this there are the two following kinds, which arise from the 
different order in which the magnitudes are taken two and 
two : 

20. By direct equality, when the first magnitude is to 
the second of the first rank, as the first to the second of 
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the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other; and so 
on in a direct order. (V. 22.) 

21. By transverse eanality, when the first magnitude is 
to the second of the first rfink, as the last hut one is to the 
last of the second rank ; and as the second is to the third 
of the first rank, so is the last but two to the last but one 
of the second rank ; and as the third is to the fourth of 
the first rank, so is the last but three to the last but two 
of the second rank ; and so on in a transverse order. (V. 23.) 



AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

2. Those magnitudes of which the same, or equal magni- 
tudes, are equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude, 

PROPOSITION 1. Theorem. 

If any number of magnitudes he equimultiples of as many 
others, each of each, tohat multiple soever any one of 
the first is of its suhmultiple, the same multiple is the 
sum of all the first of the sum of all the rest. 

Let any number of magnitudes A, B, and C be equi- 
multiples of as many others D, E, and F, each of each : 
it is required to prove that A ■{- B + C is the same multiple 
ofD ■{• E-{- F that A is of D. 
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Let A contain D, B contain E, and G contain F^ each 
any number of times, as, for instance, three times; 
then A^ D ^ D ^ D. 

Sunilarly, B ^ E + E ■¥ E, 
and O =^ F + F ■{• F; 

.\A-hB-hG=D-\-E + F taken three times. /. Ax. 2 
Hence also, if A, By and were each any other equimultiple 
of D, Ey and F^ A + B + C would be the same multiple 
oiD + E + F. 

Coa — ^Hence, if m be any number, mD + mE + mF 
= vi{D -h E+ F). 



PEOPOSmON 2. Theorem. 

If to a multiple of a magnitude by any numhevy a muMlple 
of the earns magnitude by any number be addedy the 
mm will be the earns multiple of that magnitude that 
the sum of the two numbers is of unity. 

Let A = mOy and B = nG: 
it is required to prove A + B = {m + n) G. 

Since il = m(7, A-G+G+ (7+ repeated m times. 

Similarly, B=G+G+G'^ repeated n times ; 

A+B=G+G-\-G+ repeated m + n times, 

that is, A+B = (m + n)G; 

.\ A + B contains G as often as there are units in m + w. 

CoR. 1. — ^If there be any number of multiples whatsoever, 
eiaA = mEy B^nEy G=pEy then A+B +G=(m + n-\-p)E. 

Coa 2. — Since ^ + 5+(7=(m + w+ p)Ey 
and since A = mE, B = nEy and G = pE, 
.'. mE + nE + pE = (m + n + p)E. 
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PROPOSITION 3. Theorem. 

If the first of three magnitudes contain the second as often 
as there are units in a certain number, and if the second 
contain the third as often as there are units in a certain 
number, the first tcill contain the third as often as there 
are units in the product of these two numbers. 

Let A — mBy and B = nC: 
it is required to prove A ^ mnC. 

Since B = nC, 

mB = nG + nC + nO + repeated m times. 

But nC + nG + nC + repeated m times = (7 multiplied 

by n + n + w+ repeated m times. V. 2, Cor, 2 

Now n + 7i + n + repeated m times = mn; 

.'. mB = mnC, 

But A = mB; Hyp, 

.'. A = mnG, 



PROPOSITION 4. Theorem. 

If any equimultiples be taken of the antecedents of a propor- 
tion and any equimultiples of the consequents, these 
multiples taken in the order of the terms are propor- 
tional. 

Let AiB — GiD, and let m and n be any two numbers : 
it is required to jjrove mA : nB = mC : nD, 

Of mA and mC take equimultiples by any number 2>/ 
and of nB and nD take equimultiples by any number q. 
Then the equimultiples of mA and mG by p are equi- 
multiples also of A and G, for they contain A and G as 
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often as there are imits in pm; V. 3 

and they are equal topmA anipmC. 

Similarly the multiples of nB and nD by q are qnB, qnD. 

Now since A : B = C : D^ and of A and C there are 
taken any equimultiples pmA and p^nC, and of B and £> 
there are taken any equimultiples quB, qnD ; 
MpmA be equal to, greater, or less than qnBf then pinO is 
equal to, greater, or less than qnD, V. Def, 5, Cor. 

But jpmA, pmC are also equimultiples of mA and mC by p; 
and qnBf qnD are also equimultiples of nB and nD by q ; 
.-. mA'.nB ^mCi nD. V. Def. 5 



PROPOSITION 5. Theorem. 

If one Tnagnitude he the same multiple of another^ which a 
magnitvde taken from the first is of a magnitude taken 
from the other, the remainder is the same multiple of 
the remainder that the whole is of the whole. 

Let A and B be two magnitudes of which A is greater 
than B, and let mA and mB be any equimultiples of them : 
it is required to prove that mA - mB is the same multiple 
ofA'-BthaimA is of A; that is, that mA - mB^m{A-'B), 

Let D be the excess of A above B; 
then A- B = D. 
Adding B to both, A = D -h B ; 

.-. mA = mD + mB. V. 1 

Taking mB from both, mA - mB = mD. 
Now D^ A - B; .% mA - mB ^ m{A - B). 
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PEOPOSITION 6. Thborem. 

If from a multiple of a magnitvde by any number a multiple 
of the same mxzgnitude by a less number be taken away, 
the remainder mU be the same multiple of that magni- 
tude that the difference of the numbers is of unity. 

Let mA and nA be multiples of the magnitude A by the 
numbers m and n, and let m be greater than n : 
it is required to prove mA — nA = {m — n) A» 

Let m -^ n — q; then m = n + g' / 

.'. mA = n^ + qA, V, 2 

Taking nA from both, mA — nA = qA ; 

.*. mA - nA contains A as often as there are units in q, 
that is, as often as there are units in m - n; 

.•. mA - nA = (m -- n) A. 



PROPOSITION A. Theorem. 

Tlie terms of a proportion are proportional by inversion, 

LetAiB^G'.D: 
it is required to prove B : A = D : O. 

Let mA and mC he any equimultiples of A and C, 
nB and nD any equimultiples of B and D. 
Then, because A : B = C : D, 
if mA be less than nB, m(7 will be less than nD; V, Def 5, Cor, 

.', i£ nBhe greater than mA, nD will be greater than mC. 
For the same reason, if wB = mA, nD ^ mC, 
and if nB be less than mA, nD will be less than mO. 
But nB, nD are any equimultiples of B and D, 
and mA, mC are any equimultiples of A and C; 

.', B:A = D:a V, Def. 5 
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PKOPOSmON B. Theorem. 

If the first he the same multiple or mhmultiple of the second 
that the third is of the fourth^ the first is to the second 
as the third to the fourth. 

Let mA^ mBhQ equimultiples of the magnitudes A and-B.- 
it is required to prove mA : A = mB ; J?, and A : mA = B : mB: 

Of mA and mB take equimultiples by any number w, 
and of A and B take equimultiples by any number^ ; 
these will be nmA^ pAy nmB, pB. V. 3 

Now if nmA be greater than pA, nm is greater than ^z 
and if nm is greater than p, nmB is greater than pB ; 

.•. when nmA is greater than pA, nmB is greater than ^-5. 
Similarly, if nmA = pA, nmB = pB, 
and if nmA is less than pA, nmB is less than pB. 
But nmA, nmB are any equimultiples of mA and mB, 
ajid pA, pB are any equimultiples of A and B; 

.'. mAiA^mBiB. V. Def 5 

Again, since mA : A = mB : B, 

.*. A : mA = B : mB, by inversion. V. A 



PROPOSITION C. Theorem. 

Jf the first term of a p7*oportion he a multiple or a sub- 
multiple of the second, the third is the same multiple or 
submvMiple of the fourth. 

Let -4 : J5 = C7 : A aiid first let A = mB: 
it is required to prove C = mD, 

Of A and O take equimultiples by any number as 2, 
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and of B and D take equimultiples by the number 2m; 
these will be 2 A, 20, 2mBy 2mD. V. 3 

Now since A = mB, 2 A = 2mB ; 

and since A \ B ^ G . B, .\ 2G =2mD; V. Def. 5 

.-. C = mD. 

Next let il be a submultiple of B : 
it is required to prove that C is the same submultiple of D, 
Since A : B =^ C : D, Hyp. 

B : A = D: 0,hy inversion. V. A 

But A being a submultiple of -B, -B is a multiple of A ; 
.\ D ia the same multiple of C; 
.'. (7 is the same submultiple of D that ^ is of -B. 



PEOPOSITION 7. Theorem. 

Equal nuigrdtudes have the same ratio to the same magni- 
tvde ; and the same has the same ratio to equal magni- 
tudes. 

Let A and B be equal magnitudes, and C any other : 
it is required to prove A : G — B : Cy and C : A — C : B. 

Let mAf mB be any equimultiples of A and By 
and nC any multiple of C. 

Because A = B, mA = mB ; V, Ax, 1 

.% if mA be greater than nC, mB is greater than nC; 
and if mA = nC, mB = nC; 
and if mA be less than nC, mB is less than nC. 
But mA and mB are any equimultiples of A and By and nC 
is any multiple of C ; 
.\ A : C = B : a V, Def. 5 

Hence also C : A = C : B^hj inversion. V, A 
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PROPOSITION 8. Theobbm. 

Of unequal magnitudes^ the greater has a greater ratio to any 
other magnitude than the less has; and the same 
magnitude has a greater ratio to the less of two nuigni- 
tudes than it has to the greater. 

Let ^ + J9 be a magnitude greater than A^ and G a third 
magnitude : 

it is required to prove A ■{- B \ C greater than A : C7, 
and G : A greater than G : A -^ B. 

Let m be such a number that mA and mB are each of 
them greater than G, and let 7iC7 be the least multiple of G 
that exceeds mA + mB ; 
then nG - G will be less than mA + mB, 
that is, (« - l)G will be less than m(A + B); 

.'. m{A + B) is greater than {n - 1)G. 
But because 7iG is greater than 772^1 + mB^ 
and G is less than mB; 

nG- G is greater than mA, 
that is, mA is less than nG- (7, or (n — 1)(7. 
Hence the multiple oi A •\' Bhj m exceeds the multiple of 
(7 by n - 1, but the multiple of il by m does not exceed the 
multiple of C by n - 1 ; 

.*. A + B : Gis greater than A : G. V. Def 9 

Again, because the multiple of G hy n—1 exceeds the 
multiple of A by m, but does not exceed the multiple of 
A + Bhj m; 

.'. GiAia greater than G : A + B. V. Def 9 
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PROPOSITION 9. Theorems. 

Magrdtvdea which have the same ratio to the same magnitude 
are equal to one another ; and those to which the same 
magnitude has the same ratio are equal to one another. 

First let A :G-= B:C: 
it is required to prove A = B. 

For if -4 be greater than B, 
then A : Cia greater than B : G. V, S 

And if B be greater than A^ 

then B : GIb greater than A : G. V, S 

Hence A = B. 

NextletC:il = G:B: 
it is required to prove A ^B. 

For A:G =^ BiGfhj inversion y V. A 

.-. ^ = J5. 

PROPOSITION 10. Theorems. 

That magnitude which has a greater ratio than another has 
to the sarfiQ magnitude is the greater of the two ; and 
that magnitude to which the sartie has a greater ratio 
than it has to another magnitude is the less of the two. 

Let -4 : (7 be greater than B : G: 
it is required to prove A greater than B, 

Because -4 : C7 is greater than B : (7, 
two numbers m and n may be found such that mA is greater 
than n(7, and mB not greater than nG ; V. Def 9, Gor. 
.'. mA is greater than mBy 
.". A is greater than B, V, Ax. 4 

Next let (7 : 5 be greater than GiA: 
it is required to prove B less than A, 
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For two numbers m and n may be found such that nG 
is greater than mB, and nC not greater than mA ; 
.*. mB is less than mA; 
.*. B is less than A, . V. Ax, 4 



PROPOSITION 11. Theorem. 

JRatios that are equal to the same ratio are equal to one 
another, 

Let^:5= a:i>and (7:2) = EiF: 
it is required to prove A:B = E:F, 

Take mA, mO, mE any equimultiples of A, (7, and E, 
and nB, nD, nF any equimultiples of B, D, and J^. 

Because A:B = (7 : Z>, if mA be greater than uB, 
mC must be greater than nD, V. Def, 5, Cor. 

But because C:D =^E:Fyit mC be greater than nD, 
mE must be greater than nF; V. Def. 5, Cor. 

.•.if mA be greater than nB, mE is greater than nF, 
Similarly, if mA = nB, mE = nF^ 
and if Tn^i be leas than nB, mE is less than nF; 

.'. AiB^E'.F. V. Def. 5 



PROPOSITION 12. Theorem. 

If any number of magnitudes be proportionals, as one of the 
antecedents is to its consequent, so is the sum of all the 
antecedents to the sum of all the consequents. 

Let A : B =: C : D smd C : D = E : F: 
it is required to prove A:B='A + C+E:B-hD-\-F. 

Take mA, mC, mE any equimultiples of A, C, and E, 
and nB, nD, nF any equimultiples of B, Z>, and F. 



Digitized by 



Google 



Book v.] PROPOSITIONS 10, 11, 12, 13. 275 

Because A\B ^ CiD^ii mA be greater than nB, 
mC must be greater than nD ; V, Def, 5, Cor, 

and because 0:D = E :Fy when mC is greater than nD, 
mE is greater than nF. V. Def. 5, Cor, 

•'. if mA be greater than nB, mA + mC -h mE is greater 
than nB + nD + nF. 

Similarly, if mA = nB, mA + mC + mE == nB + nD + nF; 
and if mA be less than nB, mA + mC + mE is less than 
nB -\-nD ■{• nF. 

Now mA + mC -{-mE^ m(A + C + E) ; V. 1 Cor. 

so that mA and mA + m(7 + mE are any equimultiples of 
AmdA-^C+E. 

Similarly, nB and nB + nD + nF are any equimultiples of 
BandB + D + F; 

r. A:B = A -h C+ E:B + D + F V. Def. 6 



PKOPOSITION 13. Theorem. 

If the first have to the second the same ratio which the third 
has to the fourth, hut the third to the fourth a greater 
ratio than the fifth has to the sixth, the first shall also 
have to the second a greater ratio than the fifth has to 
the sixth. 

Let^:^ = C'.D, but (7 : I> greater than ^ : ^z 
it is required to prove A : B greater than E : F. 

Because C : D ia greater than E :F, 
there are two numbers m and n such that mC is greater than 
nDy but mE is not greater than nF. V. Def. 9 

But because A:B = (7 : Z>, if mC is greater than nD, 
mA is greater than nB ; V. Def. 5, Cor. 

.\ mA is greater than nB, and mE is not greater than nF; 

.-. AiBia greater than E:F. V. Def 9 
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PROPOSITION 14. Theorem. 

If the first term of a proportion he greater than tlie third, 
the second shall he greater than the fourth ; and if 
equaly equal ; and if less, less. 

LetAiB^ C:D: 
it is required to prove that if A he greater than (7, B is greater 
tJian D ; if A =^0,3 = D ; if A he less titan 0, B is less 
than D. 

First, let A be greater tliaii C ; 

then il : j5 is greater than C',B. F. 8 

But A\B = C:D; Hyp. 

.-. a : Z> is greater than O : B; V. 13 

.•. jB is greater than Z>. V. 10 

Similarly, it may be proved that H A = C, B =^ D; 

and if il be less than 0, B\a less than D. 



PROPOSITION 15. Theorem. 

Magnitudes have the same ratio to one another which their 
equimultiples have. 

Let A and B be two magnitudes, aod m any number : 
it is required to prove A:B ^ mA : mB. 

Because -4 :5 = il :^; V.l 

.'. A'.B^A-^- AiB + B, F. 12 

= 2^:2^. 
Again, since A:B =^ 2 A:2 B; 
.'. A:B^A + 2A:B + 2B, F, 12 

SA:3B; 
and so on for all the equimultiples of A and B. 
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PEOPOSITION 16. Thborem. 

TJie terms of a proportion^ if they he all of the same Mnd^ 
are proportional by alternation. 

Let A:B= C:D: 
it is required to prove A: C = B :D, 

Take mA, mB any equimultiples of A and B, 
and nCf nD any equimultiples of G and D. 
Then A:B -^-mA: mB. . V. 15 

But A:B^ C\D; Hyp, 

C\D^mA\mB. Fill 

Again, G\D^ nC\nD; V, 15 

.\mA:mB^ nCinD. F. 11 

Kow, if mA be greater than n(7, mJ3 is greater than nD; 
if mA = nO, mB = nD; and if mA be less than nC, 
mB is less than nD ; V, 14 

.\ A:C^ B:D, V. Def 5 



PROPOSITION 17. Thborem. 
The terms of a proportion are proportional by subtraction, 

LQiA + B:B=C+D:D: 
it is required to prove A : B = C : D. 

Take mA and nB any multiples of A and B by the 
numbers m and n ; and first let mA be greater than nB. 
To each of these unequals add mB ; 

then mA + mB is greater than mB + nB. I. Aa^ 4 

But mA +mB = m{A + B), V. 1, Cor. 

and mB -h nB = {m -h n)B ; V. 2 

.'. m{A + -B) is greater than (m + n)B. 
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Now because A -h B : B = C + D : D, 
if m{A + B) be greater than {m + n)Bf m{C -¥ D)ia greater 
than {m + 7i) D; V. Def. 5, Cor. 

or mO + mD is greater than mD + nD ; 
that is, taking mD from both, mCis greater than nD. 
Hence when mA is greater than nB, mC \a greater than nD. 
Similarly it may be proved that if mA = nB, mC = nD ; 
and if mA be less than uB, mC is less than nD; 
.\ A\B^ C:D. V. Def. 5 

Cor. — ^The proposition is equivalent to the following : 
UA:B= C:D, then A ■- BiB^C- D:D. 
Hence also, on the same hypothesis, it may be proved 
thsit A - B : A = C " D : C; thsit A : A - B ^ C : " D; 
and that B : A - B = D : C - D. 

[If it be thought desirable, any one of these changes on the 
proportion A :B=CiD may be denoted by the word subtraction.] 



PKOPOSITION 18. Theorem. 

T?ie ierma of a proportion are proportional by addition, 

L&i A :B =C:D: 
it is required to prove A + B : B = + D : D, 

Take m{A + B) and nB any multiples of A -^ B and B. 

First, let m be greater than n. 
Because A -h B is greater than B; 
m{A + B) is greater than nB. 
Similarly m(C + D) is greater than nD; 
.'. when m is greater than n, m{A + B) is greater than nB, 
and m{0 + Z>) is greater than nD. 

Second, let m = n. 
In the same manner it may be proved that in this case 
m{A + ^) is greater than nB, and m(0 + D) greater than nD. 
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Third, let m be less than n. 
Then m{A + B) may be greater than nBy or may be equal 
to it, or may be less than it. 

First, let m{A + B) be greater than nB ; 
then mA + mB is greater thjon nB, V, 1 

Take mB^ which is less than nB^ from both ; 

.*. mA is greater than nB — mBf 

or mA is greater than (n — m)B. V, 6 

But because A:B=C:D; Hyp. 

,\ if mA is greater than (n - m)-ff, m(7 is greater 
than (n - m)Z>, 

that is, m(7 is greater than nD - mD. V. 6 

Add mZ> to each of these unequals ; 
then mC + mD is greater than wjD, 

that is, m{G + D) is greater than nD. F. 1 

If therefore m{A + ^) is greater than w-B, wi((7 + i>) is 
greater than nD, 

In the same manner it may be proved that, 
if m{A + B) ^ nB, m{C + Z>) = nD; 
if m{A + B) be less than nB, m{C -f i>) is less than nD, 
Hence A ■¥ B \B ^ C -¥ D:D, V. Def. 5 

CoR. — Hence also, on the same hypothesis, it may be 
proved 

tut A + B:A = C+D:C; iha,tA:A+B=C:C +D; 
and that B:A + B = D:C + D. 

[If it be thought desirable, any one of these changes on the pro- 
portion A :Bs= C :D may be denoted by the word addition. The 
words addition and aubtracticn, as being more significant of the 
operations performed on the terms of the proportion, have been 
substituted for composition {componendo) and division (dividendo), 
which are the translations of the words {^vvhrif, ttaipt^tt) used by 
the Greek geometers.] 
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PROPOSITION 19. Theorem. 

If a whole magnitude he to a whole as a magnitude taken 
from the first is to a magnitude taken from the other, 
the remainder shall he to the remainder as the whole to 
the whole. 

Let il : B = C:D,mA\QiChQ less than A : 
it is required to prove A — O : B — D ^ A : B. 

Becanse A:B = C:D; Hyp, 

A:C = B:D, by alternation ; F. 16 

.-. A - 0:C ^ B -- D:D,hj subtraction; V. 17 

.'. il - (7: j5- Z) = C7: A ^y alternation; F. 16 

.-. A'-G'.B^D^AiB. VAl 



PROPOSniOK 20. Theorem. 

If there be three magnitudes^ and other three, which, taken 
two and two in direct order, have the same ratio; if 
the first he greater than the third, the fourth shall he 
greaterthan the sixth; and if equal, equal ; and if less, 
less. 

Let A, B, C \yQ three magnitudes, and D, E, F otber 
three, such that A:B ^ D\E,Qxidi B iC =^ E:F: 
it is required to prove that if A he greater than 0, D will he 
greater than F; if A ^ C, DmU = F ; if A he less than C, 
D wUl he less than F 

First, let A be greater than 0; 

then il : ^ is greater than C:B. V.S 

But A:B ^ D:E; Hyp. 

.-. DijE? is greater than (7:5. F. 13 
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Hyp. 
V.A. 
V. 13 
V. 10 



KowB 


:C = 


E: 


F; 




.'. C 


.B = 


F: 


: E, by inversion ; 


.: D 


lEia 


greater than F ; 


E; 


.: D 


is greater 


than F. 




Second, let A ■■ 


"C; 




then 


A: 


\B 


= C :B. 




But 


A 


■.B 


= D:E; 




• • 


C 


.B 


= D:E. 




Now 


C: 


\B 


= F'.E; 




• • 


D 


:E 


= F:E; 




• • 




D 


= F. 





V.7 

Hyp. 
Till 

r. 11 
F. 9 

Third, let A be less than 0/ 
then C is greater than A ; and, as was shown in case first, 
C:B = F:E,SiiidB:A ^ EiD. 

.*• by case first, if (7 be greater than A^Fia greater than D, 
that is, if ii be less than (7, Z) is less than F. 



PROPOSITION 21. Theorem. 

If there be three magnitudesy and other three^ which, taken 
two and two in transverse order, have the same ratio ; 
if the first be greater than the third, the fourth shall 
be greater than the sixth ; and if equcUf equal; and if 
less, less. 

Let -4, ^, C7 be three magnitudes, and D, E, F other 
three, such that A:B =^ E\F, mdi B :C ^ D :E : 
it is required to prove that if A be greater than C, D will be 
greater tlian F; if A = C, D toill = F; if A be less than G, 
D toill be less than F. 

First, let A be greater than G; 
then ii : ^ is greater than G\B, F". 8 
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But A:B = E:F; Hyp. 

.-. ^ :i^ is greater than (7: B. F. 13 

^ow BiC^DiE; Hyp, 

.*. C:B = E:D,hj inversion; V. A 

.-. EiFia greater than E : D; V. 13 

.". D is greater than F. V. 10 
Second, let A = C; 

thenA:B=C:B. V. 7 

But A:B = E: F; Hyp, 

.-. CiB^EiF. F. 11 

TSowC'.B = E:D; 

/. EiF^E'.D; F. 11 

Z> = i?: F. 9 

Third, let A be less than G; 

then il : -B is less than C:B. F. 8 

But A'.B = E: F; Hyp, 

.-. ^ijPislessthan C:-^. F. 13 
Now CiB^EiD; 

.'. E:Fisles8iliaiiE:D; F. 13 

D is less than jP. F. 10 



PROPOSITION 22. Theorem. 

If there he any number of magnitudes^ and as many otJiers, 
which taken two and two in direct order, have the same 
ratio ; tlie first shall have to the last of the first magni- 
tudes the same ratio which the first of the others has 
to the last. 

First, let there be three magnitudes A, B, (7, and other 
three A E, F, such that A \ B ^ D \ E^bxh^ B : C = E : F: 
it is required to prove A:C = D:F. 

Of A and D take any equimultiples whatever mA, mD; 
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of B and E any whatever nB, nE; and of C and F any 
whatever qC, qF, 

Because A: B = D\ E; Hyp. 

mA:nB = mD:nE, V. i 

Similarly nBiqC = nE : qF; V. 4 

.*. according as mA is greater than qC, equal to it, or less, 

mD is greater than qF, equal to it, or less, V. 20 

.\ A:C= D:F. V. Def. 5 

Second, let there be four magnitudes A, B, C, Z>, 
and other four E, F, G, H, such that A:B = E:F, 
B:C=F:G, C:D^ G:H: 
it is required to prove A : D = E : H, 

Since A, B, C SLre three magnitudes, and E, F, G, other 
three, which, taken two and two in direct order, have the 
same ratio, 

A:0 = E:G,hj the first case. 
But because C:D = G:H; Hyp. 

A:D = EiH.hy the first case. 
Similarly the demonstration may be extended to any 
number of magnitudes. 



PKOPOSITION 23. Thborem. 

If there he any number of magnitudes, and as many others, 
which taken two and two in transverse order, have the 
same ratio ; the first shall have to the last of the first 
magnitudes the same ratio which the first of the others 
has to the last. 

First, let there be three magnitudes A, B, C, and other 
three D, E, F, such that A:B^E:F,asidB:C'=^D:E: 
it is required to prove A:C = D :F, 
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Of A, By and D take any equimultiples mA, mB, mD ; 

and of (7, E^ and F take any equimultiples wC, nE, nF. 

Because A:B = mA : mB^ V. 15 

and E:F = nE: nFy F. 15 

and because A :B = E :F; Hyp, 

mA'.mB ^ nE : nF. V. 11 

Again, because B:C = D:E ; Hyp, 

mBinC ^mDinE; F. 4 

.*. according as mA is greater than nC, equal to it, or less, 

mD is greater than nF, equal to it, or less ; F. 21 

.-. AiG^D'.F. V. De/.b 

Second, let there be four Inagnitudes A, B, C, Z>, 
and other four E, F, G, H, such that A\B -=^ G:H, 
B'.C^FxG, C:D = E:F: 
it 18 required to prove A:D = E: H. 

Since A, B, are three magnitudes, and F, G, H other 
three, which, taken two and two in transverse order, ha^e 
the same ratio, 

A\C =^F:H,hy the first case. 
But because C:D = E:F; Hyp, 

A:D = E:H by the first case. 
Similarly the demonstration may be extended to any 
number of magnitudea 

CoR. — ^From this proposition and the preceding it may 
be inferred that ratios which are compounded of equal ratiofl 
are equal to one another. 

F«.:0.{^:?),»dI>:^={2:J}; 
and it has been shown that A :C = D :F. 
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PROPOSITION 24. Theorem. 
If the first has to the second the same ratio which the third 
hxi8 to the fourth, and the fifth to the second the same 
ratio which the sixth has to ths fourth ; the first and 
fifth together shall have to the second the same ratio 
which the third and sioeth together have to the fourth. 



ljetA:B=C:D,e.niE:B = F:D: 




it ie required to prove A + ExB ^ C + F:D. 




Because J7:5 = F:D; 




B:E = D:F, by inversion. 


V.A 


But A.B= C:D; 


Hyp. 


A:E = C:F, by direct equality; 


r. 22 


.•. A + E:E= C + F:F,\ijtAm\oa. 


r. 18 


But again, E.B = F:D; 


Hyp. 


.-. A + E:B= C+ F.D,hj direct equality. 


r. 22 



PROPOSITION D. Theorem. 

The terms of a proportion are proportional hy addition and 
subtraction. 

LetA:B= C:D: 
it is required to prove A •\- B :A -B^C+DiC-D, 

Because A -- B :B == C -- D:D, hy subtaaction ; V. 17 

B:A - B = D:C " D,,hj inversion; V. A 

But A-h B:B= C+ D:D,\)j addition; V. 18 

.-. A -{• B:A --B ^ C + DiO - D,hy direct 

equality. F. 22 

[PropoBition 25 has been omitted, as being of little use.] 
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DEFINITIONS. 

1. Similar rectilineal figures are those which have their 
several angles equal, each to each, and the sides about the 
equal angles proportional 

Of the two requisites for similarity among figures, namely, equi- 
angularity and proportionality of sides, it will be seen from YL i, 5, 
that if two triangles possess the one, they also possess the other. 
In this respect triangles are unique. Hence, in order to prove two 
rectilineal figures (other than triangles) similar, it must be shown 
that they possess both requisites. 

2. When any proportion is stated among the sides of 
two similar figures, those pairs of sides which form ante- 
cedents or consequents of the ratios are called homologous 
sides. 

3. Similar figures are said to be similarly described upon 
given straifi^t lines when the given straight lines are 
homologous sides of the figures. 

4. When two similar figures have their homologous sides 
parallel and drawn in the same direction, they are said to 
be similarly situated ; Tdien they have them parallel and 
drawn in opposite directions, they are said to be oppositely 
situated. 

5. Triangles and parallelograms which have their sides 
about two of their angles proportional in such a manner 
that a side of the first figure is to a side of the second, as 
the other side of the second is to the other side of the first) 
are said to have these sides reciprocally proportionaL 
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6. The altitude of a triangle is the perpendicular drawn 
from the vertex to the base, or the base produced; the 
altitude of a parallelogram is the perpendicular drawn from 
any point in one of its sides to the opposite side, or that 
side produced. 

7. A straight line is said to be cut in extreme and mean 
ratio when the whole line is to one segment as that segment 
is to the other. 

As in the case of medial section, a straight line might be cut in 
extreme and mean ratio both internally and externally ; but internal 
division only is generally implied by tiiie phrase. 



PROPOSITION 1. Theorem. 

Triangles and parallelograms of (he same altitude are to one 
another as their hoses. 



Let As ABO, ACD, and |r EC, CF have the same 
altitude, namely, the- perpendicular drawn from A to BD^ 
or BD produced : 

it is required to prove BC : CD = A ABC : A ACD, 
and BC : CD = ||"^ BC : |r CF. 

Produce BD both ways, and take any number of straight 
lines BGy GH, HK each ^ BC, / 3 

and DLy LM, any number of them, each = CD; L 3 

and join A with the points K, H, G, L, M. 
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Because KH, HGy GB, BO are all equal, Const. 

.-. As AKH, AHGy AGB, ABC are all equal. /. 38 

.•. whatever multiple the base KCia of the base BC, the 
same multiple is A AKC of A ABC 
Similarly, whatever multiple the base CM is of the base 
CD, the same multiple is A ACM of A ACD. 
And if the base KC be equal to, greater, or less than the 
base CMy A AKC will be equal to, greater, or less than 
A ACM. L 38 

Now since there are four magnitudes BC, CD, A ABC, 
A ACD; 

and of BC and A ABC (the first and third) any equi- 
multiples whatever have been taken, namely, KC and 
A AKC, 

and of CD and A ACD (the second and fourth) any equi- 
multiples whatever have been taken, namely, CM and 
A ACM; 

and since it has been shown that if KC be equal to, greater, 
or less than CM, 

A AKC is equal to, greater, or less than A ACM; 
.'. BC: CD==A ABC: A ACD. V. Def. 5 

Again, because 5(7: 00= AABC: AACD; 

BC:CD^2AABC:2AACD F. 15,11 
= \r EC : r CF. I, 41 

Cob. 1. — Triangles and parallelograms that have equal 
altitudes are to one another as their bases. 
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Cob. 2. — ^Triangles and parallelograms that have equal 
bases are to one another as their altitudes. 

For each triangle or ||° may be converted into an equi- 
valent right-angled triangle or rectangle with base and 
altitude = its base and altitude ; and in these latter figures 
the bases and altitudes may be interchanged. 

1. If two triangles or ||™* have the same ratio as their bases, they 

must have equal altitudes; if they have the same ratio as 
their altitudes, they must have equal bases. 

2. The rectangle contained by two straight lines is a mean pro- 

portional between their squares. 

3. A, B, and C are three straight lines ; prove that A has to B the 

same ratio as the rectangle contained by A and C has to the 
rectangle contained by B and C 

4. A quadrilateral is such that the perpendiculars on a diagonal 

from the opposite vertices are equal. Show that the quadri- 
lateral can be divided into four equal triangles by straight 
lines drawn from the middle point of the diagonal. 

5. AB is II CD, and AD, BC are joined, intersecting at E; prove 

AE I ED = BE : EG. 

6. Triangles ABC, DEFh&ye /. A = i D, ajid AB = DE; prove 

A ABC: £,DEF=AC:DF. 

7. AD, BE, CF drawn from the vertices of A ABC to the opposite 

sides are concurrent at 0; prove BD : DC = A -4 OB : A A OG, 
CE \EA= t, BOC : A BOA, AF :FB=i l COA : A COB, 

8. i^is the middle point of AD, a median of A ABC; BEia joined 

and produced to meet AC at F. Prove CF=2AF. 

9. ABC is any triangle ; from BC and CA are cut off BD = one- 

fourth of BC, and CE = one-fourth of CA. U AD, BE 
intersect at 0, prove that CO produced will divide AB into 
two segments in the ratio of 9 to 1. 

10. Perpendiculars are drawn from any point within an equilateral 

triangle to the three sides. Prove that their sum is constant 

11. Triangles and ||°" are to one another in the ratio compounded of 

the ratios of their bases and altitudes. 
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PKOPOSITION 2. Theorems. 

If a straight line he drawn parallel to one side of a triangle, 
it shall cut tJie other sides, or those sides prodttced* 
proportionally. 

Conversely : If tJie sides or the sides produced he cut pro- 
portioncUlyj the straight line Joining the points of 
section shall he parallel to the remaining side of the 
triangle. 

A A 





D 



(1) Let DE be drawn || BC, one of the sides of A ABC- 
it is required to prove that BD : DA = GE : EA. 



Join BE, CD. 

Then A BDE = A CDE, being on the same 
and between the same parallels DE, BC ; 
.-. A BDE : A ADE = A CDE : A ADE. 
But A BDE : A ADE = BD : DA, 
and A CDE : A ADE = CE : EA; 
BD I DA ^ CE X EA. 

(2) Let BD:DA=^ CE: EA, and DE be joined : 
it is required to prove DE \\ BC. 

Join BE, CD. 



Because BD ; DA 
and BD : DA 

and CE : EA 



= CE : EA, 

= A BDE : A ADE, 

= A CDE : A ADE/ 



DE, 
7.37 

F.7 
VI.l 
VIA 
V.U 



Hyp. 
VIA 
VL 1 



* This useful extension was introduced by Bobert GUmson. 
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.-. ABDEiAADE = ACDE:AADE; V. 11 
A BDE = A CDE. V. 9 

Kow these triangles are on the same base DE and on the 
same side of it ; 

.-. DEi8\\Ba I. 39 

1. The straight line which joins the middle points of two sides of a 

triangle is || the third side. 

2. The straight line drawn through the middle point of one of the 

sides of a triangle and || another side will bisect the third side. 

3. Any two straight lines cut by three parallel straight lines are 

cut proportionally. (Euclid, Data, Prop. 38.) 

4. Any straight line drawn || the parallel sides of a trapezium divides 

the non-parallel sides, or those sides produced JHX)portio^ally. 

5. In the figures to the proposition, if DE be i| BO, prove BA : AD 

= CA : AE, and conversely. 

6. ABC is any angle, and P a given point within it ; draw through 

P a straight line terminated by BA, BC, and bisected at P. 

7. In the base BC of A ABC any point D is taken, and DE, DF, 

drawn || AB, AC respectively, meet the other sides at E, F: 
prove L, AFE a mean proportional between A s FBD, EBC. 
Examine the case when D is taken in BC produced. 

8. ABC, DBC are two triangles either on the same side, or on 

opposite sides of a common base BC ; from any point E 
in BC there are drawn EF, EO respectively || BA, BD, 
and meeting the other sides in F, O. Prove FO \\ AD. 
Examine the case when E is taken in BC produced. 

9. ABC is any triangle ; D and E are points on AB and AC such 

that DE is li BC ; BE and CD intersect at F. Prove that 
A ADF = A AEF, and that AF produced bisects BC. 
Examine also the cases when D and ^ are on AB and AG 
produced. 

10. Prove the following construction for trisecting a straight line 

AB in O and H: On AB as diagonal constaruct a H™ ACBD; 
bisect AC, BD in E and F. Join DE, FC cutting AB in O 
and H. 

11. AB is a straight line, and C is any point in it ; find in AB 

produced a point D such that AD \DB^AC\ CB, 
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PROPOSITION 3. Theorems. 

If the vertical angle of a triangle he bisected by a straight 
line which also cuts the hose, the internal segments of 
the base shall have to one another the same ralio as the 
other sides of the triangle have. 

Conversely : If the internal segments of the base have to one 
another the same ratio as the other sides of the triangle 
have, the straight line drawn from the vertex to the 
point of section shall bisect the vertical angle. 




(1) Let the vertical l BAG of the A ABC be bisected 
by AD, which meets the base at D : 
it is required to prove that BDiDC = BA :AC 

Through C draw CE || DA, I. 31 

and let CI^ meet BA produced at E. 
Because DA and CE are parallel, 
/. L BAD = L AEC, and L DAC = L ACE. L 29 
But L BAD = L DAC; Hyp. 

.'. L AEC = L ACE; 

AC = AE. I. 6 

Because DA is || CE, a side of the A BCE, 
.'. BDiDC^ BAiAE; VL 2 

.-. BDiDC^BAiAC V.l 
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(2) Let BD\DC=^ BA\ AC, and AD be joined : 
it is required to prove L BAD = L DAC, 

Through C draw CE \\ DA, L 31 

and let CE meet BA produced at E, 

Because DA is || CE, a side of the A BCE, 
,\ BD I DC = BA : AE, VL 2 

But BDiDC^ BA: AC; Hyp. 

.-. BA:AE^ BAiAC; V. 11 

AE = AC, V. 9 

and L AEC = L ACE. I. 5 

But because DA and CE are parallel, 
.-. z. AEC = z. 5^A and l ACE = z. Z>^(7; /. 29 
.-. L BAD = L DAC. 

1. With the same figure and construction as in I. 10, prove that 

AB is bisected. 

2. If a straight line bisect both the base and the vertical angle of a 

triangle, the triangle must be isosceles. 

3. The bisector of an angle of a triangle divides the triangle into two 

others, which are proportional to the sides of the bisected angle. 

4. ABC is a triangle whose base BC is bisected at i> ; lb ABB, 

ADC are bisected by DE, DF meeting AB, AC at E, F. 
Prove EF \\ BG. 

5. Trisect a given straight line. 

6. Divide a given straight line into parts which shall be to one 

another as 3 to 2. 

7. Divide a given straight line into n equal parts. 

8. The bisectors of the angles of a triangle are concurrent. 

9. Express BD and DG (fig. to the proposition) in terms of a, b, c, 

the three sides of the triangle. 

10. .^^ is a diameter of a circle, CD a chord at right angles to 

it, and E any point in CD ; AE, BE produced cut the circle 
at i^and O. Prove that the quadrilateral GFDO has any 
two of its adjacent sides in the same ratio as the other two. 

11. H is the middle point of BG (fig. to the proposition) : prove 

HGiHD = BA +AG.BA --AG. 

12. The straight lines which trisect an angle of a triangle do not 

tristct the oi^[K>aite side. 
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PKOPOSITION A.* Theorems. 

If the extenor vertical angle of a triangle be bisected by a 
straight line which also cuts the base produced^ the 
external segments of the base shall have to one another 
the same ratio as the other sides of the triangle have. 

Conversely : If the external segments of the base have to one 
another the same ratio as tJie other sides of the triangle 
have, the straight line drawn from the vertex to the 
point of section shall bisect the exterior vertical angle. 




(1) Let the exterior vertical l CAF of the A ABC be 
bisected by AD, which meets the base produced at D : 
it is required to prove that BD : DC = BA : AC, 

Through C draw CE \\ DA, I 31 

and let CE meet BA at E, 

Because DA and CE are parallel, 
.-. L FAD = L AEC, and l DAC = l ACE, I 29 

But L FAD = L DAC; Hyp, 

.'. L AEC = L AGE; 

AC = AE. 1 6 

Because DA is || CE, a side of the A BCE, 

* Assumed in Pftppus, VII. 39, leoond proof. 
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BD:DG= BA: AE; VL 2 

BD:DO = BA:Aa V.I 

(2) Let BDiDC^ BA\ AC, and AD be joined : 
it is required to prove l FAD = l DAG. 

Throngli C draw CE \\ DA, L 31 

and let CE meet BA at E. 

Because DA is || aj:, a side of the A BCE, 

.-. BD:DC--BA:AE. VL 2 

ButBDiDC^BAiAC; Hyp. 

.-. BA:AE = BA:AC; V 11 

il^ = AC, V 9 

and L AEC = z. .laJS?. /. 5 
But because DA and CE are parallel, 
.-. z. .4JE?a = z. i^ilA and l ACE = z. DAC; L 29 
.-. I. FAD = z. Z)2ia 

1. What does the propoeition become when the triangle is isosceles ? 

2. The bisector of the vertical angle of a triangle, and the bisectors 

of the exterior angles below the base, are concurrent. 

3. Express BD and JDC (fig. to the proposition) in terms of a, b, c, 

the three sides of the triangle. 

4. Prove the tenth deduction from YI. 3 when E is taken in CD 

produced. 
6. P is any point in the O^ of the circle of which AB is a 
diameter; PC, PD drawn on opposite sides of AP, and 
making equal angles with it, meet AB at C and D, Prove 
AC:CB = AD: DB. 

6. AB is a straight line, and C is any point in it ; find in AB 

produced a point D such that AD i DB = AC i CB. 

7. Prove the proposition by cutting off from BA produced, AE 

= AD, and joining DJBJ, 

8. If in any A ABC there be inscribed & A X YZ (X being on BC, 

Y on CA, Z on AB), such that every two of its sides make 
equal angles with that side of A ABC on which they meet, 
then AX, BY,CZ9Te respectively x BC, CA, AB. 
Examine the case when X and Y are on BC and A C produced. 
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PROPOSITION 4. Theorem. 

If two triangles be mutually equiangular^ they shall he similar, 
those sides being homologous which are opjjosite to equal 
angles* 




In As ABC, DOE, let l ABC = L DCE, l BQA = 
L CED, lBAC-=L CDE: 
it is required to prove A« ABC, DCE similar. 

Place A DCE so that CE may be contiguous to BC, 

and in the same straight line with it. /. 22 

Because l ABC + l ACB is less than 2 rt z. s ; /. 17 

and L ACB = l DEC; Hyp. 

L ABC + L i)^a is less than 2 rt z.8; 
.'. BA and ED if produced will meet /. 29, Cor. 

Let them be produced and meet at F, 

Because l DCE = l ABC, Hyp. 

.-. BF]b\\ CD; L 28 

and because l BCA = l CED, Hyp. 

.-. .dais II J^^; /. 28 
.-. FACDia&\Y^; 

.-. AF = CD, and AC = FD. I. 34 

* This theorem is usuaUj attributed to Thales (6iO-546 &0.). 
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Now because ^C is || FE, a side of the A FBE^ 
.'. BA:AF = BC:CE; VI. 2 

.-. BA:CD=^BG:CE; V. 7 

.-. BA:BG= CD: CE, by alternation. F. 16 

Again, because CD is || BF, a side of the A FBE, 
.-. BC:CE= FDiDE; VL 2 

.-. BC'.CE^ ACiDE; V. 7 

.-. BC:CA = CE: DE, by alternation. V. 16 

Lastly, because AB^ BC, CA are three magnitudes, 
and DCy CE, ED other three ; 

and since it has been proved that AB : BC = DC : CE, 

BJidBCiCA = CEiED; 
.-. AB:AC== DC: DE, by direct equality. F. 22 

Hence As ABC, DCE are similar. VL Def. 1 

1. From a given triangle another is cnt off by a parallel to the 

base ; prove the two triangles similar. 

2. Two right-angled triangles are similar if an acute angle of the 

one be equal to an acute angle of the other. 

3. Two isosceles triangles are similar if their vertical angles are 

equal. 

4. A BCD is a rhombus ; through D a straight line is drawn so as 

to cut BA and BC produced at E and F. Prove L s BAD, 
DCFamilar. 

5. Two chords AG, BD of a circle ABC intersect at E^ either 

within or without the circle ; prove L s AEBt CED similar, 
and also AS AED, BBC. 

6. The straight line which joins the middle points of two sides of a 

triangle is half of the third side. 

7. A straight line which is || one of the sides of a triangle and = 

half of it must bisect each of the other sides. 

8. If one of the two parallel sides of a trapezium be double of the 

other, the diagonals intersect at a point of trisection. 

9. In mutually equiangular triangles the perpendiculars drawn from 

corresponding vertices to the opposite sides are proportional 
to those sides. 
10. The median to the base of a triangle bisects all the parallels to 
the base intercepted by the sides. 
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11. Three straiglit lines AB^ AC, AD are drawn through one point 

A, and are cut by two parallels at the points E, F, O and 

B, C, D respectively : prove BCi CD = EF i FO, 

12. Hence devise a method of dividing a given straight line into any 

number of equal parts. 

13. Prove the proposition from YI. 2, by superposing the one 

triangle on the other. 



PROPOSITION 5. Theorem. 

If two triangles have the sides taken in order ahout each of 
their angles proportional^ tliey shall he similar, those 
angles being equal which are opposite to the homologous 
sides. 




A 



In As ABGy DBF, let AB : BG = DE : EF, BGiCA 
= EF'.FDy and BA:AG = ED: DF: 
it is required to prove Ai* ABG, DEF similar. 

At E make l FEG = l ABGy and at F make l EFQ 
= iL AGB. L 23 

Then l O = L A, I. 32, G<n'. 1 

and A ABG is equiangular to A OEF; 

.'. AB:BG= GE: EF, VL 4 

But AB : BG= DE: EF; Hyp, 

.-. DE:EF= GE: EF; V, 11 

DE = GE. V, 9 
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Similarly, jDi^= GF. 

Now As DEF^ GEF liave the three sides of the one 

respectively equal to the three sides of the other ; 

.-. they are mutually equiangular. /. 8 

But A ABC is equiangular to A GEF; 

.-. A ABCia equiangular to A DEF, 
Hence As ABC, DEF are similar. VL Def, 1 

1. What 18 the analogous proposition in the First Book proving the 

equality of two triangles ? 

2. The triangle formed by joining the middle points of the sides 

of another triangle is similar to that other. 
S. Prove the proposition from the following construction : From 
J ^ cut ofif ^ 6^ = DE^ and through draw QH || EC, meeting 
ACtXH, 



PROPOSmOK 6. Theorem. 

If two triangles have one angle of the one equal to one angle 
of the other, and the sides about these angles pro- 
portional, they shall be similar, those angles being equal 
which are ojoposite to the Iwmologous sides. 
A 



In As ABC, DEF, let l BAC = l EDF, and BA : AG 
= ED : DF: 
it is required to prove A« ABC, DEF similar. 

At D make l FDG = l BAC, or l EDF, L 23 

and at i^make L DFG = l ACB, I. 23 

T 
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Then l G ^ l B, L 32, Ckyr, 1 

and A ABCiQ equiangular to A DGF; 
.-. BA:AC= GDiDF. FJ. 4 

But BA:AC=ED: DF ; Hyp. 

.'. EDiDF^ GD\DF; V. 11 

ED = GD. V. 9 

( ED= GD 
Now in As EDF, GDF, \ DF ^ DF 

( L EDF = L GDF; Canst 
.-. lE= L G,mi L DFE = l DFG. L 4 

But z. ^ = z. G^, and z. ACB = l DFG; 
.-. L B = L E, audi L ACB = z. i>jP^. . 
Hence As ABC, DEF are similar. VL Def. 1 

1. What is the analogous proposition in the First Book proving the 

equality of two triangles ? 

2. Prove the proposition with the same construction as in the third 

deduction from VI. 6. 

3. ABC is a triangle, and the perpendicular AD drawn from A to 

BC falls within the triangle. Prove that if .^i> is a mean 
proportional between BD and DC, L BAG is right, and that 
if ^^ is a mean proportional between BC and BD^ L BAG 
is right. 

4 .^^ is a straight line, D and E two points on it ; i>^and EO 
are parallel, and proportional \^ AD and AE, Prove .4, Fy 
and G' to be in one straight line. 

6, AB is divided internally at G and i> so that AB :AC 
= AC I AD, From A any other straight line AE is drawn 
= AC Prove A s ABE, ADE similar, and that EC biaeciB 
I BED. 
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PROPOSITION 7. Thborbm. 

If two triangles have tioo sides of the one proportional to 
two sides of the otJier, and the angles opposite to &ne 
pair of homologous sides equals the angles opposite to 
the other pair of homologous sides shall he either equal 
or supplementary. 
A 



D 




A.£^ 



In As ABC, DEF, let BA:AG = ED\DF, and l B 

^ lE: 

it is required to prove either lC^lF, orLC+LF 

= 2 rt Ls. 

(1) L A\a either = z. JD, or not. 

11 L A = L Dy then since l B ^ l E, Hyp, 

.-. lC^lF. L 32, Cor, 1 

(2) If z. -4 is not = z. 2>, 

at D make L EDO ^ l A; 7. 23 
and, if necessary, produce EF to meet DG» 

Because l B ^ l DEO, Hyp, 

and L A = L EDG; Const, 

.-. A ABC is equiangular to A DEG; I, 32, Cor, 1 

.-. BAiAC = EDiDG, VI. 4 

But BA:AC = ED: DF; Hyp. 

.-. ED'.DF^ED', DG; V. 11 

DF^DG; F. 9 

.-. lDFG^lG. 7.5 
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Now L DFEw supplementary to l DFO; /. 13 

L DFE is supplementary to jl O; 
L DFE is supplementary to l 0. 

Note. — See the note appended to I. A., p. 62. 

1. What 18 the analogous proposition in the First Book proving, 

under certain conditions, the equality of two triangles ? 

2. ABC is a triangle, and AD is drawn X BO. If BC : CA 

- AB : AD, then L ABC is right-angled. 



PEOPOSmOK 8. Thborbm. 

In a right-angled triangle^ if a perpendicuJar be drawn, from 

the right angle to the hypotenuae, tJie triangles on each 

side of it are similar to the whole triangle and to one 

anotJier. 

A 




Let A ABC be right-angled at A, and let AD be drawn 
perpendicular to the hypotenuse BC: 
it is required to prove A« DBA and DAC similar to A ABC, 
and to one another. 

CAB 
B; 

,\ these triangles are mutually equiangular; /. 32, Cor. 1 
.•. they are similar. VI. 4 

In the same way, As DACsjii ABCtdaj be proved similar. 
Kow since As DBA and DAC are similar to A ABC^ 
they are similar to one another. 



^ A ^T.. .T.^ / ^ ADBr^ L 

In As DBA, ABC, | lB^ l 
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Cob. — ^From the similarity of As DBA^ DACii follows 
that BDiDA^ADiDG. (1) 

From the similarity of As ABC, DBA it follows that 

CB:BA==AB:BD. (2) 

From the similarity of As ABG, DAG it follows that 

BGiCA^AGiCD, (3) 

and BGiBA^AGiAD. (4) 

These results expressed in words are : 

(1) The perpendicular from the right angle on the hypo- 
tenuse is a jnean proportional between the two segments 
into which it divides the hypotenuse. 

(2) and (3) Either of the sides is a mean proportional 
between the hj^tenuse and its projection on the hypo- 
tenuse. 

(4) The hypotenuse is to either side as the other side is 
to the perpendicular. 

1. K from any point in the o<* of a circle a perpendicular be drawn 

to any radius, and a tangent from the same j)oint to meet 
the radius produced, the radius will be a mean proportional 
between the segments intercepted between the centre and 
the points of concourse. 

2. That part of a tangent to a circle intercepted by tangents at the 

extremities of any diameter is divided at the point of contact 
so that the radius is a mean proportional between the seg- 
ments. 

a Prove BD : DC = duplicate of BA : AC. 

4. ABC is a triangle ; AD and AJE are drawn to the base BC so as 
to make i s ADB, ABC each == the vertical i BAC; prove 
(\) BD'.AD^AEiGE, (2) CBiBA^ABiBD, 
(3) BC iCA^ACiCE, (4) BCiBA^ACiAB, 
Draw figures for the cases when l BAC ia acute and obtuse, 
and deduce from this theorem the results given in the Cor. to 
the proposition. 

5« Examine tiie converses of the results (1), (2), (3), (4) of the Cor. 
to the proposition, and of the preceding deduction. 
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PROPOSITION 9. Problem. 
From a given straight line to cut off any aliquot part. 

C 




A F B 

Let AB be the given straight line : 
it is required to cut off from AB any aliquot part. 

From A draw AC, making any angle with AB/ 
in AG take any point D; 

and from AC cut off AE, containing AD as many times as 
AB contains the part required. /. 3 

Join EB, and through D draw DF \\ EB. I. 31 

AF is the part required. 

Because DF is || EB, a side of A ABE^ 

ED.DA^BF'.FA; VI.l 

EA :DA= BA: FA, by addition, V. 18 

But EA contains DA a certain number of times ; 
.*. BA contains FA the same number of times. V. C 

1. Which proposition in the First Book is a particular case of tbis • 

2. Trisect a given straight line. 

3. Show how to find three-fifths of a given straight line. 
4k From a given triangle or \\^ cut off any aliquot part. 
5. Show how to find four-sevenths of a given Ij"*. 
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PROPOSITION 10. Problem. 
To divide a given straight line internally and externally in 
a given ratio.* 




Let AB be the given straight line, K:L the given ratio : 
it is required to divide AB internally and externally in the 
ratio K : L, 

Draw a straight line AE making an angle with AB ; 
cut off AF = JT, and FG^ FH on opposite sides of F^ each 
= L. /. 3 

Join BQy BH; 

and through F draw FC \\ BG, and FD \\ BH, meeting AB 
produced at D, C and D are the required points. 

Because FC is || BG, a side of the A ABG, 

AG:CB = AF:FG, VI. 2 

^K:L. F. 11 
Again, because FD is || BH, a side of the A ABH, 

AD:DB = AF'.FH, VI. 2 

= K:L. F. 11 

I. AB and AC are two straight lines, and AC is divided inter- 
nally at the points D and E. Divide AB similarly to ^C7. 

* This proposition has heen inserted instead of Euclid's tenth, which 
is given as the first deduction. 
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2. Make the figure and prove the propoeition when K is less than 

L. What becomes of the external section when K =s L? 

3. 'Divide a given triangle or ||™ into two parts which shall have to 

each other a given ratio. 
4 Qiven two points on the o** of a circle, to find a third point on 
the o^ such that the ratio of its distances from the two 
given points may be equal to a given ratia 



PEOPOSmON 11. Problem. 
To find a third proportional to two given straight lines. 




Let ABf AC he the two given straight lines : 
it is required to find a third proportional to AB, AC. 

Place AB, AC bo as to contain any angle ; 
produce AB, AC^ making BD = AC; L 3 

join BC, and through D draw DE \\ BC I. 31 

CE is the third proportional 

Because BC is || DE, a side of A ADE, 

AB:BD = AC:CE; VI. 2 

ABiAC ^ AC\ CE, since BD = AC. V. 7 

1. Does the magnitude of the third proportional to two straight 

lines depend on the order in which the straight lines are 
taken ? How many third proportionals can be found to two 
straight lines ? 

2. To AB and AC obtain the third proportional measured from A. 

3. By VI. 8, Cor., find a third proportional to two straight lines in 

two other ways. 
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4. AB and AC are two straight lines drawn from A, Produce 
CA to D, making AD = AG; describe a circle through the 
three points B, C, D, and produce BA to meet it at E. AE 
is a third proportional \o AB, AC, 

ff. Use the fourth deduction from YL 4 to find a third proportional 
to two given straight lines. 

6w Use the fourth deduction from VI. 8 for the same purpose. 



PROPOSITION 12. Problem. 
To find a fourth proportional to three given straight lines. 



B- 




D G E 

Let -4, jB, (7 be the three given straight lines : 
it is required to find a fourth proportional to A, B, C. 

Take two straight lines DE, DF containing any angle ; 
from these cut off DG =^ A, GE = B, and DH = C; I. 3 
join GH, and through E draw EF || GK I. 31 

HF is the fourth proportional. 
Because GH is || EF, a side of A DEF, 

DGiGE^ DH:HF; VI. 2 

AiB ^ C'.HF. V.I 

1. Which previous proposition is a particular case of this? 

2. Does the magnitude of the fourth proportional to three straight 

lines depend on the order in which they are taken ? How 
many fourth proportionals can be found to three straight 
lines? 

3. To Af Bf C obtain the fourth proportional measured from D. 

4. By a method similar to that of the fourth deduction from VI. 11, 

find a fourth proportional to three given straight lines. 
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5. Oiven a triangle or |i™ ; construct another trian^ or y™ which 

shall have to it a given ratio. 

6. AB and AC are two straight lines, and i> is a point between 

them. Draw through D a straight line such that the parts 
of it intercepted between D and the two given straight lines 
may be in a given ratio. 



PROPOSITION 13. Problem. 
To find a mean jyrqportio7idl between two given straight lines. 




A B C 

Let AB^ BC be the two given straight lines : 
it is required to find a mean projpartional between AB, BC, 

Place ABy BC in the same straight line, 
and on AC describe the semicircle ADC; /. 10 

horn B dr&w BD ± AC. /. 11 

BD is the mean proportional 

Join AD, CD. 

Then A ADC is right-angled, and AC is the hypoten- 
use ; ///. 31 
.'. BD is a mean proportional between AB, BC VI, 8, Cor, 

1. If the given straight lines were AC, BC, placed as in the figure 

to the proposition, show how to find a mean proportional 
between theuL 

2. To find a mean proportional between AB, BC placed as in the 

figure to the proposition. Describe any circle passing through 
A and C; join B to the centre O, and draw DBE ± OB, 
meeting the o<* at i> and K BD or BE is the mean pro- 
portional. 
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3. To find a mean proportional between AG, BC, placed as in the 
figure to the proposition. Describe any segment of a circle 
on ACi make z CBD = the angle in the segment, and join 
CD, CD is the mean proportional 

4 Half the sum of two straight lines is greater than the mean 
proportional between them. 

5. A point E is taken in the side AB of a H^" ABCD; DM meets 

BC produced in F, Prove A AEF a mean proportional 
between as AED and BEF. 

6. By repetitions of the process of finding a mean proportional, 

what numbers of mean proportionals could be found between 
two given straight lines so as to form a continued proportion ? 
Devise an algebraical expression which will include all these 
numbers. 



PEOPOSITION 14. rHBORBMS. 

Equal parallelograms^ which have one angle of the one eqiml 
to one angle of the other, have their sides about the 
equal angles reciprocally proportional. 

Conversely : Parailelograins which have one angle of the one 
eqvM to one angle of the other, and the sides about the 
equal angles reciprocally proportional, are equal. 



I 



1 



(1) Let AB and BO be equal ||"-, having l DBF = 
z. GBE: 
it is required to prove that DB : BE = GB : BF, 

Place the |p so that DB and BE may be in one straight 
line. 
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A 


F 

Hi. 




i 




w 




Then since l GBE = l DBF; 


Hyp. 


.-. L GBE + L FBE = L DBF + l FBE, 




= 2rt. lb; 


/. 13 


.'. G^B and BF are in one straight line. 


/. 14 


Complete the |r i^J^. 




Because \\^AB:= \rBC, 


Hyp. 


.-. r^B:iri^^« \rBG 


r^^. 


V.7. 


But ir ii^ : r i^^ = I^B 


: ^^, 


VI. 1 


and ir ^C7 : |r -P^ = G?^ 


! BF; 


VI. 1 


.-. DB: BE= GB\ 


BF. 


r. 11 



(2) Let L DBF = z. G^jBi:, and DBiBE 
it is required to prove |p AB = |p ^C7. 

Make the same construction as before. 



GB\BF: 



Because DB 
and DB 

and 6?^ 

TAB 



BE^ GB: BF, 

BE^ \)l^AB:pFE, 
BF = fBCxpFE; 
f'FE = pBC:\)rFE; 



VI. 1 

F/. 1 

F. 11 

F. 9 



1. Prove the proposition by joining EF and DO, and using the 

fifth deduction from YL 2. 

2. Prove ^Z>, C(7 and the diagonal of the H"^ FE drawn through B 

concurrent. 

3. Prove AG \\ EF. 

4. Equal rectangles have their bases and altitudes reciprocally 

proportional, and conversely. 
6. Equal ||™* that have their sides reciprocally proportional are 
mutually equiangular. 
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PEOPOSITIOK 15. Thborbms. 

JSqiud triangles which have one angle of the one equal to one 
angle of the other have their aides abotU the equal angles 
reciprocally proportional. 

Conversely : Triangles which have one angle of the one equal 
to one angle of the other^ and their sides about the equal 
angles reciprocally proportional, are equal. 




(1) Let BACy DAE be equal tnangles having 
L BAG = L DAE: 
it is required to prove that AC: AD = AE : AB. 

Place the triangles so that AC and AD may be in one 
straight line. 

Then since L DAE = L BAC, ' 

.-. L DAE + L BAD =. L BAC + L BAD, 

= 2rt. /-s; 
.*. EA and AB are in one straight line. 
Join BD. 

Because A BAC = A DAE, 

.'. ABACiABAD^ ADAEiABAD. 
But A BAG: A BAD = AC : AD, 
and A DAE : A BAD = AE : AB; 
AC : AD ^ AE I AB. 



Hyp. 

I. 13 
/. U 

V. 7 
VI. I 
VL 1 
V. 11 
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(2) Let L BAG = L DAE, and AC: AD = AEiAB: 
it w required to prove A BAC = A DAE, 

Make the same construction as before. 



Because AC 
and AC 

and AE 

.-. A BAC 



AD ^ AE \ AB, Hyp. 

AD = A BAC : A BAD, VL 1 

AB = A DAE: A BAD; VL 1 

A B^Z) = A DAE : A BAD; V. 11 

A Biia = A DAE. V. 9 



1. Could this proposition have been inferred from VL 14? 

2. Prove the proposition by joining CE, and using the fifth deduc- 

tion from VL 2. 

3. If in the figure to VL 14, AB and EO be joined, what modifica- 

tion of this proposition should we be enabled to prove ? 

4. If A AB€i6 right-angled at B, and BD, the perpendicular on 

AC,ia produced to ^ so that BE is a third proportional to 
BD and DC, A ADE = A EDO. 

5. Equal triangles which have the sides about one pair of angles 

reciprocally proportional have those angles either equal or 
supplementary. 

6. If, in the fig. to VL 8, BE be drawn ± BA, and meet AD pro- 

duced at E, then A ABD = A EGD, 

7. Find a point in a side of a triangle, from which two straight 

lines drawn, one to the opposite angle, and the other || the 
base, shall cut off towards the vertex and towards the base, 
equal triangles. 
Examine the case for a point in a side produced. 
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PEOPOSITION 16. Theorems. 

If four straight lines he proportional, the rectangle contained 

by the extremes is equal to the rectangle contained by the 

means. 
Conversely : If the rectangle contained by the extremes be 

equal to the rectangle contained by the means, the four 

straight lines are proportional. 
E- F 

Lr 

G H 




(1) Let AB:CD = EF: GH: 
it is required to prove AB • GH = CD • EF. 

From A draw AK ± AB, and = GH ; 
from (7 draw GL ± CD, and = EF ; 
and complete the rectangles KB, LD. 

Because AB : CD = EF : GH, 
and CL = EF, and AK = GH ; 

AB : CD = CL : AK, 



L 11, 3 

/. 11, 3 

7.31 

Hyp. 

Const. 

V, 7 



that is, the sides abont the equal angles of the ||"* KB, LD 
are reciprocally proportional. 

KB = LD; VL U 

.-. AB'AK= CD'CL; 

.'. AB^GH^ CD'EF. 

(2) Let AB>GH= CD^ EF: 
it is required to prove AB\CD = EF: GH, 
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Make the same construction as before. 

Because AB - GH ^ CD - EF, Hyp. 

and AK = OH^ and CL = EF ; Canst. 

AB ^ AK ^ CD ' CL, 
that is, the ||"** KB, LD which have z. il = z. (7, are equaL 

.-. ABxCD^ CL \AK; VL 14 

.-. AB:CD = EF:GH. V. 7 

1. InthefiguretoVI. 8,ppove(l)5i>.i>a=-42>«, {2) CB - BD 

^AB», {%)BC'CD^AC\ W BO.AD^BA.AC. 

2. Using the resalts (2) and (3) of the preceding deduction, prove 

1.47. 

3. Show that these results are established in Euclid's proof of L 47. 

4. Two chords AC, BD of a circle ABO intersect at E, either 

within or without the circle ; prove AE • EG » BE • ED. 

5. In the figure to the fourth deduction from VI. 8, prove 

<1) BD'CE^AD' AE, (2) GB » BD = AB^, 
{S)BG'GE^AC\ <4) BG-AE^BA-AG. 

6. Using the results (2) and (3) of the preceding deduction, show 

that when i BAGia acute, ^^ + ^C" is greater than BC^ 
hy 2 BG' DE; when z BAG is obtuse, AB^ + AG* is less 
ihM,nBG*hy2BG'DE. 

7. What becomes of the rectangle 2 BG • DE when z BAG is 

right? 

8. Give another proof of IIL 35 and its Cor. 

9 A square is inscribed in a right«angled triangle, one side of the 
square coinciding with the hypotenuse ; prove that the area 
of the square = the rectangle contained by the eztrraie 
segments of the hypotenuse. 
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PROPOSITION 17. Theorems. 
If three straight lines he proportional^ the rectangle contained 

by the extremes is equal to the square on the mean. 
Conversely: If the rectangle contained by the extremes be 

equal to the square on the mean, the three straight lines 

are proportional. 



(1) LetA:B=^B:C: 

it is required to prove A^ C = B^. 

Make D = B. 

Because A\B = B :G, Hyp. 

A:B = D:C; V. 7 

A'C = B'D, VI le 

(2) Let A^C = jB2/ 

it is required to prove A : B = B :0, 

Make the same constmction as befort. 

Because A- C = B^, Hyp. 

A'G^B^D; 

A.B^D:C; FJ. 16 

A:B^B'.C. V.7 

1. Of which proposition is this merely a particular case ? 

2. Prove that a straight line divided in extreme and mean ratio is 

divided in medial section, and conversely. 

3. From B, one of the vertices of ||"* ABGD^ a straight line is drawn 

cutting the diagonal AC &t B, CD at F^ and AD produced at 
O : prove QE'EF:= BE\ 
u 
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PROPOSITION 18. Problem. 

On a given straight line to describe a rectilineal figure which 
shall he similar to a given rectilineal fi^re.* 




^" 



Let AB be the given straight line, CDEF the given 
rectilineal figure : 

it is required to describe on AB a rectilineal figure which 
shall he similar to CDEF. 

Join DF. 
At A make L BAG = L DCF, and at B make l ABQ 
= L CDF; I. 23 

then A GAB is equiangular to A FGD. L 32, Cor, 1 

At G make L BGH = L DFE, and at B make l GBH 
= L FDE; L 23 

then A HGB is eqiriangular to A EFD. L 32, Car. 1 
ABHG is the figure required. 

(1) To prove ABHG and CjD-^i^ mutually equiangular. 
Because l AGB = L CFD, and L BGH = 
L DFE, Const. 

.-. the whole' l AGH = the whole L CFE. 
Similarly, L ABH = L CDF. 

But L A = L C,aiid L H =^ L E; Const., L 32, Car. 1 
.'. ABHG and CDEF are mutually equiangular. 

* The second case added by Simson has been omitted as unnecessary. 
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(2) To prove that ABHG and CDEF have their sides 
proportional. 

Because As AGB^ CFD are mutually equiangular, 
.-. AGiGB^ CFxFD. VL i 

Because As BGH, DFE are mutually equiangular, 
.\ BG:Gff== DFiFK VL i 

Now since AG^ GB^ GH are three magnitudes, 
and CF^ FD, FE other three ; 

and since it has been proved that AG : GB = CFiFD, 

and GBiGH^FD :FE; 
.-. AGiGH^ OFxFEy by direct equality. F. 22 

Similarly, AB:BH=^ CD: DE. 

But BA:AG = DCiCF, VL i 

and GHiHB^FE: ED; VL 4 

.'. ABHG and CDEF have their sides about the equal 
angles proportional 

Hence ABHG and CDEF are similar. VL Def. 1 

The method of construction and proof would be similar 
if the given rectilineal figure had more than four sides. 

1. How many polygons could be described on AB similar to the 

polygon CDEF? 

2. Would the following constructions answer the same purpose as 

that given in the text ? (a) Place AB and CD either parallel 
or in the same straight line ; through A and B draw AO, 
BO respectively || CF, DF; through O said B draw Off, 
BH respectively || FE, DE. (h) Place AB \\ CD, and let AC, 
BD meet at O. Jom OE, OF, and let AO, BH drawn 
respectively || CF, DE meet OF, OE at O, H. Join OH. 

3. If on BA, BO, BH, or on these lines produced, there be taken 

points L, M,N, such that BL:BA = BMi£0 = BNz BH^ 
the figure BLMN is similar and similarly situated to the 
figure BAOH. 
A. How could a figure BLMN similar and oppositely situated to 
the figure BAOH be obtained? 
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PROPOSITION 19. Theorem. 

Similar triangles are to one another in the duplicate ratio 
of their homologous sides. 




A. 



G 

Let ABC and DEF be similar triangles, having l B ^^ 
L Ey and l (7 == z. -F, so that BC and EF are homologous 
sides : 

it is required to prove A ABC : A DEF = duplicate of 
BC : EF. 

Take BG a third proportional to BC and EFy 
so that BCxEF^EF: BG ; VI, 11 

and join AG. 

Because AB:BC= DE: EF, Hyp. 

AB: DE = BC : EF, by alternation, V. 16 

^EF'.BG; F. 11 

that is, the sides of As ABG, DEF about their equal angles 

B and E are reciprocally proportional. 

.-. A ABG = A DEF. VI. 15 

Agam, because BC x EF = EF : BG, Canst. 

BC : BG = duplicate of BC : EF. 

V. Def. 13, Cor. 

But BC: BG = A ABC : A ABG, VL 1 

.-. A ABC : A ABG = dupHcate of ^C : EF; F. 11 

.-. A^^C; A Z)j;i^= duplicate of J50:J;i?'. F. ? 
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1. If three straight lines be proportional, as the first is to the third 

so is any triangle described on the first to a similar and 
similarly described triangle on the second. 

Prove the proposition with either of the following constructions : 

2. Take EO, measured along EF produced, a third proportional to 

EF and BG, and join DO, 

a From BG cut otf BO=^EF; join AG, and through O draw 
OffWAG. 

4. Similar triangles are to one another in the duplicate ratio of 
(1) their corresponding medians, (2) their corresponding alti« 
tudes, (3) the radii of their inscribed circles, (4) the radii of 
their circumscribed circles. (Assume, what can be easily 
proved from V. 23, Cor., that if two ratios be equal, their 
duplicates are equal) 



PROPOSITION 20. Theorem. 

Similar polygons may be divided into the same number of 
similar triangles^ having the same ratio to one another 
thxit the polygons have ; and the polygons are to one 
another in the duplicate ratio of their homologous sides. 

A M 



Let ABODE, FGHKL be similar polygons, and let AB 
and FO be homologous sides : 

it is required to prove that ABODE and FGHKL may be 
divided into the same number of similar triangles; that 
these triangles have each to each the same ratio which the 
polygons have ; and that the polygons are to one another in 
the duplicate ratio of their homologous sides. 
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A M 



Join BE, EC, GL, LH. 

Because the polygon ABODE is similar to the polygon 

FGHKL, Hyp. 

.-. L A = lF, and BA:AE= GF.FL; VI. Def. 1 

.-. A ABE is sunilar to A FGL. VI. 6 

Because the polygons are similar, 

.-. L ABO = L FGH; VI. Def. 1 

and because As ABE, FGL are similar, 
.-. L ABE = L FGL; VL Def. 1 

.'.the remainder, l EBO = remainder, l LGH. 
And because As ABE, FGL are similar, 
.-. EB:BA = LG: GF; VL Def. 1 

and because the polygons are similar, 
.-. BAxBO=GF: GH. VL Def 1 

.\EB:BO= LG: GH, by direct equality ; V. 22 

that is, the sides about the equal l a EBO, LGH are pro- 
portional ; 

.-. A EBO is similar to A LGH. VL 6 

For the same reason, A EDO is similar to A LKH. 

Because A ABE is similar to A FGL, 

.• . A ABE : A FGL = dupKcate of BE : GL. VL 19 
Similarly, A EBO : A LGH = duplicate of BE : GL; 

.'. A ABE: A FGL = A EBO : A LGH. V. 11 

Because A EBO is similar to A LGH, 

.-. A EBO : A LGH = dupUcate of EO : LH. VL 19 
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Similarly, A BCD : A LHK = duplicate of EC : LH ; 

.-. A EBG : A LGH = A BCD : A LHK. V. 11 

Hence A ABE : A FGL = A EBC : A LGH = A EGD 
: A ZffiT/ 

.-. A ABE : A i^fi^Z = A ABE + A EBG + A ^OD 
: A FGL + A LG^fi- + A LHK, V. 12 

= polygon ABGDE : polygon FGHKL, 

Lastly, A ^5^ : A FGL = duplicate of AB : i^G^/ F/. 19 
ABGDE : FGHKL = duplicate of ^^ : i^G^. F. 11 

CoR. — If three straight lines be proportional, as the first 
is to the third, so is any rectilineal figure described on the 
first to the similar and similarly described rectilineal figure 
on the second. 

For, take M a third proportional to AB and FG, VL 11 
Then since AB:FG = FG: Jf, Gonst. 

.-. AB:M=^ dupHcate of AB : FG, V. Def. 13, Gor. 

But ABGDE : FGHKL = dupHcate of AB : FG, VL 20 

.'. AB:M=^ ABGDE : FGHKL. V 11 

1. Squares are to one another in the duplicate ratio of their sides. 

2. Similar polygons are to one another as the squares on their 

homologous sides, or homologous diagonals. 

3. The perimeters ot similar polygons are to one another as the 

homologous sides. 

4. Polygons are similar which can be divided into the same number 

of similar and similarly situated triangles. 

5. Prove that similar polygons may be divided into the same 

number of similar triangles having their vertices at points 
situated within the polygons. (Such points are called homo- 
logous points with reference to the polygons.) 

6. Could homologous points with reference to similar polygons be 

situated outside the polygons, or on their sides ? 

7. If two polygons be similar and similarly situated, the straight 

lines joining their corresponding vertices are concurrent 
Examine the case when the polygons are similar and oppositely 
situated. 
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8. Use the preceding theorem to inscribe a square in a given 

triangle. How many squares can be inscribed in a triangle ? 

9. In a given triangle inscribe a rectangle similar to a given 

rectangle. How many such rectangles can be inscribed ? 



PKOPOSITION 21. Theorem. 

Polygons which are mnilar and equal have their homologous 
sides equal,* 



B^ '0 F' ' G 



Let ABCDy EFGH be two similar and equal polygons, 
having BC and FG homologous sides : 
it is required to prove BO = FG. 

Take KL a third proportional to BO and FG. VI. 11 

Because BOiFG =- FG.KL, ConsL 

BOiKL^ ABOD : EFGH. VL 20, Cor. 

But ABOD = EFGH; .-. BO = KL. V. 14 

Again, since BGxFG^ FGi KL^ ConsL 

BG'KL = FG^. VI. n 

But BO'KL^ BC\ since BO = KL; 

BC^^FG^, and BG^FG. 

Prove the proposition indirectly. 

♦ Euclid's 21st proposition is * Rectilineal figures which aro similar to 
the same rectilineal figure are similar to each other/ a theorem whidi 
may be regarded as self-evident. In place of it there has been substituted 
the lemma which occurs after the 22d proposition, and which is assumed 
in the proof of it. The demonstration of this lemma given in the text ■ 
due to Commandine [EuclidU Elementorum Libri XV., 1672). 
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PKOPOSITION 22. Theorems. 

If four straight lines he proportional^ and there he similarly 
described, on the first and second any two similar poly- 
goTis, and on the third and fourth any two similar 
polygons, the polygons shall he proportional. 

Conversely : If tliere he similarly described on the first and 
second of four straight lines two similar polygons, and 
two similar polygons on the third and fourth, and 
if the polygons he proportional, the four straight lines 
shall he proportional, 
K 







\ \ ^v \ ^ \ 

(1) IjQtAB:OD = EF:GH, 
and let there be similarly described on AB and CD the 
similar polygons KAB, LCD, and on JEF and GH the 
similar polygons MF, NH: 
it is required to prove KAB : LCD = MF : NH, 

Take X a third proportional to AB and CD, VL 11 

and a third proportional to EF and GH, VL 11 

Because AB\CD^ EF : GH, Hyp. 

and ABiCD = CD: X, Const, 

and EF:GH=GH:0; Const. 

CD'.X ^GHiO, V, 11 
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K 




B C-^^ ^D 



" \ \ " ^ — \ 



Now since AB, CD, X are three magnitudes, 
and EF, GH, other three ; 

and since AB\CD = EFi GH, 
and CDiX ^ GH,0; 

ABiX =EF:0,hj direct equality. V. 22 

But AB:X ^ KAB : LCD, VL 20, Cor. 

and EF.O =MF\ NH; VL 20, Cor. 

KABxLGD^MFiNH. F. 11 

(2) Let KAB : LCD = MFiNH: 
it is required to prove AB : CD = EF : (5^£r. 

Take PR a fourth proportional to AB, CD, EF, VL 12 
and on PR let a polygon SR be similar and similarly 
described to the polygons MF, NH. VL 18 

Because AB:CD = EF : PR, Cma. 

KAB : LCD = MF : /S^. VL 22 

But JTil^ : LCD = Mi?' : iVJT/ Hyp. 

MFiSR^MFiNH; F. 11 

SR = NH. F9 

Hence Pi? = (5^5", since SR and iV^ffare similar. F/. 21 

Now AB:CD = EF : PR; Const. 

.-. AB:CD = EF:GH VI 

hUAB:CD=:EF:OH, then AB^iCI^^ EF^ : (7J5P. 
2. If two ratios be equal, their duplicates are equaL 
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PROPOSITION 23. Theorem. 

MuiuaMy equiangular parallelograms have to one another* 

the ratio whidi is compounded of the ratios of their 

sides* 

A F 



Let II"* AB be equiangular to ||" BG, having l DBF 

= L GBE: 

{T)Ti • HW 1 
FR 'Br r 

Place the ||"" so that DB and BE may be in one straight 
line; 

then GB and BF are in one straight line. VL 14 

Complete the ||» FE. 

Then |p AB : ||"» FE ^ DB : BE, VL 1 

and ir FE : |r BG ^ FB : BG; VI. 1 

. (\rAB:rFE\( DB: BE) y .o Cor 

•• XirFEiirBOf-X FB: BGj' ^'23,070^ 

But r^^:r^c7 ={||:^f;j:^^}; ^.^.12 

... rAB:rBG -{ 5f: ff}. F.ll 

1. Triangles which have one angle of the one equal or supplemen- 
tary to one angle of the other are to one another in the ratio 
compounded of the ratios of the sides about those angles. 

* The proof in the text, due to Franciscus Flussas Candana^ 1666, is 
somewhat shorter than Euclid's. 
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2. Show that VI. 14 is a particular case of the proposition. 

3. Showthat|;^^;|^|=2>2?.^i?':jE?2?;^a 



4. Hence enunciate diflferently the A 

proposition and the first 
duction. 

5. Prove the proposition from 

accompanying figure. ' 

6. Deduce VI. 19 from the first 



duction. 



de- B^-rri? — t / 



PROPOSITION 24. Theorem. 

Parallelograms about a diagonal of any parallelogram are 
similar to the whole parallelogramy and to one another. 




Let ABOD be a ||™, AC one of its diagonals, and let EG^ 
HK be ir about AG: 

it is required to prove that ||"" EG, HK are similar to 
11"* ABCDf and to one another. 

Because DOiaW GF, .-. l ADC = l AGF; I. 29 

and because BG is || EF, .-. l ABC = L AEF. I. 29 

And L s BCD, EFG are each = l BAD; I. 34 
.-. ir ABCD is equiangular to jf" AEFG 

Again, because l ABC = l AEF, L 29 
and L. BAC is common ; 

.-. As ABC, AEFaie mutually equiangular ; /. 32, Car, 1 

.-. AB:BC=AEi EF. VL 4 
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But since the opposite sides of ||™* are equal, 
/. AB:AD = AE:AG, 
&iidCD:BO=- FGiEF, 
and CD:DA=FG:GA; 



327 

7.34 

F. 7 
V. 7 
F. 7 

that is, the sides of the ||«" ABCD, AEFG about their 

equal angles are proportional 

.-. 11"* ABCD is similar to |r AEFG. VL Def. 1 

Hence also, ||"* ABCD is sunilar to |r FECK ; 

.-. r AEFG is similar to |r FHCK. 

1. From this proposition and VL 14, deduce I. 43. 

2. Prove r EG \\r BF= ir FD : r ZTiST. 

3. Prove that EO^ £D, and HK are parallel 



PROPOSITION 26. Problem. 

To describe a rectilineal figure which shall he similar to one 
and equal to another given rectilineal figure. 




E M 

Let ABC be the one, and D the other given rectilineal 
figure: 
it is required to describe a figure similar to ABC, and = D, 

On BC describe any H"' BE = the figure ABC, I. 45 
and on CE describe the H"^ CM = the figure D, and having 
L FCE = L CBL. L 45 
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Between BG and CF find a mean proportional OH; VI. 13 
and on GH construct the figure KGH similar and similarly 
described to the figure ABC. VL 18 

KGH is the figure required. 

It may be proved as in I. 45 that BC and OF form one 

straight line, and also LE and EM ; 

.-. BCiGF^ ir BE : [p CM, VL 1 

= ABCiD. V. 11 

But because BCiGH^ GH : CF, Const. 

and because ABC, KGH sue similar and similarly described ; 

BCiCF^ ABC : KGH VI. 20, Cor. 

Hence ABC : D = ABC : KGH; V 1 1 

KGH^D. 7.9 

1. Construct an equilateral triangle = a given square. 

2. Construct a square = a given equilateral triangle. 

3. Construct a square a= a given regular pentagon. 

4. Construct a regular pentagon = a given square. 

5. Construct an equilateral triangle = a given regular hexagon. 

6. Construct a regular hexagon = a given equilateral triangle. 

7. Construct a polygon similar to a given polygon, and having a 

given perimeter. 

8. Construct a polygon similar to a given polygon, and having a 

given ratio to it. 

9. Through a given point inside a circle draw a chord so that it 

shall be divided at the point in a given ratio. 
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PROPOSITION 26. Thborbm. 

If two similar parallelograms have a cxmvmxm angle and \ 
similarly situated, they are about the same diagonal. 




Let the ||^ ABGD, AEFG be similar and similarly 
situated, and have the common angle BAD: 
it is required to prove that they are about the same diagonal. 

Join AO, AF. 

Because ||™* ABCD, AEFQ are similar and similarly 
situated, 

.\AC and AF will divide them into similar triangles ; VL 20 
.-.A ABC is similar to A AFF; 

.-. L BAG = L EAF; VI. Def. 1 

.-. ^-P falls along -4a 

Note. — This proposition is the converse of VL 24, and should be 
read immediately after it. 

1. Prove the proposition by bupposing AG to cnt EF at J7, and 

drawing HK \\ EA to meet AG9^,K. 

2. Extend the proposition to the case of two similar and oppositely 

situated ||™». 

3. From a given ||™ cut off a similar H™ having a given ratio to the 

given II™. 
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PEOPOSITION 27. Theorem. 

Of all the parallelograms inscribed in a triangle so as to 
have one of the angles at the base com.7non to them ally 
the greatest is that which is described on half the base.* 
A 



B D G O 

Let ABC be a triangle, having its base BO bisected at Z>. 
Let BE and BH be |p inscribed in it so as to have l B of 
the triangle common to both : 
it is required to prove ||°* BE greater thuii ||" BH, 

Complete the ||"» FBOL, and produce OH, KH to M 
andiV. 

Because BD = DO, .-. FE = EL; I. 34 

\r KE ^\r EN. L 36 

Again, ir MN = T I^H. I. 43 

But ir EN is greater than ||™ MN; 

If" KE is greater than |f" DH 
Add to each of these unequals H"* KD ; 
then 11"^ BE is greater than ||" BH. 

1. Make the construction and prove the proposition when O lies 

between B and D, 

2. When AB = BG and L B \& right, what does the proposition 

become ? 

* The ennnciation of this proposition is different from that given by 
Enclid, but the proposition itself is substantially the same. The proof 
has been somewhat modified. 
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PROPOSITION 28.* Problem. 

To divide a given straight line internally so that ilie rect- 
angle contained by its segments may he equal to a given 
rectangle, 

t 




Let AB be the given straight line, K and L the sides of 
the given rectangle : 

it w required to divide AB internally so that the rectangle 
contained by the segments may be - K* L. 

Draw AC ± AB, and = K, L 11, 3 

and on the same side of AB draw BD J. AB, and 
= L. I. 11, 3 

Join CD, and on it as diameter describe the semicircle CED 
cutting AB at K AE - EB shall be = Z • Z. 

Join CE, ED. 

Because l CED is right, ///. 31 

.•. L AEC = complement of l BED, I. 13 

= L BDE; I. 32 

and L CAE = l EBD, 

* Some editors of Euclid omit this and the following proposition. In 
the form in which Euclid presents them, they are difficult to understand 
and apply. The problems in the text are particular ibises of Euclid's 
propositions, and the solutions given are to be found in Willehrord Snell's 
Apollonius Batavus, or Edmund Halley's ApoUonii Pergcei Conica (1710), 
Book Vni. Prop. 18, Scholion. 

V 
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••. As AEC, BDE are mutually equiangular ; /. 32, Cor. 1 
.\AE:AC^ BDiBE; VL 4 

.-. AE'EB^ AC'BD, VL 16 

:^ K'L, 

1. If ^' be the other point in which the semicircle cuts AB, prove 

AE' »E'B=:K'L. 

2. Prove AE' = BE and E'B = AE, 

3. What limits are there to the size of the rectangle K » L? 

4. Solve the problem otherwise by converting the rectangle K • L 

into a square. 



PROPOSITION 29. Problem. 

To divide a given straight line ea^emally so that the rect- 
angle contained by its segments may he equal to a given 
'Ze. 



K- 
L- 




Let AB be the given straight line, K and L the sides of 
the given rectangle : 

it is required to divide AB externally so that the rectangle 
contained by the segments wjay be = K - L, 

Draw AC ± AB, and = K, L 11, 3 

and on the opposite side oi AB draw BD ± ABy and 
= L. L 11, 3 
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Join CD, and on it as diameter describe the semicircle CED, 
cutting AB produced at E. AE • EB shall be = ^ • L. 

Join C7J?, ED. 

Because l CED is right, ///. 31 

/. L AEG = complement of l BED, 

= L BDE; L 32 

and L CAE = l EBD. 

.-. As AEC, BDE are mutually equiangular ; /. 32, Cor, 1 
.-. AEiAC=^ BD.BE; VI. 4 

.-. AE>EB^ AC'BD, VI. 16 

= K ' L. 

1. If ^' be the point in which the semicircle described on the other 

side of CD cuts AB produced, prove AE' • E'B -K'L. 

2. Prove AE'=BE and E'B = AE. 

3. What limits are there to the size of the rectangle K • L? 

4. Sohre the problem otherwise by converting the rectangle K • L 

into a square. 



PROPOSITION 30. Problem. 
To divide a given straight liiie in extreme and mean ratio. 

o 

A IB 

Let AB be the given straight line : 
it is required to divide it in extreme and mean ratio. 

Divide AB internally at a so that AB-BC = AC^. 11. 1 1 

Because AB'BC-= AC^; Const. 

ABiAC^ACiBC. VL17 

1. If in the figure to YL 8, BC be divided in extreme and mean 

ratio at A then AC = BD ; and conversely. 

2, AB and DE are two straight lines divided internally at G and 

-F so that ^C : C^ = i>-P : FE ; if AB BC ^ AC\ prove 
DE . EF=^ DF\ 
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PROPOSITION 31. Theorem. 

Any rectilineal figure described on the hypotenuse of a right- 
angled triangle is equal to the similar and similarly 
described figures on the other two sides. 



Let A ABC be right-angled at -4, and let -T, F, Z be 
rectilineal figures, sindlar and similarly described on Bd 
AB, AC: 
it is required to prove X = T + Z, 

Draw AD ± BC. I. 12 

Then CB:BA=AB: BD; VL 8, Cor. 

CBiBD = X : Y, VI. 20, Cor, 

and BD : CB = F : JT, by inversion. V. A. 

Similarly, DCiCB == Z : X; 

.'. BDrhDCiOB = Y+Z:X. F. 24 

But BD + DC^ GB; .'. 7 + Z ^ X. 

1. From this proposition deduce L 47. 

2. Has I. 47 ever been used in any of the propositions which help 

to prove VL 31 ? 

3. Prove VL 31 from VL 22 and L 47. 

4. If on AB, AC, EC semicircles are described, those on AB and 

AC being exterior to the triangle, that on BCnoi being so, 
the sum of the areas of the two crescent-shaped figures will 
= A ABC, Assume that semicircles are similar fignre& 
The crescent-shaped figures are often called the lunules of 
Hippocrates of Chios (about 450 b.c.>. 
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PEOPOSITION 32. Theorem. 

If two triangles^ which have two ddea of the one proportional 
to two sides of the other, be joined at one angle so as to 
have their homologous sides parallel, tJie remaining sides 
shall be in the sams straight line. 
A 




B 

Let ABCy DCE be two triangles, having BA \ AG = 
CD : DE, and having AB \\ DC, and AC \\ DE: 
it is required to prove BC and CE in the same straight line. 

Because AB is || DC, and AG is || DE, Hyp. 

.'. L A = L D. I. 34, Goi\ 

And because BAiAG ^ CD: DE, Hyp. 

.'. As ABC, DCE are mutually equiangular; VI. C 

.-. h. B^ L DCE. 
To each of these equals add l BCD ; 
then L B + z. BCD = l DGE + L BCD. 
Put L B + L BCD = 2 rt. z- s; /. 29 

L DCE + L BCD = 2 rt. l^] 

,'. BG and GE are in the same straight line. 7. 14 

1. Show, by producing ED its own length to F and joining CF, 

that the enunciation of the proposition is defective. 

2. From the points A and B there are drawn, either in the same 

or in opposite directions, two parallels AG, BD, and in like 
manner two other parallels AE, BF ; HAG: BD = AE : BF, 
then BA, DG, FE are concurrent. (Simeon's Sectionea Gonkce, 
1735» ii, Lemma 2.) 
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3. The same things being supposed as in the last deduction, if CJJ, 
DL drawn parallel to each other meet AB, or AB produced 
at H and A then EH and FL will be parallel (Lemma a) 



PKOPOSITION 33. Theorem. 

In equal circles, angles, whether at tlie centres or at the 
circumferences, have the same ratio as the arcs on which 
they stand ; so also have tJie sectors,^ 





Let ABC, DEF be equal circles, and let l s BGC, EHF 
be at their centres, and ^ s ^ and D at their O**" : 
it is required to prove 

arc BGiarc EF = l BGG\ lEHF, 
arcBG\arcEF ^ L A \ lD, 
arcBG\arcEF ^ sector BGG \ sector EHF, 

Take any number of arcs GK, KL, LM each = BG, 
and FP, PQ, any number of them, each = EF; 
and join GK, GL, GM, HP, HQ. 

Because arcs BG, GK, KL, LM are all equal, Gond, 

.-. iL 8 BGG, GGK, KGL, LGM are all equal. ///. 27 
.\ whatever multiple arc BM is of arc BG, the same multiple 
is L BGMoi L BGG. 

* The last part of the theorem was added by Theon of Alexandria 
(about 380 A.D.). The proof in the text is not his. 
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Similarly, whatever multiple arc EQ is of arc EF, the same 
multiple is l EHQ of l EHF. 

And if arc BM be equal to, greater, or less than arc EQ^ 
L BGM will be equal to, greater, or less than 
L. EHQ, III. 27 

Now since there are four magnitudes BCy EF, l BGCy 
L. EHF; 

and of BC and l BGC (the first and third) any equi- 
multiples whatever have been taken, namely, BM and 
L BGM, 

and of EF and l EHF (the second and fourth) any equi- 
multiples whatever have been taken, namely, EQ and 
L EHQ; 

and since it has been shown that if BM be equal to, greater, 
or less than EQ^ 

L BGM is equal to, greater, or less than l EHQ; 
.-. arcBOisxcEF^ L BGG : L EHF. V. Def. 5 

Again, because arc BG.aicEF^ l BGG : L EHF; 
.-. aicBCiBicEF = half .i BGCihali l EHF, F. 15, 11 

lA X ld. hi. 20 

Lastly, because arcs BC, GK, KL, LM are all equal ; 

.• . sectors BGG, CGK, KGL, LGMb.^^ all equal ; ///. 27, Cor. 

.'. whatever multiple arc BM is of arc BG, the same 
multiple is sector BGM of sector BGG. 
Similarly, whatever multiple arc EQ is of arc EF, the same 
multiple is sector EHQ of sector EHF. 
And if arc BM be equal to, greater, or less than arc EQ, 
sector BGM will be equal to, greater, or less than sector 
EHQ. in. 27, Gor. 

Hence, as before, arc BC : arc EF = sector BGG : sector 
EHF. V. Def. 5 

If arcs of different circles have a common chord, straight lines 
diverging from one of its extremities will cut the arcs propor- 
tionally. 
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PROPOSITION B.* Theorem. 

If the interior or the exterior vertical angle of a triangle be 
bisected by a straight line which also cuts the base^ the 
square on this bisector shall be equal to the difference 
between the rectangle contained by the sides of the 
triangle and the rectangle contain^ by the segments of 
the base. 





,^-C 



(1) Let ABO be a triangle, having the interior vertical 
L BAG bisected by AD : 
it is required to prove AD^ = AB • AG - BD • DG, 

About the A ABG circumscribe a circle ; IV, 5 

produce AD to meet the O"* at E, and join EG, 

In As ABD, AEG, \ ^ ^^^ ^ ^ ^^^ . jjj ^^ 

.*. these triangles are mutually equiangular. /. 32, Cor. 1 

.-. AB,AD = AE:AG; VIA 

.-. AB'AG ^ AE'AD, VI 16 

= ED'AD + AD\ II 3 

^BDDG+AD^; III 3b 

AD^ ^ AB'AG - BD' DG. 

* The first part of the theorem is given in Sdiooten's ExetcUaHonet 
Mathematics (1667), p. 66. 
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(2) Let ABC be a triangle, having the exterior vertical 
L B'AG bisected by AD : 
it is required to prove AD^ = BD * DC — AB • AC, 

About the A ABC circumscribe a circle ; IV, 5 

produce DA to in6et the Q** ** -^> ^^^ joi^ ^^' 

Because l B'AD = l CAD; Htjp, 

,', supplement oi l B'AD — supplement of l CAD; 

L BAD = L EAC L 13 

In As ^^A AEC, \^j^BD^u AEC; III, 21 

.-. these triangles are mutually equiangular. /. 32, Cor, 1 

,\ AB\AD=^ AE : ^(7/ F/. 4 

.-. ^^. ^a = ^^.^Z>, F/. 16 

= ED*AD - AD\ n, 3 

= BD'DC - AD\' III 35, (7ar. 

AD^ ^BD'DC - AB' AC, 

1. If, in fig. 1, ^^ be a diameter of the circle, of what shape will 

LABGh^t 

2. In that case prove AIP = AB - AG - BD * DG, if AD be any 

straight line drawn to the base BG, 

3. Could the bisector of the exterior vertical angle of a triangle be 

a diameter of the circle circumscribed about the triangle ? 

4. Prove AB - BD = BE^ or GE\ 

5. If a straight line be cut internally and externally in the same 

ratio, the square on the segment between the points of section 
= the difference between the rectangle contained by the 
external segments, and the rectangle contained by the internal 
segments. 

6. Prove that the converse of the proposition is true except when 

AB:=^AG 
7« Express in terms of a, h, c, the sides of a triangle, the bisectors 

of the interior and the exterior vertical angles. 
8. Construct a triangle having given two sides and 

(1) the bisector of the angle included by them, 

(2) the bisector of the angle adjacent to that included by 

them. 



Digitized by 



Google 



340 



Euclid's slbmekts. 



[Book VI 



PROPOSITION C.» Theorem. 

If from Vie vertical angle of a triangle a perpeTidieular 
he drawn to the basCy the rectangle contained by the 
sides of the triangle is equal to the rectangle contained 
by the perpendicular and the diameter of the circle 
circumscribed about the triangle, 
A 





Let ABC be a triangle, AD the perpendicular from A on 
the base BC^ and AE a diameter of the circle circumscribed 
about ABC: 
it is required to prove AB- AG ^ AD • AE. 

Join EC. 

Jji^bABD,A£C,^ ^ABD= LAEC;IIL21,or22,Ck}r. 
.'. these triangles are mutually equiangular. /. 32, Cor. 1 
.-. AB:AD = AE:AC; VI. i 

.'.AB.AC^AD.AE. F/. 16 

1. Conversely, if ABO be a triangle, AE the diameter of the 

circumscribed circle, and M AD \)q drawn to BC so that 
AD'AE= AB-- AG, then ADia ± BC. 

2. Construct a triangle, having given the base, the vertical angle, 

and the rectangle contained by the sides. 

3. If a circle be circumscribed about a triangle, and two straight 

lines be drawn from the vertex making equal angles with the 
sides, one of the straight lines meeting the base, or the base 

* Given by Brahmegupta, an Indian mathematician (bom 598 A.D.). 
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produced, and the other the 0<*, the rectangle contained by 
these straight lines = the rectangle contained by the sides 
of the triangle. 

4. From the preceding deduction deduce YI. B and C. 

5. Express the circumscribed radius of a triangle in terms of any 

two sides and the perpendicular on the third side ; and the 
area of the triangle in terms of the three sides and the cir- 
cumscribed radius. 

6. The rectangles contained by any two sides of triangles inscribed 

in the same or equal circles are proportional to the perpen- 
diculars on the third sides. 

7. If in the figure to VL D the diagonals intersect at F^ prove 

BA'BOiOB'OD=: BFi GF, and conversely. 

8. In the same figure prove 

AB*AD^GB'CD\BA'BO + DA'DC = AOiBD. 



PROPOSITION D.* Theorem. 

The rectangle contained by the diagonals of a quadrilateral 
inscribed in a circle is equal to the sum of the two rect- 
angles contained by its opposite sides, 
A 




Let A BOD be a quadrilateral inscribed in a circle, and 
AC, BD its two diagonals : 
it is required to prove AG* BD = AB • CD + AD • BG. 

Make l BAE = l DAG. I. 23 

* This theorem is often called Ptolemy's (about 140 A.D.) because it 
occurs in his Almagestt L 9. 
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A 




To each of these equals add L EAC ; 
.-. L BAG^ L BAD, 

In As ABC, AED, \ ^ j^cB ^ l ADE; IIL 21 

/. these triangles are mutually equiangular. /. 32, Gor, 1 

.-. BG: GA^ED'. DA; VL 4 

.-. AD' BG = AG 'ED, VL 16 

X A .x,r. .^^ { ^ BAE = L GAD GonsL 

JnAsABE,AGD,\ ^j^^E^^AGD; ///. 21 

.•. these triangles are mutually equiangular. /. 32, Gor. 1 
r.ABiBE = AGiGD; VL 4 

.-. AB'GD = AG 'BE. VL 16 

Hence, AB - GD + AD - BG = AG- BE + AG - ED, 

=^AG'BD. LL\ 

1. An equilateral triangle is inscribed in a circle, and from any 

point on the o«« straight lines are drawn to the vertices; 
prove that one of these is equal to the sum of the other two. 

2. In all quadrilaterals that cannot be inscribed in a circle, the 

rectangle contained by the diagonals is less than the sum of 
the two rectangles contained by the opposite sides. 

3. Prove the converse of the proposition. 

4. ABG is a triangle inscribed in a circle; D, E are taken on 

ABf AG ao that 5, D, E, G are concyclic; the circle ADS 
cuts the former in F. Prove that FE + FB i FG + ED = 
ABiAG. (R. Tucker.) 
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APPEITDIX VI. 



TRANSVBRSAia 

Dbf. 1. — ^When a straiglit line intersects a system of straiglit lines, 
it is called a tranBYereaL 

This definition of a transversal is not the most general (that is, 
comprehensive) one, but it will suffice for our present purpose. 



Proposition 1. 

If a transversal cut the sides, or the sides produced, of a triangle, the 
product of three alternate segments taJeen cyclically is equal to the 
product of the other three, and conversely* 





Let ABG be a triangle, and let a transversal cut BC, CA, AB, 
or these sides produced at D, E, F respectively : 
U is required to prove AF' BD - CE == FB - DG - EA, 

Draw ^6^ II BG, and meeting the transversal at O, /. 31 

Then A s AFOy BFD are mutually equiangular ; /. 29 

.\AFiAO^BFiBD; VI. 4 

.\AF'BD = AO'BF. (1) F/. 16 

* Given in the third book of the Spherics of Menelaus, who lived at 
Alexandria towards the close of the first century A.D. For a full account 
of the theorem, see Chasles' Apergu Historique sur Vorigine et le 
diveUyppement des Mithodes en G^onUtrie, p. 291. 
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Again, a s AEO^ GED are mutually equiangular ; /. 29 

/. AOiAE^CDi GE; VL 4 

r.AOCE^CD'AE, (2) F/. 16 

Multiply equations (1) and (2) together, and strike out the oommon 

factor AQ; then AF - BD -CE = FB- DC ^EA. 



Cob. 1.- 


-The 


equation AF - BD » CE = FB • DO 


EA 


may 


be 


put in any 


of the following four us^ul forms : 














AFiFB 


= DC 


EA : BD 


'GE, 












BDxDC 


= EA. 


FBiCE 


AF, 












CEiEA 


= FB 


DG : AF 


BD, 












AF 


BD 


GE . 














-FB 


' DG 


' EA'^^' 











Cob. 2. — Consider ABG as the triangle, DEF as the transversal ; 
thenAF'BD*GE=^FB'DG'EA. (1) 
Consider AFE as the triangle, BGD as the transversal ; 
ihenAB'FD'EG=BF*DE'GA. (2) 
Consider BDF as the triangle, AEG as the transversal ; 
iiienBG'DE'FA^GD'EF^AB. (3) 
Consider GED as the triangle, AFB as the transversal ; 
thenGB'DF'EA=BD'FE'AG. (4) 

Any one of these four equations may be deduced from the other 
three by multiplying them together and striking out the factors 
common to both sides. 

The converse of the theorem (which may be proved indirectly) is, 
If two points be taken in the sides of a triangle, and a third point 
in the third side produced, or if three points be taken in the three 
sides produced of a triangle, such that the product of three alternate 
segments taken cyclically is equal to the product of the other three, 
the three points are coUinear. 
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Proposition 2. 

If three concurrent straight lines he dravm from the vertices of a 
triangle to meet the opposite sides^ or two of those sides produced, 
the product of three aMemcUe segments of Oie sides taken cycUcaMy 
is equal to the product of the other three; and conversely.* 

F 





B D C B CD 

Let ABC be a triangle, and let AD, BE, CF, which pass through 
any point O, meet the opposite sides in D, E, F: 
it is required to prove AF - BD » CE = FB » DC - EA. 

Consider ABD as a triangle cut by the transversal COF ; 
ihenAF'BC'DO^FB'CD'OA. (1) App. VL I 

Consider ADC as a triangle cut by the transversal BOE; 
i;h&iAO*DB'CE=OD'BC»EA. (2) App,VLl 

Multiply equations (1) and (2) together, and strike out the common 
factors AO, DO, BC; 
then AF'BD-CE^^FB' DC - EA. 

Cob. — Bepeat Cor. 1 to the preceding theorem. 

The converse of the theorem (which may be proved indirectly) is, 
If three straight lines be drawn from the vertices of a triangle to 
meet the opposite sides, or two of those sides produced, so that the 
product of three alternate segments of the sides taken cyclically is 
equal to the product of the other three, the three straight lines 
are concurrent. 

* This theorem is first found in a work of the Marquis Giovanni Ceva, 
De lineis rectis se invicem secantibus, statica constructio (1678), Book L, 
Prop. 10. The proof given in the text is due to Camot, the founder of 
the Theory of Transversals. See his Essai sur la HUorie des Transver- 
9ales (1806), p. 74. 
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Note. — To distinguish readily between the converse of Menelaus's 
theorem and that of Ceva*s, it should be observed that in the first 
case an even number of the points D, E, P are situated on the sides, 
and an odd number on the sides produced; in the second case 
matters are reversed. 



Proposition 3. 

If two triangles he situated so that the straight lines Joining cor- 
resptmding vertices are concui'rent, the points of intersection 
of corresponding sides are coUinear; and conversely* 

L 




Let ABC, A'BG' be two triangles such that AA\ BB, CC are 
concurrent at 0; and let the corresponding sides BG, EC meet in 
L,AG,A'G"mM, AB.A'BinN: 
it is required to prove L, M, X coUinear, 

Consider AOB as a triangle cut by the transversal A'B'N ; 
then ^A' • BB' . OA' == NB - BO - A' A, (1) App. VL 1 

Consider AOG as a triangle cut by the transversal A'G'M ; 
then AA' • OG' - GM = A'O . G'G • MA, (2) App, VL 1 

Consider BOG as a triangle cut by the transversal BG'L; 
then BO • G'G - LB - BB - OG' • GL, (3) App. VL 1 

* Due to Girard Desargnes, an architect of Lyon, who was bom 1593, 
and died 1662. See Poudra's (Euvres de Desargues, tome i pp. 413, 430. 
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Multiply the equations (1), (2), (3) together, and strike out the 
common factors ; 

then AN'BL -CM^NB-LO-MA ; 

/. L^ My N are collinear. App. VI , 1 

The converse of the theorem (which may be proved indirectly) is, 
If two triangles be situated so that the points of intersection of 
corresponding sides are collinear, the straight lines joining corre- 
sponding vertices are concurrent. 

HARMONICAL PROGRESSION. 

Def. 2. — ^If a straight line be cut internally and externally in the 
same ratio it is said to be cut harmonically ; and the two points of 
section are said to form with the ends of the straight line a 
lutrmonic range. 

A C B D 



Thus, liAB he cut internally at C7, and externally at i>, in the 
same ratio, ^^ is said to be cut harmonically; and the points 
Ay Gf Bf D are said to form a harmonic range. 

Def. 3.— ^The points C and D are said to be liannonicaUy con- 
jugate to each other (harmonic conjugates) with respect to the 
points A and B, The segments AB, CD are sometimes (dhasles' 
OSomitrie Supirieure, § 58) called harmonic conjugates. 

Since a straight line can be cut internally, and therefore externally 
in any ratio, it may be cut harmonically in an infinite number of 
ways. 

The ancient Greek mathematicians* defined three magnitudes 
to be in harmonical progression when the first is to the third as the 
difference between the first and second is to the difference between 
the second and third. Now, ii AB he cut internally at C and 
externally at i> in the same ratio, 

AD:DB=.AG:GB; 

AD lAG = DB\CB by alternation, V, 16 

=^AD- ABiAB" AG. 
Hence, if AD, AB,AGhe regarded as the three magnitudes, it will 
be seen that they are in harmonical progression, since they conform 
to the definition. 

* Pythagoras probably first On the different progressions, see Pappus, 
III., section 12, 

W 
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Proposition 4. 

If G and D are harmonic conjugates with respect to A and B, then 
A and B are harmonic coj^jugaiea with respect to C and D. 

A C B D 

I I 



Since C and D are harmonic conjugates with respect to A and jS, 
.*. AB is cut internally at C and externally at D in the same ratio ; 
.-, AD:DB = AG: CB ; App. VL Def, 3 

.•. AD :AG = DB:GB,hy alternation, V. 16 

that is, GD is cut externally at A and internally at B in the same 

ratio; 
.'. A and B are harmonic conjugates with respect to G and D, 

CoR. 1. — Hence, if A, G, B, D form a harmonic range, not only 
are AD, AB, AG in harmonic progression, but also AD, GD, BD. 

Con. 2. — The points which are harmonic conjugates to two given 
points are always situated on the same side of the middle of the 
line joining the two given points. 

(1) (2) 

A OCB DA ODB C 
I i < III 



(3) (4) 

D AGO BC ADO B 
I I I II I 

Suppose A and B the given points, the middle of AB, 

Since G and D are harmonic conjugates with respect to A and B^ 

.\ADxDB = AGiGB. App. VI.De/.B 

Now if i> be situated (as in figs. 1 and 2) to the right of 0, 
then -4i>must be greater than DB; 

,'. AG must be greater than CB, 
that is, C also is situated to the right of O. 
If i) be situated (as in figs. 3 and 4) to the left of 0, 
then AD must be less than DB ; 

,\ AG must be less Ihan GB, 
that is, G also is siti^ated to the left of Q, 
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Gob. 3. — ^If any three of the points forming a harmonic range be 
given, the fourth may be determined 

A C B D 

I I 



Four cases are all that can arise, namely, when A, G, B,or D is 
to be found. 

(1) Ji Af Of B are given, D can be found by dividing AB exfcer- 
nally in the ratio AG: GB, 

(2) UG, B, D are given, A can be found by dividing DG exter- 
nally in the ratio DB : BG, 

(3) Ji Af By D are given, G can be found by dividing AB iater- 
nally in the ratio AD : DB. 

(4) UA,G,D are given, B can be found by dividing DG inter- 
nally in the ratio DA : AG, 



PBOPOSinoN 6. 



I/AD, AB, AG are in harmontccU progresmn, and the mean AB ia 
bisected at O, then OD, OB, 00 are in geometrical progression ; 
and conversely* 



C B 

1 I I 



Since AD, A B, AG Me in harmonical progression, 

AD:DB = AGiGB; App. VL Def. 2 

.-. Oi>+ OBiOD- OB=^OB+ OGiOB - OC; 

OD : OB ^ OB I 00, Gonverae qfV,l> 

Cor. 1.— Since 0D:0B = 0B: OC, .-. OB^==OG' OD. VI, 17 
Now if A and B are fixed points, OB^ is constant ; 
.*. 00 • OD is constant. 

Hence if 00 diminishes, OD increases, that is, if G moves nearer 
to 0, i> moves farther away ; and if 00 increases, OD diminishes, 
that is, if C moves away from 0, D moves nearer to 0, In other 
words, if G and D move in such a manner as always to remain 
harmonic conjugates with respect to the fixed points A and B, they 
must move in opposite directions. Also, the nearer G approaches to 
0, the farther does D recede from it ; and when G coincides with 0, 
D must be infinitely distant from it, or as it is often expressed, at 
infinity. 

♦Pappus, VII. 16a 
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CJoR. 2. ODiCD^OJB^xAG'GB, 

Cob. a OCiOD^AG^iAD^. 

[Corr. 2, 3 are given in De La Hire's Sectiones Conicce, 1685, p. 3.] 



Proposition 6. 

If AD, ABf AC are in harmonical progression, and the mean AB is 
bisected at 0, then AD, OD, CD, BD are proportionals ; and 
conversely* 



A B 


D 


For AD*DB= (OD + OB) . (OD - OB), 




^OD^" 0B», 


//. 5, Cor. 


= OD^ - OD . OC, 


App. VL 5 


=^OD.CD; 


ILZ 


. ADiOD^CDiBD. 


F/. 16 



Cor. 1.— Since OD^CD^ AD > DB ; 
20D'CD=^2AD.DB; 
(AD + DB).CD = 2AD' DB, 
a result which, considering AD, CD, BD as the terms in harmonical 
progression, may be stated thus : 

The rectangle under the harmonic mean and the sum of the 
extremes is equal to twice the rectangle under the extremes. 

CoR. 2.— The geometric mean between two straight lines is a 
geometric mean between the arithmetic and the harmonic means of 
the same straight lines. [The arithmetic mean between two.magni- 
tudes is half their sum.] 

Denote the arithmetic, geometric, and harmonic means between 
AD and DB by a, g, h respectively ; 
then a = J (AD + DB) = OD, ^ ^ AD * DB, A = CD. 
Now Buxoe AD * DB = OD ' CD, .\g^ = a'h; 
.*. aig =^g:h, 

♦ Pappus, VIL 16a 
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Pkoposttion 7. 
J J AD, ABj AG are in harmonical progression, and (he mean AB ia 
bisected at 0, then CBiCD^CO : CA ; and conversely.* 

A O C B D 

I I I 



For AC'CB= [OB + 00) • (OB - OC), 

= 0& - OC^, II. 6, Cor. 

:=00'0D'- 0C\ App. VL 5 

= 00 'CD; ILS 

.-. CB:CD= COiCA. VL 16 

Cor. 1. DB : DC = AO : AC. (De La Hire's Sectiones Conicce, 
p. a) 
Cor. 2. AB 'CD^2AC - BD =^2AD' BC. 
Cor. 3. AB^-k-CD^^ [AC + BD)\ 



PROPOSITIOK 8. 



If ADj ABt AC are in harmonical progression, then 
AD'DB - AC • CB=CD^; and conversely. 



O B 
■I I I 



Bisect AB at 0. 

Then AD - DB ^ {OD+OB)'{OD-OB) = OD^-OB*, n.5,Cor, 
and AC'CB:=^{OB+ OCHOB - OC) = OB' - OC"; //. 6, Cor. 
.-. ili> . 2)5 - ^C C7^ = 01)2 - 2 05« + oa«, 

= Oi)» - 2 Oi> . 00 + OC^ App. VL 6 
= {OD - 00)» = Oi)«. //. 7 

The theorem may also be proved without bisecting AB. 



The following definitions are necessary for some of the deductions : 

Dbf. 4. — If four points A, C, B, D forming a harmonic range be 
joined to another point O, the straight lines OA, OC, OB, OD are 
said to form a barmonio penca OA, OC, OB, OD are called the 
rays of the pencil, and the pencil is denoted by • ACBD. 

•Pappus, VIL 16a 

Digitized by VjOOQIC 



352 euoud's elements. \Bo6k Vt 

Def. 5.— If the straight line joining the centres of two circles be 
divided internally and externally in the ratio of the radii, the points 
of section are called the Internal and extemial centrdi of BlxnUlttide 
of the two circles. (The phrase * centre of similitude * is due to 
Euler, 1777. See Nov. Act, Petrop.^ ix. 154.) 

Def. 6. — The figure which results from producing all the aides of 
any ordinary quadrilateral till they intersect is called a comidete 
quadrilateral; and the straight line joining the intersections of pairs 
of opposite sides is called the third diagonal. (Carnot, Eaaai sur 
la TkSorie des TratuversaleSf p. 69.) 

To the notation adopted for points and lines connected with 
the triangle ABC on pp. 98-100, 252, 25% should be added the 
following : 

N, P, Q denote the points where the bisectors of the interior 

18 Ay BfO meet the opposite sides. 
N'f P^, Q denote the points where the bisectors of the exterior 

1% A, B,0 meet the opposite sides. 
A by itself denotes the area of L ABC, 
p denotes the radius of the cirde inscribed in the orthocentric 

L XYZ, 



DEDUCTIONS. 

1. C and D are two points both in AB^ or both in AB produced : 

show that ACiCBiB not = AD : DB, 

2. Find the geometric mean between the greatest and the least 

straight lines that can be drawn to the O^ of a circle from a 
point (1) within, (2) without the circle. 

3. In the figure to IV. 10, L s ABD, ACD, DCB are in geometrical 

progression. 

4. Construct a right-angled triangle whose sides shall be in geo- 

metrical progression. 

5. If a straight line be a common tangent to two circles which 

touch each other externally, that part of the tangent between 
the points of contact is a geometric mean between the 
diameters of the circles. 

6. Any regular polygon inscribed in a circle is a geometric mean 

between the inscribed and circumscribed regular polygtms of 
half the number of sides. 
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7. To find a mean proportional between AB and BC, C being 

situated between A and B. Produce AB to E^ making 
BE = AC; with A and E as centres and AB as radius, 
describe arcs cutting in 2) ; join BD. BD is the mean pro- 
portional. (See Wallis's Algebra, Additions and Emendations, 
1685, p. 164) 
Of three straight lines in geometrical progression : 

8. Given the mean and the sum of the extremes, to find the 

extremes. 

9. Given the mean and the difference of the extremes, to find the 

extremes. 

10. Given one extreme and the sum of the mean and the other 

extreme, to find the mean and the other extreme. 

11. .Given one extreme and the difference of the mean and the other 

extreme, to find the mean and the other extreme. 

12. Find two straight lines from any two of the six following data : 

their sum, their difference, the sum of their squares, the differ- 
ence of their squares, their rectangle, their ratio. 

13. If two triangles have two angles supplementary and other two 

angles equal, the sides about their third angles are propor- 
tional. 
14 Divide a straight line into two parts, the squares on which shall 
have a given ratio. 

15. Describe a square which shall have a given ratio to a given 

polygon. 

16. Cut off from a given triangle another similar to it, and in a given 

ratio to it. 

17. Cut off from a given angle a triangle s= a given space, and 

such that the sides about that angle shall have a given 
ratio. 

18. ACB is a semicircle whose diameter is AB, and on ^^ is 

described a rectangle ADEB, whose altitude = the chord of 
half the semicircle ; from C, any point in the O**, CD, CE are 
drawn cutting AB at F and G. Prove AQ^ + BF^ = AB^. 
(Due to Fermat, 1658. See Wallis's Opera Mathematica, 
1695, voL i. p. 858.) 

19. If two chords AB, CD intersect each other at a point E inside a 

circle, the straight lines AD, BC cut off equal segments from 
the chord which passes through E and is tiiere bisected. 
20* Enunciate and prove the preceding theorem when the chords 
AB, CD intersect each other outside the circle. 
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Prove the following properties of A' ABC: 

21. «(« - a) : A = A : (« - 6) (« - c). 

22. « : « - a = (« - 6) (« - c) : r3 = ri^ : (« - 6) (« - c). 

23. rrir,r3= A 2. 

24. «" = nrj + rjrg + rgri. 

25. «a = ri(r, + n), th = r^ (r, + ri), sc = rg (n + r,). 
2a r(ri + r, + rg) = AF- FB ^ BD * DO •\^ CE^EA, 

27. A = ii? (xr + r^ + ^x). 

28. 2« : Xr + r^ + ^X = i? : r. 

29. A ^5(7 1 £^ XTZ= B: p, 

30. 2/?p = .40 . OX = ^0 . or = CO . OZ. 

31. a« + 62 + c« = 8i?a + 4i?/). 

32. SP = i?(i? - 2r). 

33. SJi' = i?(i? + 2ri), ^/,2 = i?(i? + 2r,), iS'/gS = i?(^ + 2r^. 

34. iS/» + i8'/i» + SI^ + SI^^ = 12i?». , i 
36. a2 + 62 + c3 + r» + ri3 + r,2 + rj^ = 16M 

36. //i2 + //,» + //s2 + /i/j^ + Vj^ + /sA* = 48i?2. 

37. HD'^UD^ = iJX . jyJVT; ^i),2= HD^ = fTX . jyjVT'. 

38. HX 'ND ^ HD> DX ; HX . ND^ = fTA • AX. 

39. i7X . iV^'A = HD^^D^X; HX . JV^'A = HD^ . AX. 

40. HN 'NX ^DN- NDy; HN' • N'X = D^'^N'Lh, 

[Regarding theorem 21, see p. 145. It has, however, been con- 
jectured, and with probability, that the treatise in which it occurs is 
a work of Heron the younger, and therefore long subsequent to the 
date of the elder Heron. The theorem was known to Brahmegupta, 
628 A.D. For theorems 22, 36, 26, 26, see Davies in Ladie^ Diary, 
1836, pp. 5%, 69 ; 1836, p. 60 ; and Philosophical Magazine for June 
1827, p. 28. For 23 and 24, see Lhuilier, J^Umena d'Analyse^ p. 224. 
For 27, 28, 29, 30, 31, 34^ 36, see Feuerbach, Eigenachttften, &c., 
section vi., theorems 3, 4, 6, 6, 7 ; section iv., § 60 ; section ii, § 29. 
Theorem 32 is usually attributed to Euler, who gave it in 17.66. 
It occurs, however, in vol. L, art. zvii., by William Chappie^ of the 
Miscellanea Curioaa Mathematical and probably appeared about 
1746. Theorem 33 is given in John Landen's MathemaHcal 
Lucubrations, 1756, p. 8. Some of the properties 37-40 are well 
known ; but I cannot trace them to their sources. Hundreds of 
other beautiful properties of the triangle may be found in Thomas 
Weddle's papers in the Lady's and Gentleman's Diary for 1843; 
1846, 184a] 
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Construct a triangle, having given : 

41. The vertical angle, the ratio of the sides containing it, and the 

base. (Pappus, VIL 165.) 

42. The vertical angle, the ratio of the sides containing it, and the 

diameter of the circumscribed circle. 

43. The vertical angle, the median from it, and the angle which the 

median makes with the base. 
44 The vertical angle, the perpendicular from it to the base, and 
the ratio of the segments of the base made by the perpen- 
dicular. 

45. The vertical angle, the perpendicular from it to the base, and 

the sum or difference of the other two sides. 

46. The base, the perpendicular from the vertex to the base, and the 

ratio of the other two sides. 

47. The base, the perpendicular from the vertex to the base, and the 

rectangle contained by the other two 8ide& 

48. The segments into which the perpendicular from the vertex 

divides the base, and the ratio of the other two sides. 

49. The perpendiculars frOm the vertices to the opposite sides. 

50. The sides containing the vertical angle, and the distance of the 

vertex from the centre of the inscribed circle. 

TtlANSVEBSALS. 

The following five triads of straight lines are concurrent : 

1. The medians of a triangle. 

2. The bisectors of the angles of a triangle. 

3. The bisector of any angle of a triangle and the bisectors of the 

two exterior opposite angles. 

4. The perpendiculars from the vertices of a triangle on the opposite 

sides. 
6. AL, BK, CF ia the 'figure to I. 47. 

6. If two sides of a triangle be cut proportionally (as in VL 2), the 

straight lines drawn from the points of section to the opposite 
vertices will intersect on the median from the third vertex -, 
and conversely. 

7. The points in which the bisectors of any two angles of a triangle 

and the bisector of the exterior third angle cut the opposite 
sides are collinear. 

8. The points in which the bisectors of the three exterior angles of 

a triangle meet the opposite sides are collinear. 
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9. If a circle be circumscribed about a triangle, the points in which 
tangents at the vertices meet the opposite sides are collineiur. 

10. The perpendiculars to the bisectors of the angles of a triangle 
at their middle points meet the sides opposite those angles 
in three points which are collinear. (6. de Longchamps.) 

IL OA, 0'A\ 0"B" are three parallel straight lines; 00', A A' 
meet at B" ; O'O", A' A" at B; O'O, A" A at B'. Prove 
B, B', B" collinear. 

12. If a transversal cut the sides, or the sides produced, of any 

polygon, the product of one set of alternate segments taken 
cyclically is equal to the product of the other set. (Camot's 
Essai sur la Thiorie des TranaverscUes, p. 70.) 

13. If a hexagon be inscribed in a circle, and the opposite sides be 

produced to meet, the three points of intersection are 
collinear. (Particular case of Pascal's theorem.) 

14. Prove with reference to fig. on p. 346. 

AO ' BO ' CO tDO ' EO ' FO = AB ' BC ' CA t AF • BD CE. 

(Davies's edition of HuUorCa MathemaMcSy 1843, voL ii 
p. 219.) 

15. If a point A be joined with three collinear points B, (7, D, then 

will 

AG^BD±AB^*CD = AD^ - BO ± BD -DC - BC, 

the upper sign being taken when D lies between B and C, 
and the lower when it does not. (Matthew Stewart's Some 
OeneraX Theorems of considerable use in the higher parts qf 
Mathematics, 1746, Prop. IL) Deduce from the preceding 
theorem, App. II. 1 ; deduction 1 on p. 161 ; VI. B ; and 
App. VL 8. 

16. If the o** of a circle cut the sides BC, GA, AB, or those sides 

produced, of A ^5(7 at the points D,D\ E,E', F,F\ then will 
AF'AF'BD-BD'.CE-CE'^FB'F'B'DC'DV'EAE'A. 
(Camot's Essaif &c, p. 72.) 

17. Prove with reference to fig. on p. 251. 

AI ' Bl ' CJ : AB • BG ' CA = AB ' BC 'CA : All' Bl^^CIi. 

(C. Adams's Die merkwilrdigsten Eigenschajlen des gerad- 
linigen Dreiecks, 1846, p. 20.) 

18. Prove the following triads of straight lines connected with 

A ABG concurrent : 



Digitized by 



Google 



Book Yt] APPENDIX VI. 357 

(1) AD, BE, OF (7) ^ A, BE, CFi (13) BC, E,F^, E^Fi 

(2) ADi, BEi, CFi (8) AD„ BE^, OF (14) CA, F^D^,F^D^ 

(3) AD^, BE^ OFi (9) AB, DE, D^^ (15) AB, NP, IJ^ 

(4) ADt, BEj^ CF^ (10) BG, EF, E^Ft (16) BO, PQ, V, 
(6) ADi, BE^, GF^ (11) GA, FD, F^D^ (17) GA, QN, Vi 
(6) AD, BE3, GFi (12) ^A DiEi,D^s 

19. If the triads (5), (6), (7), (8) meet at the points /', //, /,', L/ 

respectively, prove that these four points are the inscribed 
and escribed centres of the triangle formed by drawing 
through A, B, G parallels to the opposite sides. 

20. If the triads (9), (10), (11) meet at the points Q^ Ni, Pi, 

(12), (13), (14) n « <?2,i\r^P8, 

(16). (16), (17) n n QsiJ^siPa; 

then Qi, Ni, P] will lie on one straight line n^ 
Q»Na,Pt M 11 p, 

and the three straight lines n, p, q will be concurrent. 
(Stephen Watson in the Lady's a/nd GenUeman^a Diary for 
1867, p. 72.) 



HARMONICAL PBOGBXSSION. 

1. When a straight line is cut in extreme and mean ratio, the 

difference of the segments equals half the harmonic mean 
between them. 
Of three straight lines in harmonical progression, having given 

2. The mean and the greater extreme, find the less extreme. 

3. The mean and the less extreme, find the greater extreme. 

4. The two extremes, find the mean. (Pappus, III. 9, 10, 11.) 

5. If from any point in the O*^ of a circle straight lines be drawn 

to the extremities of a chord, and meeting the diameter ± the 
chord, they will divide the diameter harmonically. (Pappus, 
VIL 156.) 

6. If two tangents be drawn to a circle, any third tangent is cut 

harmonically by the two former, by their chord of contact, 
and by the circle. 

7. In the figures to VL 2, if BE, GD intersect at F, then AF ia 

cut harmonically by DE and BG; and ^P bisects BG. 

8. If from a point outside a circle two tangents and a secant be 

drawn, that part of the secant between the external point 
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and the chord of contact of the tangents is cat harmonically 
by the O*. (Pappus, VII. 154) 
St A, C9 Bf D form a harmonic range ; on ^^ as diameter a circle 
is described, and from D there is drawn a perpendicolar to 
AD, 1i E he any point in this perpendicular, EG is cot 
harmonically by the 0<* of the circle. (Pappus, VIL 161.) 

10. AFB is a circle, of which ^^ is a diameter ; D is any point in 

AB, and DF is ± AB ; EDG is a chord drawn through D 
such that DE equals the radius. Show that DE, DF, DG 
are the arithmetic, geometric, and harmonic means between 
AD and DB ; and prove App. VI., 6, Cor. 2, 

11. AFB is a circle of which ^^ is a diameter; D is any point in 

AB produced, and DF is a tangent to the circle ; FG is 
drawn A, AB, and E is the middle point of AB, Show tJiat 
DE, DF, DG are the arithmetic, geometric, and harmonic 
means between AD and DB ; and prove App. VL, 6, Cor. 2. 

12. If one of the four rays of a pencil be || a transversal, and the 

alternate ray bisect the segment of the transversal between 
the remaining rays, the pencil is harmonic. 

13. If a transversal be || one ray of a harmonic pencil, the conjugate 

ray wiU bisect that segment of the transversal intercepted 
by the other pair of rays. 

14. The base of a triangle is cut harmonically by the bisectors of the 

interior and exterior vertical angles. 

15. If two alternate rays of a harmonic pencil be at right angles, 

one of them bisects the angle included by the remaining pair 
of rays, and the other bisects the supplementary angle. 

16. If a pencil divide one transversal harmonically, it will divide 

all transversals harmonically. 

17. A, G, B, D and A, G', B', U are harmonic ranges. Prove that 

GG', BB, DD are concurrent. 

18. ^^ is a straight line, and G any point in it ; on ^^ any a ABE 

is described, and GE is joined ; in GE any point is taken, 
and AG, BO are joined and produced to meet BE and AE 
in F and O. Prove that FO produced will cut AB at D, 
the point harmonically conjugate to G with respect to A 
and^. 

[The last seven theorems are given in De La Hirers Seetianes 
Gonicas, pp. 5-9 ; theorem 16, however, is a particular case of Pappus, 
. VIL 129.] 
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19. ABC is a triangle; AD and AEt the bisectors of the interior 

and exterior vertical angles, meet the base BC at D and E, 
Prove that the rectangles BD - DG, BA - AC, BE' EC are 
in arithmetical progression when the difference of the base 
angles is equal to a right angle, in geometrical progression 
when one of the base angles is rights and in harmonical 
progression when the vertical angle is right. (Lardner's 
Elements of Euclid, 1843, p. 206.) 

20. If ^ and L represent two regular polygons of the same number 

of sides, the one inscribed in, and the other circumscribed 
about, the same circle, and if M and N represent the inscribed 
and circumscribed polygons of twice the number of sides ; 
M shall be a geometric mean between K and L, and N shall 
be a harmonic mean between L and M. (Library of Useful 
Knowledge, Qeomttryy 1847, p. 96.) 



GENTIIB3 OF SIMILITUDE. 

1. When is the internal centre of similitude situated on both 

circles ? How, in that case, is the external centre situated ? 

2. When is the external centre of similitude situated on both 

circles ? How, in that case, is the internal centre situated ? 

3. When are both centres of similitude outside both circles, and 

when inside both circles ? 

4. When is the internal centre of similitude inside both cirdes, and 

the extem&l centre outside both ? 

5. When two circles intersect, the straight line joining either point 

of intersection to the internal centre of similitude bisects the 
angle between the radii drawn to this point, and the straight 
line joining it to the external centre of similitude bisects the 
external angle between the radii 

6. The direct common tangents to two circles pass through the 

external, and the transverse common tangents through the 
internal, centre of similitude. 

7. If from either centre of similitude of two circles a tangent be 

drawn to one of the circles, it will be a tangent also to the 
other. (Pappus, VIL lia) 

8. The vertices of a triangle are the external centres of similitude 

of the inscribed circle and each of the escribed circles, and 
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the internal centres of similitade of every pair of the escribed 
circles. 
9. The points in which the bisectors of the interior angles of a 
triangle meet the opposite sides are the internal centres of 
similitade of the inscribed circle and each of the escribed 
circles. 

10. The points in which the bisectors of the exterior angles of a 

triangle meet the opposite sides are the external centres of 
similitude of every pair of the escribed circles. 

11. The secants drawn through the ends of parallel radii of two 

circles pass through the two centres of similitude. (Compare 
Pappus, VIL 110.) 

12. If through either centre of similitude of two circles a common 

secant be drawn, and the points of intersection on each circle 
joined with the centre of that circle, the resulting radii mhU 
be parallel in paira 

13. Any common secant drawn through either centre of similitade 

divides the circles into pairs of similar segments. . 

14. The straight line joining the vertex of a triangle to the escribed 

point of contact on the base, intersects the inscribed radius 
perpendicular to the base on the inscribed circle. 

15. Enunciate and prove the corresponding property for the inscribed 

point of contact on the base. 

16. The middle point of the base of a triangle, the inscribed centre, 

and the middle of the line drawn from the vertex to the 
point of inscribed contact on the base, are collinear. 

17. Enunciate and prove the corresponding property for the escribed 

centre. 

18. If a variable circle have with two fixed circles, contacts of the 

same species (that is, either both external, or both internal), 
the chord of contact will pass through the external centre of 
similitude of the two fixed circles; if contacts of different 
species, through the internal centre of similitude. (Poncelet, 
PropriiUa Projectives, § 261. Compare Pappus, IV. 13.) 

19. If each of two circles have contacts with another pair of circles 

either both of the same species, or both of different species, a 
centre of similitude of either pair lies on the radical axis of 
the other pair. (Poncelet, PropriiUa Projectivea, § 268.) 

20. The six centres of similitude of three circles lie three and three 
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on four straight lines, called axes of smilUude. (This theorem 
is attributed sometimes to D'Alembert, 1716-1783, sometimes 
to Monge.) 

Loci. 

1. Straight lines are drawn parallel to the base of a triangle and 

terminated by the other sides or the other sides produced ; 
find the locus of their middle points. 

2. Straight lines are drawn from a given point to a given straight 

line, and are cut internally or externally in a given ratio ; 
find the locus of the points of section. 

3. Straight lines are drawn from a given point to the O** of a 

given circle, and are cut internally or externally in a given 
ratio ; find the locus of the points of section. 

4. Hence find the locus of the centroid of a triangle whose base and 

vertical angle are given. 

5. Find the locus of the points the ratio of whose distances from 

two given straight lines is equal to a given ratio. 

6. If ^, ^, C be three points in a straight line, and D a point at 

which AB and BC subtend equal angles, the locus of i> is the 
0«» of acircla 

7. Given the base of a triangle and the ratio of the other two sides ; 

find the locus of the vertex. 

8. Find the locus of the intersection of the diagonals of all the 

rectangles that can be inscribed in a triangle. 

9. ABG and ADE are similar triangles; ABO remains fixed, 

but A BE is rotated round A, Find the locus of the inter- 
section of the straight lines which join the corresponding 
vertices B and i>, G and E, 

10. ABCD is a rhombus whose diagonal AG iR equal to each of 

its sides ; through D a straight line PQ is drawn to meet 
BA and BG produced at P and Q, and AQ, GP are joined, 
intersecting at M. Find the locus described by M when PQ 
turns round D, 

11. A series of triangles have the same base BG, and the sides which 

terminate at B are equal to a given length ; find the locus of 
the point at which the bisector of the angle B intersects the 
opposite side. 
Examine the case of the bisector of the exterior angle at B. 
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12. ^^ is a diameter of a circla A right angle, ^fliose vertex is at 
A, revolyes round A, and its sides intersect the tangent at B 
in the points C and D ; find the locus of the intersection of the 
tangents drawn to the circle from the points C and D, 

IS. XT and X' Y' are two parallel straight lines, and A^B^G three 
fixed collinear points. A straight line revolves round A and 
meets XF and X'Y' at D and M ; find the loci of the inter- 
sections of BE and CD, and of BD and CE, 

14. X Y and X' Y' are two parallel straight lines, and O is a point 

midway between them. Through straight lines are drawn 
terminated by Xl^ and X'Y', and equilateral triangles are 
described on these straight lines ; find the locus of the third 
vertices of the triangles. 

15. Xr and X' Y' are two parallel straight lines, and O is a fixed 

point. Through straight lines are drawn to X Tand X' Y\ 
and on the segments intercepted between XY and X'Y' 
similar triangles are described ; find the locus of the third 
vertices of the triangles. (The last three examples are taken 
from Vuibert's Journal de MathtmccHquea Elimeniairea, l^ 
Ann6e, pp. 13, 20 ; 3* Ann^e, p. 6.) 

MISOELLAKEOUa 

1. Show that the perpendiculars of a triangle are concurrent, by a 

method which will prove at the same time that the circum- 
scribed centre, the centroid, and the orthocentre are collinear, 
and that their distances from each other are in a constant 
ratio. 

2. The circumscribed centre, the centroid, the medioscribed centre, 

and the orthocentre form a harmonic range ; and the centroid 
and the orthocentre are the internal and external centres of 
similitude of the circumscribed and medioscribed circles. 

3. All straight lines drawn from the orthocentre to the O^ of the 

circumscribed circle are bisected by the O^ of the medio- 
scribed circle. 

4. What is the analogous property for the straight lines drawn 

from the centroid to the 0°« of the circumscribed circle ? 

5. The inscribed centre, the centroid, and the point /' (see the 19th 

deduction on p. 357) are collinear, and their distances from 
each other are in a constant ratio. 
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6. The middle point J of I'lia the centre of the circle inscribed in 

the centroidal A HKL. 

7. The points H, /, and the middle point of AT are colUnear. 

8. The points /', /, G^ I form a harmonic range ; and O and /' are 

the internal and external centres of similitude of the circles 
inscribed in as ABC, HKL, 

9. The inscribed circle of A HKL m also the inscribed circle 

of the triangle formed by joining the middle points of 

Ai', Br, or, 

10. Deduce the properties corresponding to those in the last 

five deductions for the escribed centres, the centroid, 
and the points /i', /j', /g'. (See the 19th deduction on 
p. 367.) 

1 1. To find the centre of the circle ABC. With any point P on the 

O** as centre, and any radius PjB, describe the circle ABD 
cutting the given circle at A and B. In this circle place the 
chord BD = BP, and join AD, meeting the given circle at E ; 
EB or ED will be the radius of the given circle. (J. H. 
Swale. See Philosophical Magazine, 1851, p. 541.) 

12. ABC is a triangle, right-angled at (7. Angle B ia bisected 

by BD, which meets AC B,t D ; prove 2 BC^ : BC^ - CD^ = 
CA I CD. (John Pell, 1644. This theorem is susceptible of 
a good many proofs.) 

13. Of the four triangles formed by /, /i, /j, /s (see fig. on p. 251), 

the centroid of any one is the orthocentre of the triangle 
formed by the centroids of the other three. 

14. The middle points of the three diagonals of a complete quadri- 

lateral are in one straight line. The circles described on these 
three diagonals as diameters have the same radical axis ; this 
radical axis is perpendicular to the straight line through the 
middle points of the diagonals, atid it contains the orthocentres 
of the four triangles formed by taking the sides of the quadri- 
lateral three and three. (The first part of this theorem is 
ascribed to Gauss, 1810 ; the last part is due to Steiner. See 
his Oeaammelte WerJce, vol. i. p. 128.) 

15. In a given circle to inscribe a triangle 

(a) whose three sides shall be parallel to three given straight lines. 
(6) two of whose sides shall be parallel to two given straight 
lines, and the third shall pass through a given point. 
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(c) two of whose sides shall pass through two given points, and 

the third shall be parallel to a given straight line. 

(d) whose three sides shall pass through three given points. 

[The last of these problems is often called Castillon*s, whose 
solution was published in 1776. A very full history, by T. S. 
Davies, both of it and of the more general problems to which it gave 
rise, will be found in The Mathematician^ vol. iii. (1866), pp. 7&-87, 
140-154, 225-233, 311-322. It may be interesting to compafe also 
Pappus, VII., 105, 107, 108, 109, 117.] 



THB END. 
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